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In a few-layer thick freely suspended tilted smectic (SmC) liquid crystal film,
the local azimuthal orientation of the molecular tilt ϕ(x,y) is a two-dimensional XY
field. An island on the film (a circular region of greater thickness), presents a strong
azimuthal boundary condition at its edge that forces a strength +1 chiral vortex into
XY field (inside an island). Each such vortex is paired with a strength -1 vortex in
the field (on the background film), forming a chiral topological dipole. Chiral dipoles
with the same handedness form polar chains with the dipoles pointing in the same
direction and along the chain, whereas dipoles of opposite handedness form
quadrupolar structures. We use optical tweezers to manipulate islands on freely
suspended films to study inter-island forces and structures of such quadrupoles and
dipolar chains. Effects of spontaneous polarization induced by chiral smectic C
(SmC*) phase on the interactions of islands and structures of vortices on freely
suspended SmC* films are discussed.
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Chapter 1
Introduction

What are liquid crystal (LC) phases? It is logical to deduce from their names
that liquid crystal phases are states of matter intermediate between those of liquid and
crystal.

In the crystal phase, molecules are organized by exact positions and

orientations. In other words, they have both positional and orientational order. In the
liquid phase, however, molecules flow around randomly, losing both positional and
orientational order. In the liquid crystal phase, molecules flow around like a liquid
but maintain long-range orientational order. Liquid crystal molecules are usually rodlike in shape. We describe the molecular field of liquid crystal by a vector n (called
the director), which is a unit vector representing the local averaged orientation of the
long-axis of the molecules.

Light polarized along the director n experiences a

different index of refraction than light polarized perpendicular to n. This optical
birefringent property as well as its response to electric and magnetic fields make
liquid crystals perfect candidates in the display industry.
Thermotropic liquid crystals change their phases with temperature.

The

ordering of the phases increases as the temperature decreases. Examples of some
thermotropic liquid crystal phases are shown in Figure 1.1. An isotropic (I) phase or
liquid phase is the state when liquid crystals lose both positional and orientational
order. In the nematic (N) phase, the molecules are approximately oriented along their
long axis n. In smectic phases, the molecules form layers. They are not allowed to
flow between the layers, but they flow freely in two dimensions (2D) within the
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layers. In the smectic A (SmA) phase, the molecules orient along the layer normal,
while in the smectic C (SmC) phase the molecules are tilted with respect to the layer
normal.

Isotropic

Nematic

n

Decreasing temperature

n
θ

Smectic C

Smectic A

Figure 1.1: Phase sequence of liquid crystals.

1.1

Freely Suspended Smectic Films
A well known smectic-like freely suspended film that many people

familiarized with as children is a soap film. A soap film consists of two layers of
soap molecules separated by a layer of water. The hydrophilic (water loving) heads
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of the soap molecules point toward the water while the hydrophobic (water hating)
tails point toward the air. This layered structure formed by the soap molecules is
necessary to prevent thinning and breaking of the soap film. However, the water in
the middle layer evaporates and gets thinner and thinner. This explains why soap
films typically last only for few minutes.
Smectic liquid crystals are known to form stable freely suspended films,
similar to soap films, when they are stretched over a solid frame [1]. Such films have
been widely studied since Young et al. demonstrated that molecular organization and
director fluctuations could be observed and studied systematically in films as thin as
two smectic layers [2]. Liquid crystals have a high boiling point and a low vapor
pressure. Therefore they can be freely suspended for months without evaporating or
breaking.
Figure 1.2(a), (b) show the geometry of a smectic film freely suspended on a
circular holder (a few mm in diameter). The molecular layers align parallel to the
plane of the film holder. Figure 1.2(c) shows a reflected light photomicrograph of
typical smectic film, illustrating the quantized nature of the film thickness: the layer
number N is always integral, with only discrete changes in thickness occurring at
places generically referred to as “layer steps”. Such layer steps are called edge
dislocations in the smectic layering. Circular regions of greater thickness than the
surrounding film area are called islands.

These islands are bounded by edge

dislocations as shown in Figure 1.2(d). Islands on Smectic C free standing films are
the main subjects of interest in the present thesis. We will see later that these islands
exhibit short-range repulsive and long-range attractive forces governing their stability
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and leading to their organization in chain-like structures with an equilibrium island
separation.

1.2

Elastic Energy of Liquid Crystals
Let n be the director of the LC molecules (a unit vector representing the

average direction of the long axis of the molecules). We assume the intermolecular
interactions are such that the molecules tend to align in the same direction. If the
molecules are splayed or bent or twisted, the configurations will cost energy. The
Frank elastic free energy of a bulk nematic liquid crystal is written as

F=

1 3
d r[ K s3 D (∇ ⋅ n) 2 + K b3 D (n × ∇ × n) 2 + K t3 D (n ⋅ ∇ × n) 2 ]
∫
2

(1.1)

where K s3 D , K b3 D , and K t3 D , are bulk splay, bend and twist elastic constants
respectively, and have units of force. The expression is integrated over the whole LC
volume.
We assume the molecules have inversion symmetry (changing n to −n does
not make the molecule look different). The Frank free energy F(x,y,z) in (1.1)
satisfies such a symmetry (i.e. the free energy is unchanged by substituting −n for n).
The first term on the RHS in (1.1) is the free energy associated with the splay of the
directors. The second and third terms are the free energies associated with the bend
and the twist respectively. Examples of splay, bend, and twist configurations are
shown in Figure 1.3.
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z

Meniscus

Film Holder

Film Holder

y
z

Film

x

Film
Holder
Edge Dislocation

z

Figure 1.2: Film holder and structure of a freely suspended smectic film. (a) Cross
section of the film and its top view (b). (c) Layer steps and islands (circular thicker
regions) on smectic A film 3 mm in diameter photographed in reflection soon after
the film was created. The local film thickness is always an integral number of
smectic layers N, one layer typically being about 30 Å thick. Regions of different
thickness, bounded by layer steps, show characteristic interference colors. (d) Profile
of a 6-layer island on a 3-layer smectic film. The additional smectic layers defining
the island are thought to be encapsulated within the film, as indicated.
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∇ ⋅n ≠ 0

n×∇×n ≠ 0

(a)

(b)

n ⋅∇ ×n ≠ 0
(c)

Figure 1.3: Splay (a), bend (b) and twist (c) deformations of liquid crystal molecules.

1.2.1

Topological Defects in Free Standing Smectic C Films

(a)

(b)

z
n
θ

x

y
ϕ
c

Figure 1.4: Geometry of a freely suspended smectic C film. (a) The smectic layers
are aligned in the x-y plane. The lines represent LC molecules, and their projection
onto the plane of the film is called the c-director, represented by a “T”. (b) The
drawing shows how to define of the director (n) and the c-director (c).
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Figure 1.4 shows the geometry of smectic C film.

The liquid crystal

molecules tilt at an angle θ with respect to the layer normal, and they are free to rotate
around the tilt cones. The projection of the director n onto the plane of the film is a
two-dimension vector field and is called the c-director. Figure 1.4(b) shows how the
c-director (T) is defined. The head of the “T” indicates the end of the molecule closer
to the viewer. The azumuthal angle ϕ(x,y) that the c-director makes with respect to
the x-axis constitutes a scalar 2D XY field.
We can treat the elastic free energy for smectic C phase in a “nematic
description” by applying equation (1.1) to the case of 2D smectic C film.

The layer

normal here is along the z-axis and the smectic layers are in the x-y plane (Figure
1.4). The fluctuations around the tilt angle θ are small, and we can safely assume
that θ is constant. The projection of n onto the z-axis will be constant, and the
divergence or curl of this component will be zero. On the other hand, the projection
of n onto the x-y plane will be sin(θ) c, where c = cos(ϕ) i + sin(ϕ) j is the unit
vector pointing along the x-y plane (we call this unit vector the c-director). ϕ is
assumed to be independent of z in our case. The sin(θ) c component will not drop
out

in

equation

(1.1).

Using

the

one

elastic

constant

approximation

K s3 D = K b3 D = K t3 D = K 3 D , we can rewrite (1.1) for the case of 2D smectic C as

F=

d
d 2 r[ K 3 D sin 2 (θ )(∇ ⋅ c) 2 + K 3 D sin 2 (θ )(∇ × c) 2 ]
2∫

(1.2)

where d is the thickness of the film. The integral is now two-dimensional and is
performed over the whole film area. We see that the free energy in (1.2) consists of
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the energy contributions from the splay and the bend of the c-director. With c =
cos(ϕ) i + sin(ϕ) j , the free energy in (1.2) can be reduced to

F=

K 2D
d 2 r (∇ ⋅ ϕ ) 2
2 ∫

(1.3)

where K 2 D = K 3 D d sin 2 (θ ) is a two-dimensional elastic constant and has units of
energy.
The possible solutions of ϕ are the ones that minimize (1.3).

The

minimization is accomplished using the Euler Lagrange equation [3].

The

equilibrium equation found after minimization is Laplace’s equation:
∇ 2ϕ ( x , y ) = 0

(1.4)

This equilibrium equation tells us that the torque ∇ 2ϕ ( x, y ) on the c-director at any
point (x, y) is zero. The solution for ϕ in (1.4) resembles an electrostatic potential
with no charge. The simple nontrivial solution to (1.4) is

ϕ (φ ) = ± mφ + φ 0

(1.5)

where φ is the angle in cylindrical coordinates measured from the defect point, and φ0
is a constant. m is required to be an integer number to satisfy the periodic condition
at φ = 0 and φ = 2π.
When m = 1, the solution with the plus sign is called a +1 defect, and the
solution with the minus sign is called a −1 defect. The c-director of these ± 1 defects
rotates by ± 2π radians around the defect points. Similarly, ± 2 defects correspond to
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m = 2, and the c-director rotates by ± 4π radians around the defect points. Some
examples of ± 1 defects are shown in Figure 1.5.

(a)

(b)

(c)
ϕ
φ

ϕ=+φ

ϕ = + φ − π/2

ϕ = − φ + π/2

Figure 1.5: (a) and (b) Examples of +1 defects. (c) An example of a −1 defect.

1.2.2

Force between Two Defects
The force between two defects on a smectic C film is analogous to the force

1
between two infinite line charges. From (1.5), we have ∇ϕ ~ φˆ . The free energy
r
density (energy per unit volume) of the defect as obtained from (1.3) is

f defect

We compare (1.6) to U electric =

http://www.e-lc.org/dissertations/docs/2008_05_08_13_35_12

K 2D
K 2D 1
2
(∇ ⋅ ϕ ) =
=
2d
2d r 2

(1.6)

1 2
εE , where E is the electric field, we have
2

E defect =

K 2D 1
εd r

(1.7)
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where we can rewrite (1.6) as f defect =

1
ε ( E defect ) 2 . Appling Gauss’s law to the
2

infinite line charges with the charge density λ, we find

E=

λ 1
2πε r

(1.8)

Comparing (1.8) to (1.7), we find that the effective linear charge density of the defect
is

λ defect = 2π

K 2Dε
d

(1.9)

If the film has a thickness d, the total effective + 1 defect charge would be dλdefect ,
and the force on this +1 defect due to the other ± 1 defect at a distance r away is
v
2πK 2 D
F = λ defect dE defect =
r

(1.10)

where the force points in the direction of the line connecting the two defects, and it is
attractive for defects of different signs and repulsive for defects of the same sign.

1.2.3

The Net Defect Charge is Zero
The c-director on the smectic C film prefers to be uniform to reduce splay and

bend deformations. However, if the film is disturbed (i.e. by sudden air blow), pairs
of ± 1 defects form. In addition to satisfying Laplace’s equation (1.4), the defects
must satisfy the boundary conditions of the film. The necessary boundary condition
dictates that the c-director field far from the defects is uniform ( ϕ (r → ∞) =

http://www.e-lc.org/dissertations/docs/2008_05_08_13_35_12

electronic-Liquid Crystal Dissertations - May 12, 2008

11
constant). Figure 1.6(a) shows the c-director field produced by a pair of ± 1 defects.
We see that the c-director field is most distorted around the defect pair. At distances
far from the defect pair, the distortion is small and the c-director is almost uniform.
Thus, it is required that ± 1 defects are created in pairs to satisfy the uniform cdirector boundary condition at the far field, resulting in a zero net defect charge.

(b)

(a)

r

+1

+m
φ
d

d
-m
-1

ϕ (r , φ ) ≅

md sin φ
r

Figure 1.6: (a) The c-director field generated by a pair of ±1 defects. (b) The ϕ(x,y)
1
field generated by the defect pair dies away as ~ . See text for details.
r
We can calculate the ϕ(x,y) field generated by the defect pair explicitly. If a
defect is centered at the coordinate (xi, yi), we can rewrite ϕ(x,y) as

http://www.e-lc.org/dissertations/docs/2008_05_08_13_35_12

ϕ ( x, y ) = ± m tan −1 (

y − yi
) + φ0
x − xi

(1.11)
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where m is the strength of the defect. Suppose we have a system with the + m defect
at (xi = d/2, yi = 0) and the − m defect at (xi = − d/2, yi = 0). Using the additive
property of the Laplacian (1.4), we can write the solution for ϕ as a superposition of
the two defects

ϕ (r , φ ) = m tan −1 (

r sin φ
r sin φ
) − m tan −1 (
)
r cos φ − d / 2
r cos φ + d / 2

(1.12)

where (1.12) is in cylindrical coordinates and we have set φ0 = 0. We want the
solution for ϕ when d/r << 1, we can write
r sin φ
=
r cos φ − d / 2

d /2
tan φ
)
≅ tan φ (1 +
d /2
r cos φ
1−
r cos φ

(1.13)

By putting (1.13) back into (1.12), and by expanding the inverse tangent around
tan(φ), keeping only the first order terms in d/r, we obtain the final result

ϕ (r , φ ) ≅

The ϕ(r,φ) field in (1.14) dies away as ~

md sin φ
r

(1.14)

1
and goes to zero at infinity. The uniform
r

boundary condition at infinity is now satisfied.

1.3

Inclusions on Freely Suspended Smectic C Films
Inclusions on the film impose topological defects on the ϕ(x,y) field. The

boundaries of the inclusions present an anchoring force that tends to align the c-
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director to point either normal or tangential to the interface. The inclusion in Figure
1.7, for example, tends to align the c-director normal to its boundary, imposing a
vortex of strength +1 on the field. Another vortex of strength −1 is then created
because the total defect charge needs to be zero. Pettey et al. [4] have shown that an
exact analytical expression of ϕ(x,y) for an isolated inclusion can be solved by the
method of images, and the equilibrium separation between the −1 defect and the
center of the inclusion is

2 R where R is the inclusion radius.

The −1 defect and the inclusion form a topological dipole. Inclusions on
smectic C films are found to form chain-like structures due to interaction between
such topological dipoles [5, 6]. Examples of inclusions on smectic films are islands
(Figure 1.2(c), (d)), or isotropic or nematic LC droplets created by heating the film
near the transition temperature [7, 8, 9, 10].

R
2R

-1

Figure 1.7: Equilibrium c-director field around an isolated inclusion. The c-director
aligns normal to the boundary of the inclusion.
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1.4

Ferroelectric Liquid Crystals
Chirality imposes dramatic effects in liquid crystals. Chiral molecules cannot

be superimposed with their mirror images. It was Meyer [11] in 1974 who predicted
that a chiral smectic C (SmC*) phase forms a macroscopic spontaneous polarization.
He discovered such a ferroelectric phase shortly after his prediction [12].
The structure of SmC is invariant under a π rotation along the axis normal to
the tilt plane, and it has reflection symmetry with the mirror plane parallel to the tilt
plane (C2h symmetry). If the LC molecules are chiral, however, such structure lacks
reflection symmetry and its symmetry reduces to C2.

This lack of reflection

symmetry allows any polar physical property to form along the axis normal to the tilt
plane. Spontaneous polarization P in SmC* films is then allowed in the direction
perpendicular to the c-director. Typical values for P in SmC* phase range from 5 to
500 nC/cm2.
The splay of the spontaneous polarization creates a local space charge,
− ∇ ⋅ P . The electrostatic free energy produced by this space charge is [12]

Felec =

1 3
∇ ⋅ P ( r )∇ ⋅ P (r ′)
d r ∫ d 3r ′
∫
r − r′
2

(1.15)

In a few layer thick SmC* film, the electrostatic free energy in (1.15) is
typically greater than the elastic free energy in (1.1) even though the space charge is
screened out to some extent by impurity ions dissolved in the film.
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The lack of reflection symmetry in the tilt plane in the SmC* phase also
allows helixing of the c-director in the direction normal to the layer plane. If the tilt
plane were to have mirror symmetry, the c-director in one layer would be identical to
the next layer. The helical pitch over which the c-director rotates through 2π is
typically on the order of a few micrometers.

1.5

Optical Tweezers
Optical trapping was first demonstrated by Ashkin [13] in 1970 when he

showed that small latex spheres in water were trapped in the tightly focused region of
the laser beam. The optical trapping phenomenon can be explained in the ray optics
regime and by the law of momentum conservation. A photon carrying momentum p
= h/λ changes its direction when traveling through an index-mismatched particle,
provided that the light beam is obliquely incident to the particle surface. The change
in photon momentum Δp induces a change in particle momentum −Δp, as required by
the law of momentum conservation. The particle with momentum −Δp tends to
displace toward the area of most intense laser beam.
Figure 1.8(a) demonstrates how lateral trapping is achieved. A beam of light
propagating along the z-axis travels through a sphere on its left side. The sphere,
with higher index of refraction than the surrounding media, acts as a converging lens
and light travels along the path shown in Figure 1.8(a). The light, that originally
carries no momentum along the y-axis, now comes out with momentum py in this
direction. The law of momentum conservation requires that the sphere moves with
the same momentum py in opposite direction. The sphere then moves to the left until
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the center of the sphere coincides with the beam. In reality all possible light paths
weighed by Gaussian intensity of the laser beam are needed in the calculation. The
result is that the sphere moves laterally toward the laser beam and stops when the
center of the sphere coincides with the beam center.
Similarly, the axial trapping mechanism is demonstrated in Figure 1.8(b). The
sphere is placed slightly below the focus of the laser beam. The diverging light
propagates through the sphere and comes out parallel to the z-axis.

The axial

momentum change of the light in this case is in the downward direction. Therefore,
the sphere moves upward toward the focus of the beam. Light that reflects off the
particle surface (not shown in Figure 1.8) results in a force known as the scattering
force, pushing the particle down and out of the focus.

(a) Lateral Trapping

(b) Axial Trapping
py

p

pz

p

z
x

momentum
py transfers
to the particle

py
pz

p

y
momentum
2(p-pz)
transfers to
the particle

p

Figure 1.8: The ray optic origin of the lateral (a) and axial (b) trapping force within
optical tweezers.
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The ray optics regime described above works well when the particle diameter
d is much larger than the wavelength of light (d >> λ), where diffraction effects can
be neglected and light travels along an optical path described by ray optics. If d <<

λ, however, we enter the Rayleigh regime. In this regime, the electromagnetic field is
constant on the scale of the particle. The particle is polarized by the electric field
produced by light, and this polarization creates an electric field opposing the original
field. Therefore, the total electric field inside the particle is decreased and the total
electromagnetic energy is lowered (i.e. the electromagnetic energy density U is
proportional to the square of the electric field: U ~ E 2 ). The optical trapping force
(also known as the gradient force) is then proportional to the gradient of the light
intensity:
Fg ~ ∇〈 E 2 〉

(1.16)

The gradient force tends to move particles toward the region of most intense light.
We use optical tweezers as a tool to manipulate and measure interaction force
between islands on SmC and SmC* films. We can think of an island as a disk
floating on a thinner film. The island has the same index of refraction as the film, but
trapping the island is possible because of the index mismatch between liquid crystal
and the air at the island boundary, as we will show in Chapter 3.
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Chapter 2
Experimental Techniques

This Chapter describes the apparatus and techniques used to study textures
and interactions between islands on freely suspended SmC and SmC* films. We
begin by describing the liquid crystal materials used in the experiments and the
process employed to draw films and generate islands.

This is followed by an

explanation of how film thickness is determined. After that, we will talk about a
depolarized reflected light microscopic technique that is used to visual the c-director.
Finally, we describe the optical trap setup that is used to manipulate and measure
interaction forces between islands.

2.1

Liquid Crystal Materials
We use racemic and chiral variants of the liquid crystal MX8068: Racemic

MX8068 is composed of 50 percent left- and right-handed chiral MX8068 molecules.
The chiral effect is thus canceled, and therefore, the racemic MX8068 does not
produce a macroscopic spontaneous polarization in the SmC phase. These materials
are synthesized by Displaytech, Inc., Longmont, CO, USA. The bulk phase diagram
of racemic MX8068 is found to be
ο

−22 C
60.5 C
78 C
80.5 C
Crystal ←⎯
⎯→ SmC ←⎯
⎯→ SmA ←⎯
⎯→ N ←⎯
⎯→ I
o

and the bulk phase diagram for chiral MX8068 is
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ο

−22 C
60.5 C
78 C
80.5 C
Crystal ←⎯
⎯→ SmC * ←⎯
⎯→ SmA ←⎯
⎯→ N * ←⎯
⎯→ I
o

o

o

In the chiral nematic (N*) phase, molecules are allowed to twist in the direction
perpendicular to the molecular long axis. The spontaneous polarization P produced
by chiral MX8068 in the SmC* phase is 21 nC/cm2. Drawing films and generating
islands can be performed conveniently outside a temperature-controlled oven because
these MX8068 materials have SmC or SmC* phases at room temperature.

2.2

The Oven
The temperature-controlled oven is designed to maintain stable temperatures,

reduce air currents, and protect liquid crystal films from dust particles. The oven and
the temperature-control box, produced by Instec, Boulder, CO, USA, are capable of
stabilizing the temperature with less than 0.01°C temperature drift. The oven can
operate from room temperature up to 200°C; cooling below room temperature is also
possible by running cold water through a built-in channel in the oven. The oven,
whose exterior dimensions are 4.4×4.6×1.7 inches, has two windows at the top and
bottom. The top window is open and allows access by a microscope objective. The
bottom window is covered with a tilted cover slip to reduce reflections, allowing
access by a laser from the bottom.
A sample holder and a spreader reside inside the oven. The sample holder,
used for holding a smectic film, consists of a 0.8×3.0 inch thin metal plate, one side
of which is glued to a glass cover slip with a 3 mm hole. The other end of the sample
holder is screwed onto a micrometer x-y stage, allowing independent movement in
the x-y plane with respect to the oven. The spreader, used for drawing a film,
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consists of a thin 0.4×0.4 inch metal sheet with a small piece of glass cover slip glued
at one end. The other end of the metal piece is mounted onto a small rod that runs
across the oven just above the sample holder. This rod can rotate freely and can
translate out of the way when the film drawing process is done.

2.3

Microscope and Camera
The oven is mounted on a rotating x-y microscope stage of an Olympus

(model BX51) microscope.

The microscope uses infinity corrected optics.

A

monochrome video camera, capable of detecting infrared light from WATEC America
Corp. (model WAT-902C), is mounted to the output port on the top of the
microscope. The video output from the camera is recorded on a Panasonic DV
cassette recorder (model AG-DV1000).

2.4

Drawing Films and Generating Islands
The sample holder is cleaned with acetone in an ultrasonic cleaner before a

film is drawn. After cleaning, a small amount of liquid crystal is placed at the edge of
the hole in the glass cover slip. Another cover slip is then used to scrape the liquid
crystal across the hole. This procedure can be performed manually outside the oven
because the liquid crystal materials used are smectic at room temperature. In general,
the film can be drawn inside the oven with the spreader. In this case, the oven is
heated to the temperature corresponding to the smectic phase of the liquid crystal
used. Then the spreader is rotated down until its glass edge is pressed against the
sample holder; the film is then drawn by translating the sample holder.
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After the film is made, islands (circular regions of greater thickness)
sometimes form spontaneously. In our experiments additional islands are generated
by rapidly flowing air over the film surface. Two opposing gas jets induce shear flow
in the film which tears any excess material on the film or near the meniscus into small
pieces (Figure 2.1) [14]. These fragments then become islands, adopting a circular
perimeter due to surface tension. This air jet method is very effective for films that
contain multiple layer steps (as in Figure 2.1(a)), but does not work well on uniform
films as there are no extra layer steps to break into islands. In the latter, air may be
blown near the meniscus to bring in extra material in the hope of forming islands.
Occasionally, islands are generated, but more frequently the film breaks. We have
observed that most room temperature hand-drawn smectic films contain many layer
steps, while higher temperature smectic films, drawn in the oven, tend to be of
uniform thickness.
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z

Meniscus

(a)

Film Holder
Layer Step

(b)

(c)

Microscope Objective
z

Side
View
Needle
Needle
Film Holder
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View

Needles
y
z
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x
1 mm

(d)

0.1 mm

Figure 2.1: Air shearing geometry for island generation. (a) A reprentation of a fresh
film with regions of different thicknesses. (b) Two opposing needles are set just
above the film to create the expansion flow on the top surface of the film. (c) The
expansion flow pulls thick regions into smaller pieces. (d) Many small islands are
created on an N = 2 background film after the air shear.
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On films of racemic and chiral MX8068, we find that if the thinnest regions
on the films are N r 3 layers, the air jets make the films thicker, until finally islands
are formed on the background of thick inhomogeneous films. On the other hand, if
the thinnest parts on the films are N b 2 layers, nice collections of islands form on the
thin uniform background films. If the background film is N = 1 layer, the film is
generally unstable and usually breaks within minutes. If the background film is N = 2
layers, then the film is very stable, and islands can stay on the film for weeks (Figure
2.1(d)). This work focuses on the study of islands in stable, thin, uniform background
films. Therefore, all films studied are bilayers, approximately 60 Å thick, and the
islands may range from 4−100 layers thick, with radii varying from 5−100 µm. Other
methods to generate islands include heating smectic films to temperatures near the
nematic or isotropic phase to encourage nematic or isotropic droplet formation, which
and then be cooled to form smectic islands [5, 6], or by blowing smoke particles onto
the films [15]. We find that the air-jet method is more effective than the dropletcooling method. We have not tried the smoke-particle method.

2.5

Film Thickness Measurement
We measure the number of smectic layers N, by shining a laser onto the film

and measuring its reflectivity. The setup for this measurement is shown in Figure 2.2.
A randomly polarized 5 mW laser with wavelength λ = 670 nm is focused to ~ 10 μm
spot on the film from underneath. The incident beam is slightly oblique from the
layer normal so that the reflected beam takes a different optical path, and can be
collected by a photo diode. To reduce error from instability from the laser source, a
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cover slip is inserted into the incident beam path to reflect 4% of the laser intensity to
another photo diode to be used as a reference. The voltage ratio between the reflected
signal and the reference signal is measured by a Fluke digital multimeter (model
8840A/AF). This voltage ratio V is assumed to be proportional to the reflectivity R
[16, 17] from the film and can be written as

V = αR =

2αr 2 (1 − cos 2 β )
1 − 2r 2 cos 2β + r 4

where α is the proportionality constant, r =

(2.1)

(1 − n)
, n the average index of refraction
(1 + n)

of the film, β = 2πnNa / λ , and a the thickness of the single layer. For small β (i.e.
Na << λ), we get from equation (2.1) that V is proportional to N 2 .

Film

Lens

Photo Diode
(reflected signal)

Photo Diode
(reference)

Mirror
5 mW laser
Mirror

Cover Slip

Figure 2.2: A setup for film thickness measurement using reflectivity.
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Before a calibration curve between V and N can be made, it is necessary to
measure several films of different thicknesses and guess the number of layers N,
corresponding to the voltages measured. A good first guess relates the lowest voltage
to a bilayer. It is also possible to obtain a monolayer, but less likely. Then from the
relation V ≅ bN 2 , we can extract the proportionality constant b from this first guess
experimentally. We can then use the constant b to calculate the number of layers N
from other voltages measured. Because N must be an integer number, if any value of
N is non-integer, then the first guess is incorrect, and can be adjusted until the
calibration yields integer values of N. Figure 2.3 shows a nonlinear fit [18] between
V and N in a SmC* film of MX8068 using equation (2.1). The fit gives an index of
refraction n = 1.51 ± 0.03, and a = 27 ± 2 Å. The bulk layer spacing of MX8068 in
SmC* phase at room temperature measured by x-ray is known to be 29-29.5 Å. We
can then use the calibration curve in Figure 2.3 to determine the layers of future
SmC* films of MX8068.

Different calibration curves are needed for different

materials or phases that have different n and a.
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Figure 2.3: Reflectivity signal V (divided by the reference) versus the number of
smectic layers N in SmC* films of MX8068. The solid line is the fit to equation (2.1)
with α, n, and a shown above.

2.6

Visualizing the c-director
Liquid crystal molecules are optically anisotropic. Typically, the index of

refraction along the molecular long axis ( n|| ) is greater than the index of refraction in
the perpendicular direction ( n⊥ ). The intensity of light after successively passing
through a polarizer, liquid crystal sample, and another crossed polarizer, depends on
the orientation of the liquid crystal molecules.

A reflected light microscope is

required to study thin films. In transmission mode, leakage of light from the light
source through crossed polarizers is large enough to overwhelm the small birefringent
signal from the liquid crystal film that we wish to study.
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When linearly polarized light is normally incident on a few-layer-thick tilted
smectic film, the polarization of the reflected light is, in general, rotated slightly
toward the optic axis of higher refractive index. The reflected light intensity after
passing through a crossed polarizer (called the analyzer) is given by [19]
⎡ 2πNa 2
⎤
I (ϕ ) ≅ I 0 ⎢
( ne − no2 ) sin 2ϕ ⎥
⎣ λ0
⎦

2

(2.2)

where I 0 is the incident light intensity and λ 0 is the wavelength of the incident light.
We define the polarization of the incident light to be along the x-axis, and ϕ to be the
angle the c-director makes with respect to the x-axis. n o is the index of refraction
seen by light polarized perpendicular to the c-director, and ne is the index of
refraction along the c-director itself. Here no = n ⊥ , and ne is given by the equation
[20]
1 sin 2 θ cos 2 θ
=
+
ne2
n||2
n⊥2

(2.3)

where θ is the molecular tilt with respect to the incident light.
The intensity I in equation (2.2) has a four-fold degeneracy in the azimuthal
angle ϕ. The c-director that lies parallel or perpendicular to the polarizer appears
black under crossed polarizers. The textures of +1 and −1 topological defects shown
in Figure 2.4 appear identically as four dark brushes extending radially from the point
defects. From symmetry, we can differentiate between +1 and −1 vortices by rotating
the film. The dark brushes around the −1 vortices are rotated as we rotate the film,

http://www.e-lc.org/dissertations/docs/2008_05_08_13_35_12

electronic-Liquid Crystal Dissertations - May 12, 2008

28
while the dark brushes around the +1 vortices always align with the crossed
polarizers. However, there is no way to differentiate between four basic c-director
configurations around the +1 vortices shown in Figure 2.4 using normal incidence.
To be able to differentiate between such configurations, the four-fold degeneracy
needs to be broken by introducing oblique incidence (i.e. tilting the film).

Figure 2.4: C-director configurations around +1 and −1 topological defects as
observed by crossed polarizers. Light is in normally incident on the film and
polarized along P. The polarization axis of the analyzer is indicated by A.

The intensity in equation (2.2) depends on n e2 − no2 . Here no = n ⊥ is always
the same, but ne , from equation (2.3), depends on the tilt angle θ of the director with
respect to the incident beam. A SmA film (θ = 0), for example, has ne = n ⊥ = no and
appears black under crossed polarizers. Similarly, the contrast on the SmC film is
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reduced if the tilt angle θ is decreased. If light is obliquely incident on the SmC film,
the contrast on the film can change depending on the c-director orientation. If the cdirector tilts toward the direction of incidence, θ is reduced and the contrast is
decreased, but if the c-director tilts away from the direction of incidence, θ is
increased and the contrast is enhanced. Such an effect can be readily seen in the
intensity of the reflected light from +1 vortices (see Figure 2.5). The c-director on the
left side of the vortex in Figure 2.5(a), for example, tilts toward the direction of
incidence and the contrast on its left side is decreased. The four configurations of +1
vortices can then be differentiated (see Figure 2.5).
The reflected intensity from the obliquely incident beam, as in Figure 2.5, has
a two-fold degeneracy in ϕ. To break this two-fold degeneracy, we decross the
analyzer (or polarizer). By combining oblique incidence and the decrossed polarizer
technique, the c-director for a freely suspended film can be uniquely mapped. This
technique is known as depolarized reflected light microscopy (DRLM) and was first
utilized by Pindak et al. [19] in 1980. Some examples of how to use DRLM to
analyze more complex structures on freely suspended films can be found in the Ph. D.
theses of D. R. Link [21] and N. Chattham [22].
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Figure 2.5: Simulated textures of +1 vortices as seen under crossed polarizers using
obliquely incident light. Light is obliquely incident in the x-z plane as indicated by
the arrow and polarized along P. The polarization axis of the analyzer is indicated by
A.

2.7

Illumination System
In this thesis, we only need to visualize textures of +1 and −1 vortices, so the

oblique-incidence technique alone is sufficient. However, the illumination system
that comes with the Olympus BX51 microscope, as shown in Figure 2.6(a), is not
good enough to perform the DRLM. In such illumination, light from a 100 W
halogen lamp passes through a polarizer and reflects off a 50/50 beamsplitter to the
film. The reflected light from the film then passes through the same beamsplitter, to
the analyzer, and finally to the video camera. There are two main problems with this
illumination system. First, the 100 W halogen lamp is not bright enough as only 25%
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of light is actually incident on the film: 50% of the light is lost after passing through
the first polarizer, and another 50% is lost as the polarized light reflects off the
beamsplitter and goes to the film. Second, light that passes through the beamsplitter
hits a black wall inside the microscope and scatters back to the video camera. This
scattered light is large compared to the small birefringent signal from the freely
suspended film, and greatly reduces the image contrast (see Figure 2.6(c)).
Figure 2.6(b) shows the geometry for the improved illumination system. The
halogen lamp is replaced with a 200 mW highly-polarized solid state laser with
wavelength λ = 532 nm. The laser beam takes the same optical path as the halogen
light. A rotating diffuser, made of a sanded plastic sheet, is inserted into the beam
path to eliminate speckle.

The 50/50 beam splitter is also replaced with an

OptoSigma laser polarizing cube beamsplitter (product number 067-0380).

This

20×20 mm narrow-banded polarizing beamsplitter (PBS) reflects 99% of spolarization (polarization perpendicular to the incident plane) and transmits 98% of ppolarization (polarization parallel to the incident plane) of 532 nm wavelength light.
The polarization axis of the polarizer is set to be in the same direction as the spolarization; the laser is also polarized in this direction. Most of the intense laser
light can then be illuminated onto the film. Only a tiny fraction of the laser light
passes through the PBS and scatters back to the video camera. The reflected light
from the film, polarized perpendicular to the incident beam, can then pass through the
PBS to the video camera. The PBS itself behaves like crossed polarizers. An
analyzer, inserted between the PBS and the video camera, helps remove spolarization light scattered from optics inside the microscope or from the film, which
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may leak through the PBS. Figure 2.6(d) shows a DRLM image illuminated from this
improved system. We can clearly see the +1 vortices inside the islands and the −1
vortices nearby. These vortices form a chain. The incident light is slightly oblique,
allowing us to identify the c-director configuration around the +1 vortices.
Comparing intensities of the brushes inside the islands in Figure 2.6(d) with those in
Figure 2.5, we find that the c-director bends around the +1 defects trapped inside the
islands in a left-handed sense.

(a)

(b)
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Video Camera
Rotating Diffuser

Polarizer

Analyzer
scattered light

Halogen
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Figure 2.6: Comparison between the DRLM illumination system that comes with the
microscope (a) and the improved illumination system (b). The DRLM image shown
in (c) is obtained from the setup in (a) and its quality is very poor. The DRLM image
shown in (d) is obtained from the improved setup in (b) and its quality is excellent.
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2.8

Steerable Time-Sharing Multiple Optical Traps
We use optical tweezers as a tool to manipulate and measure interaction forces

between islands on SmC and SmC* films. In this section, we describe the design for
fully steerable time-sharing multiple trap optical tweezers. Figure 2.7 shows the
optical path for the optical tweezers. For tweezing, we use a CW Nd:YAG laser
(CrystaLaser, model IRCL-2W-1064) with wavelength λ0 = 1064 nm and power ∼ 2
W. The laser intensity is controlled by varying the angle between two Glan-Thomson
prism polarizers (OptoSigma, model 066-2230) inserted into the beam path. The
prism P2 is fixed at the position that transmits most of the polarized laser intensity,
and the prism P1 is rotated to vary the laser intensity. To reduce damage to the GlanThomson prisms, the laser beam, with original waist size of ~ 1 mm, is expanded 5
times by beam expander lenses L1 and L2 with focal lengths of 3 cm and 15 cm
respectively. An acousto-optic deflector (IntraAction Corp., model DTD-274HD6) is
used to generate steerable multiple time-sharing optical traps. Lenses L3 and L4 are
used to image the center of the acousto-optic deflector (AOD) onto the entrance
aperture of the microscope objective (which implies that the center of the AOD and
the objective entrance aperture are conjugate planes).

All lenses have IR

antireflection coatings and are purchased from LINOS. The tweezing laser beam is
brought into the microscope using an IR dichroic mirror (model Z900DSCP) mounted
inside an adapter (model U-DULHA), both purchased from Olympus. Finally, the
laser beam is directed such that it is normally incident to the film surface and is
tightly focused by the microscope objective (usually we use a 40X objective for
measuring force between islands and 20X objective for general texture observations).
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Figure 2.7: Optical path for optical tweezers. An acousto-optic deflector (AOD) is
used as a beam steering device to generate time-sharing multiple optical traps.

Because the optical force depends on the gradient of light intensity, to
maximize the trapping force, the focus spot needs to be as small as possible. The
beam waist w f at the focal plane of the objective is given as [23]

wf ≅

λ0 f
πwi

(2.4)

where λ 0 is the wavelength of the laser, f the focal length of the objective, and wi
the beam waist of the incident laser before entering the objective. Thus, to obtain a
small spot size w f at the focal plane, we require that the incoming beam have a large
spot size wi .

This suggests that the beam waist wi should exactly match the

objective entrance aperture (~ 3.75 mm) to obtain the most efficient trapping.
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To create a stable movable trap (i.e. uniform trapping power irrespective of
the beam movement), we require that the laser beam pivots around the entrance
aperture and retains the same degree of filling of the entrance aperture whenever the
beam is moved. This requirement is fulfilled by imaging the center of the beamsteering device (i.e. the AOD) onto the entrance aperture of the microscope objective,
using lenses L3 and L4.

If we take the distance between L3 and L4 to be

d 34 = f 3 + f 4 , the distance d A3 between the center of the AOD and lens L3 can be
calculated using the thin lens formula:

d A3 =

f3
f
( f 3 + f 4 − 3 d 4O )
f4
f4

(2.5)

where f 3 and f 4 are the focal lengths of lenses L3 and L4 respectively, and d 4O the
distance between lens L4 and the objective entrance aperture. If the AOD deflects the
laser beam by an angle θ1, the corresponding change in the deflected angle θ2 of the
laser beam at the objective entrance aperture can be shown to be

θ2 = −

f3
θ1
f4

(2.6)

Moreover, the movement r of the optical trap in the x-y directions in the specimen
plane is related to θ2 (in radians) as
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where f eff is the effective focal length of the objective. We find that, for f 3 = 20 cm
and f 4 = 15 cm, the AOD can scan the optical trap across the whole field of view
covered by the video camera. With f 3 and f 4 as above, we choose the distance d 4O
= 21 cm, and the distance from the AOD to lens L3 is calculated from equation (2.5)
to be d A3 = 9.33 cm. The beam size after passing through lenses L1, L2, L3, and L4,
is ~ 3.75 mm, completely covering the objective entrance aperture. Further useful
papers for optical trapping designs can be found in the work by Fällman et al. [24]
and Resnick [25].

2.8.1

Acousto-Optic Deflector (AOD)
An acousto-optic deflector (AOD) is used as a beam steering device and to

generate time-sharing multiple optical traps.

When a RF signal is applied to a

piezoelectric transducer, bonded to a Tellurium Dioxide crystal inside the AOD, an
acoustic wave is generated and a standing sound wave is formed inside the crystal.
This standing sound wave modifies the electron density of the crystal, which
produces a grating capable of diffracting an incident laser beam.
Two types of diffraction can occur. A parameter Q determines the diffraction
regime and is given by

Q=

2πλ0 L
nΛ2

(2.8)

where λ 0 is the wavelength of the laser beam, n is the index of refraction of the
crystal, Λ is the sound wavelength, and L is the light-sound interaction length.
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For Q << 1, we enter the Raman-Nath regime. The laser beam should be
normally incident on the crystal. Diffraction in this regime is similar to light being
diffracted through thin slits and is characterized by the generation of many diffraction
orders with intensities given by Bessel functions. This is caused by the fact that the
light-sound interaction length L is small, such that out-of-phase diffracted light rays
cannot destructively interfere [26].
The case for Q >> 1 is known as the Bragg regime. Here, only the first
diffraction order is retained by constructive interference, provided that the beam is
incident at the Bragg angle

θB =

λ
2Λ

=

λF
2V

(2.9)

where λ = λ0 / n is the wavelength of the laser beam inside the crystal, F is the RF
frequency, and V is the sound velocity in the crystal. Since acousto-optic devices are
not 100% efficient, all of the light cannot be removed from the zeroth order.
Depending upon design, up to 90% of the incident light can be diffracted into one
order.
If we vary the RF frequency slightly away from that required to match the
Bragg criterion, diffraction will still occur. However, the diffraction efficiency will
drop. The diffracted angle of the first order beam is now different from the Bragg
angle (which is the incident angle). The deviation Δθ from the Bragg angle is
related to an incremental frequency change ΔF as
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The diffraction efficiency decreases as Δθ increases and goes to zero when Δθ is
sufficiently large. There is an acceptable limit for the diffraction efficiency, and this
limit defines the RF bandwidth for the device. As the RF frequency varies, the
diffracted beam’s direction changes.

This is the basis behind acousto-optic

deflectors.
The 2-axis AOD model DTD-274HD6 is designed to operate at a central RF
frequency of 25 MHz, with operating bandwidth of ± 10 MHz from the center
frequency. There are 2 crystals in the DTD-274HD6, one of which is responsible for
deflection in the x-axis and the other for the deflection in the y. First order diffraction
in both x and y, generally denoted as (1, 1) order diffraction, is used for tweezing.
Before installing the DTD-274HD6, the laser beam is aligned the center of the field
of view of the microscope.

After the DTD-274HD6 is installed, with 25 MHz

frequency applied to both axes, the (1, 1) order diffraction beam will promptly be at
the center of the field of view. The crystals inside the DTD-274HD6 can be adjusted
to obtain the Bragg angle by turning screws SS and SP shown in Figure 2.8. One
should also try to vary the RF power for each axis to obtain maximum intensity. The
RF power at maximum intensity is not necessarily the same for both axes. The RF
power and frequency can be controlled from a computer using the LabVIEW
program. Once the maximum intensity has been reached (it is possible to reach
efficiency levels of 95% at the 25 MHz), the crystal orientations are fine tuned to
obtain stable laser intensity throughout the range of 15-35 MHz. When stability is
obtained, the efficiency is approximately 50%. The RF frequency change of 1 MHz
will deflect 1064 nm light through an angle of 2 milliradians.
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Figure 2.8: IntraAction 2-axis AOD model DTD-274HD6. The (1, 1) diffraction
order used for the optical traps is indicated, as well as some unused orders.
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To generate multiple, time-sharing traps, the RF frequencies are changed
quickly between the designated trapping spots. The (1, 1) diffraction order then
switches quickly between the multiple traps, thus making it possible to generate
multiple traps by using a single time-shared laser beam. The frequency of switching
between the spots is limited by the LabVIEW program, and it is in the order of kHz.
The capability of our multiple time-sharing traps is demonstrated in Figure 2.9, where
polystyrene spheres suspended in water are optically trapped in positions in such a
way as to graph the characters, “CU.”

Figure 2.9: Multiple time-sharing optical trapping of polystyrene spheres suspended
in water. The optical traps are arranged to graph letters “CU.” The spheres are 20
μm in diameter.
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2.9

The Whole Setup
Figure 2.10 shows how the film thickness measurement apparatus, the laser

illumination system, the optical tweezers, and the Olympus microscope are configured
for the entire experiment.

The adapter U-DULHA is mounted above the laser

illumination system, and the tweezing laser is brought in through the IR dichromatic
mirror. The film thickness measurement is performed from underneath the film, and
the laser beam for oblique illumination is brought in through the microscope
illumination path.

CCD Camera

Power Meter

Analyzer

Rotating Diffuser

Polarizer

200 mW
Laser

AOD

PBS

P2
P1

40X Objective
Film

Photo Diodes
(Thickness Measurement)

5 mW laser

1064 nm
Laser Source

Microscope
Body

Figure 2.10: Experimental configuration of film thickness measurement apparatus,
the laser illumination system, the optical tweezing device, and the Olympus
microscope.
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Chapter 3
Trapping model for islands on freely suspended films

In this Chapter, we will model optical trapping forces on an island on freely
suspended films. We can think of an island as a disk floating on a thinner film. At a
first glance, it is not obvious that islands can be trapped by optical tweezers because
islands have the same index of refraction as the background film. However, trapping
islands is possible because of the index mismatch between liquid crystal and the air at
the island boundary. Island thickness is about ~ 30 nm (for N = 10 layers) and thus
much smaller than the wavelength of the laser beam ( λ 0 = 1064 nm). Therefore, as
described in Chapter 1, we need to calculate the optical trapping forces in the
Rayleigh regime (i.e. using electromagnetic theory to calculate the gradient forces).

3.1

Principles
We estimate the optical trapping forces on a LC island by considering the

electromagnetic energy stored in a film/island system due to the optical field. The
electromagnetic energy stored in the dielectric medium is

U=

1
D ⋅ E d 3r
2∫

(3.1)

where E is the electric field inside the dielectric and D is the electric displacement.
The integration is done over the whole volume of the dielectric medium. Assuming
linear dielectrics, we have D = ε E, where ε is the permittivity of the dielectric.
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The island is assumed to take the shape of a right cylinder with equal
thickness above and below the film (Figure 3.1). The film is taken to be in the x-y
plane, with the laser beam propagating along the z direction, and the minimum waist
( w0 ) at the focal point of the laser beam on the plane of the film.

z

w0

Figure 3.1: Geometry for lateral optical trapping of an island on a freely suspended
film. The island is assumed to take the shape of a right cylinder with equal thickness
above and below the film. The minimum waist ( w0 ) at the focal point of the laser
beam is in the plane of the film.

The change in electromagnetic energy due to the presence of LC in the beam
path is given by

δU =

1
(D ⋅ E LC − D ⋅ E air ) d 3 r
∫
2

(3.2)

where Eair is the electric field generated by the laser in the absence of the LC, and ELC
is the field when the LC is presence. Electric dipoles in the LC, induced by the laser,
produce an additional field that can change the magnitude and direction of the
original field. To simplify our calculation, we assume that such change in the electric
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field outside the LC is small compared to the magnitude of the original field, and we
can assume E LC ≅ E air . Therefore, the integral in equation (3.2) vanishes outside the
LC.

However, inside the LC, we have E LC = D / ε LC .

We can also write

E air = D / ε air and D = ε 0 E vac , and the integration in equation (3.2) becomes

δU =

ε0
2κ LC

∫ (E )
vac

2

d 3r −

LC

ε0
2κ air

∫ (E )
vac

2

d 3r

(3.3)

LC

where ε0 is the permittivity in the vacuum, and

κ LC = ε LC / ε 0 is the dielectric

constant of the LC. We will assume κ air = ε air / ε 0 ≅ 1 .
In the absence of the LC, the root mean square (rms) amplitude of the electric
field produced by the laser in the vacuum can be approximated as the Gaussian
profile [23]
x2 + y2

Evac

1 − w( z )2
P
2
= 〈E vac 〉 = 2
e
πcε 0 w( z )

(3.4)

where P is the laser power, c is the speed of light, and
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z0 =

πnw02
λ0

(3.5)

(3.6)

electronic-Liquid Crystal Dissertations - May 12, 2008

45
where n is the index of refraction of the propagated media (in this case n = 1 for
vacuum), λ0 is the wavelength of the laser in the vacuum. Combining (3.3) and
(3.4), we get
x2 + y 2

−2
2P ⎛ κ −1 ⎞
1
w( z )2
e
dxdydz
δU = − ⎜⎜ LC ⎟⎟ ∫
πc ⎝ κ LC ⎠ LC w( z ) 2

(3.7)

To get the trapping force (gradient force) on the island, we find δU as a
function of the position of the island on the film with respect to the laser beam
position. The gradient force can be calculated from

Fg = −∇ δU

3.2

(3.8)

Lateral Trapping Force
The lateral trapping force F(ρ), as a function of island displacement from the

center of the beam, is plotted for various island thicknesses and radii in Figure 3.2.
When the center of the island wanders or is displaced from the beam center, the laser
provides a restoring force, bringing the island back to the lowest energy, centered
position (i.e. Figure 3.2(a)). Figure 3.2 confirms that this force is greatest when the
edge of the island finds itself at the center of the beam. This is to be expected since
the discontinuity in film thickness at the island edge causes a huge lateral gradient in
the electrostatic energy.
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(a)

(b)

Figure 3.2: (a) Lateral trapping force F(ρ), where ρ is the displacement of the island
from the center of the beam, computed for various island radii R and thicknesses h,
assuming P = 250 mW, κ LC = 2.4, n = 1, λ0 = 514.5 nm, w0 = 5 μm, and a film
thickness d = 0.05 μm. (b) Trapping force with narrower beam waist ( w0 = 2 μm).
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The calculations also lead to the following conclusions: (1) For a given island
radius, the lateral trapping force increases with island thickness. (2) For a fixed
island thickness, the trapping force is somewhat larger for bigger islands. (3) When
the beam waist is small compared to the island radius (for example, with w0 = 2 μm
and R = 10 μm), the trapping force is negligible until the edge of the island
approaches the beam center. (4) The smaller the beam waist ( w0 ), the higher the
optical field gradient and the bigger the maximum trapping force. The calculated
lateral trapping force is of the order of 10 pN, the same order of magnitude as the
forces from optical trapping of particles a few microns in size reported in the
literature [27, 28].
The lateral trapping force is demonstrated experimentally in Figure 3.3. The
laser beam is seen as a bright spot inside the trapped island, and it is moving to the
right. The trapped island does not follow the beam until the beam hits the edge of the
island. This agrees with the computation result above that the lateral trapping force is
only significant when the laser beam is near the edge of the island, where
electromagnetic energy gradient is greatest. We do not find evidence of local heating
of the film by the laser nor the change in c-director orientation due to the electrostatic
field generated by the polarized laser beam. Optical tweezers can be used to trap and
manipulate islands on freely suspended films without breaking the films or altering
the system.
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1.0 s
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Figure 3.3: Optically trapped island in a film of chiral MX8068. The images are
viewed without crossed polarizers. The laser beam is seen as a bright spot inside the
trapped island, and it is moving to the right. The trapped island does not follow the
beam until the beam hits the edge of the island. Other islands in the chain, bonding
with the trapped island via topological defects, follow the trapped island as it moves.
The elapsed time between frames is 0.5 second.
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It’s worth noting here that the magnitude of the lateral trapping force
calculated in this section (~ 10 pN) is about two hundred times larger than the
maximum trapping force (~ 0.05 pN) observed experimentally in Chapter 6. The
parameters used in the calculation above are similar to what we have in our optical
tweezing system. We do not understand this large discrepancy at this point.

3.3

Axial Trapping Force
In our experiments, the focus of the laser beam is placed in the plane of the

film, and we do not need to worry about the axial trapping. However, if the focus of
the laser is slightly above or below the plane of the film, we may need to worry that
the laser lifts the island/film up or down if the axial force is very strong. To answer
such question, the trapping force in the axial direction F(z), as a function of island
displacement in the z direction, is plotted for various island thicknesses and radii in
Figure 3.4. The axial force is 1000 times smaller in magnitudes than the lateral force.
A quick calculation shows that the gravitational force on an island of 10 μm in radius
and 0.25 μm thick (same size as used in the optical force calculation) is ~ 0.8 pN.
However, we do not notice any bending of the film due to such gravitation pull on the
island. The axial force (~0.002 pN) is also much smaller than the gravitational force,
and we do not need to worry about its effect of bending an island-film system when
the film is misaligned with the focus of the laser.

The axial force is linearly

dependent on the distance z, which implies simple harmonic (quadratic) potential.
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Figure 3.4: Axial force F(z), where z is the displacement of the island along the zaxis, computed for various island radii R and thicknesses h, assuming P = 250 mW,
κ LC = 2.4, n = 1, λ0 = 514.5 nm, w0 = 5 μm, and a film thickness d = 0.05 μm.
The inset shows the same plot at smaller y-axis scale.
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Chapter 4
Simulation Techniques for 2D Anisotropic Elasticity

As introduced in Chapter 1, the LC bulk elastic energy takes a quadratic form
of bend, splay, and twist deformations of the director n. By making the one elastic
constant approximation, K s3 D = K b3 D = K t3 D = K 3 D , the equilibrium equation for the
azimuthal angle ϕ of the c-director in SmC films is simplified to the Laplace
equation.

With this simplification, we can learn much interesting physics of

topological defects, such as the 1 / r force between the defects (see Section 1.2.2), and
the

2 R separation between the −1 defect and the island center [4]. However, the

elastic constants are not necessarily the same for a given LC. In this Chapter, we will
investigate effect of elastic anisotropy on physical properties of topological defects
(i.e. defect textures, forces between defects, and equilibrium separations between −1
defects and islands). We describe here theoretical models used to calculate elastic
free energies of SmC and SmC* films and corresponding simulation techniques used
to compute the energies and textures of vortices on the films.

4.1

Elastic Energy Expression for SmC Films
We start with the free energy expression for a director field n (the nematic

energy description for SmC phase), which we now repeat from Section 1.2

F=
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1 3
d r[ K s3 D (∇ ⋅ n) 2 + K b3 D (n × ∇ × n) 2 + K t3 D (n ⋅ ∇ × n) 2 ]
2∫

(4.1)
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By writing the director n in terms of the c-director c, n = cosθ k + sin θ c (i.e. the
layer normal is along k and θ is the tilt angle of the director with respect to the layer
normal), we can rearrange equation (4.1) as [29]

F=

1 3
d r[ Bs (∇ ⋅ c) 2 + Bb (k ⋅ ∇ × c) 2 + Bt (c ⋅ ∇ × c) 2
∫
2

− Bbt (k ⋅ ∇ × c)(c ⋅ ∇ × c)]

(4.2)

where
B s = K s3 D sin 2 θ

(c splay)

(4.3)

Bb = K t3 D sin 2 θ cos 2 θ + K b3 D sin 4 θ

(c bend)

(4.4)

Bt = K t3 D sin 4 θ + K b3 D sin 2 θ cos 2 θ

(c twist)

(4.5)

Bbt = ( K b3 D − K t3 D ) sin 3 θ cos θ

(4.6)

The c-director bend elastic constant Bb is related to the twist ( K t ) and bend ( K b )
elastic constants of the director n. This is demonstrated in Figure 4.1, where the bend
of c requires both twist and bend of n. Similarly, the twist of c along the layer normal
also requires both twist and bend of n (equation 4.5). The Bbt term describes the
coupling between in-plane bend and twist between layers. In SmC films, the cdirector does not twist (i.e. c ⋅ ∇ × c = 0 ), and we can integrate equation (4.2) over the
film thickness d to get

http://www.e-lc.org/dissertations/docs/2008_05_08_13_35_12

F=

1
d 2 r[ K s2 D (∇ ⋅ c) 2 + K b2 D (∇ × c) 2 ]
∫
2

(4.7)
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where K s2 D = B s d , and K b2 D = Bb d are 2D splay and bend elastic constants of the cdirector in the film, and the integral is performed over the whole area of the film.
Later on, we will only talk about energies of freely suspended films and, for
convenience, we will drop the superscript “2D” on the elastic constants K s2 D , K b2 D .

Figure 4.1: Geometry showing that in-plane bend of the c-director requires both twist
and bend of the director n.

4.2

Free Energy Expression for SmC* Films
Chirality of LC molecules in SmC* phase breaks mirror symmetry on the

plane parallel to the tilt plane, allowing spontaneous polarization P to form in the
direction normal to the tilt plane (perpendicular to the c-director). The splay of the
spontaneous polarization creates a local space charge, − ∇ ⋅ P . The electrostatic free
energy produced by this space charge is (repeated from Section 1.4)
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Felec =

1
∇ ⋅ P ( r )∇ ⋅ P ( r ′)
d 3r ∫ d 3r ′
∫
2
r − r′

(4.8)
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This space charge − ∇ ⋅ P will produce electrostatic energy on the order of ~ P2.
P

Therefore, the system will try to reduce this electrostatic energy by reducing the splay
of P (or the bend of c).
The lack of reflection symmetry in the tilt plane also allows spontaneous twist
of the c-director in the direction normal to the layer plane. We see from equations
(4.2) and (4.5) that the twist of c requires both bend and twist of n. Therefore, the
bend and twist terms in equation (4.1) need to be modified to account for the
spontaneous twist of c at the ground state of the SmC* phase. An interesting result is
found after the modification; in addition to the spontaneous twist of c between layers,
the c-director has a tendency to spontaneously bend (or splay in terms of the
polarization) in the plane of the layer. This result is due to the fact that the ground
state of the SmC* phase now favors a certain amount of twist and bend and, by
bending the c-director to some amount, the elastic energy is lower than in the uniform
state. The exact elastic energy expression for the SmC* phase can be found in ref.
[29]. The decrease in the elastic energy by bending of the c-director (splay of the
polarization), however, seems to be small compared to the increase in electrostatic
energy by splaying of the polarization (bend of the c-director), and we do not observe
such spontaneous bend effect on thin SmC* films.
The helical pitch over which the c-director rotates through 2π for the chiral
MX8068 is 50 μm, much larger than typical thickness of N = 2 layer (6 nm) films
used in the experiments. Therefore, we will ignore the elastic energy caused by the
spontaneous twist and bend in SmC* phase. The elastic energy for SmC* film is then
approximated to be the same as that in equation (4.7):
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Felas =

1
d 2 r[ K s (∇ ⋅ c) 2 + K b (∇ × c) 2 ]
∫
2

(4.9)

where we have already dropped the superscript “2D” on the splay and bend elastic
constants.
Finally, we would like to mention the electrostatic screening from ionic
impurities dissolved in the film.

Ionic impurities are unavoidable because LC

materials can never be 100% pure LC. These ions move in the film to screen out
electrostatic energy from the polarization charge, and the electrostatic energy is
reduced by some amount. The total free energy FC for SmC* films is then given as

FC =

1 2
1
∇ ⋅ P(r )∇ ⋅ P(r ′)
d r[ K s (∇ ⋅ c) 2 + K b (∇ × c) 2 ] + ∫ d 3r ∫ d 3r ′
∫
r − r′
2
2
+ Ionic Screening Energy

4.2.1

(4.10)

The Long Wavelength Approximation
The energy expression for SmC* films in equation (4.10) is too complicated

to compute without any approximation. Robert B. Meyer and Jong-Bong Lee [30]
have simplified (4.10) in the long wavelength limit (small wave vector q), where their
derivation is reproduced in Appendix A. In this limit, the c-director is assumed to
change on a length scale λ (Figure 4.2) much larger than the ionic screening length

λ 2 D . Then, the electrostatic energy terms in (4.10) can be Fourier transformed and
expanded in terms of qλ2 D ~ 2πλ2 D / λ << 1 . If only the zero order term is kept
(throw away all the electrostatic terms with q dependence because qλ2 D << 1 ),
equation (4.10) simplifies to
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FC ≅

1
4π 2
d 2 r[ K s (∇ ⋅ c) 2 + ( K b +
P )(∇ × c) 2 ]
∫
2
κ

(4.11)

n

where κ = 1 / λ 2 D = 4πβ ∑ ei2 ci is the inverse ionic screening length, ci the average
i =1

ionic concentration (ions/area) of the ith type of impurity, ei the charge of the impurity
of type i, and β = 1 / k bT .
To zero order accuracy in the wave vector q, the effect of spontaneous
polarization induced by chirality is similar to increasing the bend elastic constant of
the film, with K beff = K b +

4π

κ

P 2 . Therefore, if we can compute the elastic energy

given in (4.7), we can also understand (in the long wavelength limit) how vortices
behave on chiral smectic C* films.

λ

Figure 4.2: The long wavelength approximation in (4.11) is valid when the c-director
changes on a length scale λ much larger than the ionic screening length λ 2 D .
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4.3

Minimization of the Elastic Free Energy
Equation (4.7) can be written in term of the azimuthal angle ϕ ( x, y ) that the

c-director makes with respect to the x-axis. By writing c = cos ϕ i + sin ϕ j , we get
(∇ ⋅ c) 2 = ϕ x sin 2 ϕ + ϕ y cos 2 ϕ − 2ϕ xϕ y sin ϕ cos ϕ

(4.12)

(∇ × c) 2 = ϕ x cos 2 ϕ + ϕ y sin 2 ϕ + 2ϕ xϕ y sin ϕ cos ϕ

(4.13)

2

2

2

2

and equation (4.7) becomes

F=

1
2
dxdy[( K s sin 2 ϕ + K b cos 2 ϕ )ϕ x
∫
2

+ ( K s cos 2 ϕ + K b sin 2 ϕ )ϕ y + ( K b − K s )ϕ xϕ y sin 2ϕ ]
2

where we have used the notation ϕ x =

(4.14)

∂ϕ
∂ϕ
and ϕ y =
. Equation (4.14) can be
∂y
∂x

minimized using the Euler Lagrange formula
d ⎛ ∂f
⎜
dx ⎜⎝ ∂ϕ x

⎞ d ⎛ ∂f
⎟⎟ + ⎜
⎜
⎠ dy ⎝ ∂ϕ y

⎞ ∂f
⎟−
=0
⎟ ∂ϕ
⎠

(4.15)

with
1
2
f ( x, y ) = [( K s sin 2 ϕ + K b cos 2 ϕ )ϕ x
2

+ ( K s cos 2 ϕ + K b sin 2 ϕ )ϕ y + ( K b − K s )ϕ xϕ y sin 2ϕ ]
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we get
∂f
1
2
2
= ( K s − K b )(ϕ x − ϕ y ) sin 2ϕ + ( K b − K s )ϕ xϕ y cos 2ϕ
∂ϕ 2

(4.17)

∂f
1
= ( K s sin 2 ϕ + K b cos 2 ϕ )ϕ x + ( K b − K s )ϕ y sin 2ϕ
∂ϕ x
2

(4.18)

∂f
1
= ( K s cos 2 ϕ + K b sin 2 ϕ )ϕ y + ( K b − K s )ϕ x sin 2ϕ
∂ϕ y
2

(4.19)

d ⎛ ∂f
⎜
dx ⎜⎝ ∂ϕ x

⎞
⎟⎟ = ( K s − K b )ϕ x 2 sin 2ϕ + ( K s sin 2 ϕ + K b cos 2 ϕ )ϕ xx
⎠
+ ( K b − K s )ϕ xϕ y cos 2ϕ +

d ⎛⎜ ∂f
dy ⎜⎝ ∂ϕ y

1
( K b − K s )ϕ xy sin 2ϕ
2

(4.20)

⎞
⎟ = ( K b − K s )ϕ y 2 sin 2ϕ + ( K s cos 2 ϕ + K b sin 2 ϕ )ϕ yy
⎟
⎠
+ ( K b − K s )ϕ xϕ y cos 2ϕ +

1
( K b − K s )ϕ xy sin 2ϕ
2

(4.21)

Putting together, equation (4.15) gives the equilibrium equation:
1 2 1 2
0 = ( K b − K s )( ϕ y − ϕ x + ϕ xy ) sin 2ϕ + ( K b − K s )ϕ xϕ y cos 2ϕ
2
2

+ ( K s sin 2 ϕ + K b cos 2 ϕ )ϕ xx + ( K s cos 2 ϕ + K b sin 2 ϕ )ϕ yy

(4.22)

The interpretation of equation (4.22) is that the quantity on the right hand side
(RHS) produces a torque per unit area on the c-director, which is equal to zero at
equilibrium (minimum energy). For the case of isotropic elasticity ( K b = K s = K ),
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we get back to the Laplace equation: ∇ 2ϕ ( x, y ) = 0 , the same result as obtained in
Section 1.2.1.

4.4

Finite Difference Method
A finite difference is a mathematical way to approximate derivatives in terms

of discrete forms. The equilibrium equation (4.22) is nonlinear when K b ≠ K s , and
there is no analytical solution to it. Therefore, numerical computation techniques are
required in order to study SmC films with elastic anisotropy. In our simulations,

ϕ ( x, y ) is assigned on the centers of square grids. At equilibrium, ϕ ( x, y ) on each
grid must satisfy a discretized form of (4.22). A method of discretizing derivatives is,
unfortunately, not unique. A simple derivative

in a discrete form as

ϕ i +1, j − ϕ i , j
Δx

, or

ϕ i , j − ϕ i −1, j
Δx

∂ϕ (i, j )
, for example, can be written
∂x

, or

ϕ i +1, j − ϕ i −1, j
2Δx

, where (i, j) is the

coordinate of the grid and Δx is the length between the grid.

A choice of

discretization is sometimes arbitrary, but sometimes a bad choice can also affect the
stability of the solution [31].

We have not performed stability analysis on our

discretized equation. However, we have not found any nonphysical result in our
simulations. The derivatives in (4.22) are discretized as central differences:
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∂ϕ (i, j ) ϕi +1, j − ϕi −1, j
=
2Δx
∂x

(4.23)

∂ϕ (i, j ) ϕi , j +1 − ϕi , j −1
=
∂y
2 Δy

(4.24)

∂ 2ϕ (i, j )
=
∂x 2

ϕi +1, j − ϕi , j
Δx

−

ϕi , j − ϕi −1, j
Δx

Δx

=

ϕi +1, j + ϕi −1, j − 2ϕi , j
Δx 2

∂ 2ϕ (i, j ) ϕi , j +1 + ϕi , j −1 − 2ϕi , j
=
∂y 2
Δy 2

ϕ i +1, j +1 − ϕ i +1, j −1
∂ ϕ (i, j )
=
∂x∂y

2 Δy

2

=

−

(4.25)

(4.26)

ϕ i −1, j +1 − ϕ i −1, j −1
2 Δy

2 Δx

ϕ i +1, j +1 + ϕ i −1, j −1 − ϕ i +1, j −1 − ϕ i −1, j +1

(4.27)

4ΔxΔy

Putting (4.23)-(4.27) back into (4.22), we get a finite difference equation of the form

⎡ 1 ⎛ ϕ i , j +1 − ϕ i , j −1 ⎞ 2 1 ⎛ ϕ i +1, j − ϕ i −1, j
⎟⎟ − ⎜⎜
0 = ( K b − K s ) ⎢ ⎜⎜
2Δy
2⎝
2Δx
⎢⎣ 2 ⎝
⎠
+ (Kb − K s )

+ (Kb − K s )

ϕ i +1, j +1 + ϕ i −1, j −1 − ϕ i +1, j −1 − ϕ i −1, j +1
4ΔxΔy

ϕi +1, j − ϕi −1, j ϕi , j +1 − ϕi , j −1
2 Δx

+ ( K s sin 2 ϕi , j + K b cos 2 ϕi , j )
+ ( K s cos 2 ϕi , j + K b sin 2 ϕi , j )
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2 Δy

⎞
⎟⎟
⎠

2

⎤
⎥ sin 2ϕ i , j
⎥⎦

sin 2ϕ i , j

cos 2ϕi , j

ϕi+1, j + ϕi −1, j − 2ϕi , j
Δx 2

ϕi , j +1 + ϕi , j −1 − 2ϕi , j
Δy 2

(4.28)
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4.4.1

Relaxation Technique
In the finite difference simulations, the value ϕ i, j on grid (i, j) is related to

neighboring grids as shown in equation (4.28). To compute ϕ i, j , the boundary
conditions are needed. The boundary condition used to compute the energy of a
topological dipole (an island and a −1 defect), for example, is shown in Figure 4.3.
The symmetry of the dipole allows us to simulate only half of the whole structure,
where half of the island and half of the −1 defect are on the lower boundary as shown.
The c-director (T) on most grids at the boundary are at the angle ϕ = 3π/2. This
angle suddenly changes from ϕ = 3π/2 at grid (i0,1) to ϕ = 5π/2 at grid (i0+1,1),
representing the −1 defect centered in the middle between grids (i0,1) and (i0+1,1).
We avoid representing the center of the defect directly on the grid because the angle

ϕ at that point is undefined. The c-director is tangential at the island boundary,
where the azimuthal angle changes from ϕ = 5π/2 on the left to ϕ = 3π/2 on the right
of the island. The boundaries are held fixed during the iteration process.
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Lx

Ly

rd
-1
(i0,1)

R
(i0+1,1)

Figure 4.3: The c-director configuration around an island (left) and the corresponding
fixed boundary conditions used for the numerical simulation (right).

After the boundary condition is established, we need to assign an initial value
for ϕ inside the boundary. The initial value assigned for ϕ, at first, will not satisfy
the equilibrium equation (4.28). Therefore, we need a method to relax ϕ to the
equilibrium state. Here, we use the Newton iteration method [32], given as

ϕ

new
i, j

=ϕ

old
i, j

−

L(ϕ iold
,j )
⎛ ∂L(ϕ iold
⎞
,j )
⎜
⎟
⎜ ∂ϕ i , j ⎟
⎝
⎠

(4.29)

where L (ϕ i , j ) is given on the RHS of equation (4.28), and the derivative
∂L (ϕ i , j ) / ∂ϕ i , j gives
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∂L(ϕ i , j )
∂ϕ i , j

⎡⎛ ϕ i , j +1 − ϕ i , j −1 ⎞ 2 ⎛ ϕ i +1, j − ϕ i −1, j
⎟⎟ − ⎜⎜
= ( K b − K s ) ⎢⎜⎜
2Δy
2Δx
⎢⎣⎝
⎠ ⎝
+ (K b − K s )

⎞
⎟⎟
⎠

ϕ i +1, j +1 + ϕ i −1, j −1 − ϕ i +1, j −1 − ϕ i −1, j +1

− 2( K b − K s )

2ΔxΔy

ϕ i +1, j − ϕ i −1, j ϕ i , j +1 − ϕ i , j −1
2Δx

− ( K b − K s ) sin 2ϕ i , j

2Δy

⎤
⎥ cos 2ϕ i , j
⎥⎦

cos 2ϕ i , j

sin 2ϕ i , j

ϕ i +1, j + ϕ i −1, j − 2ϕ i , j
Δx 2

− 2( K s sin 2 ϕ i , j + K b cos 2 ϕ i , j )

+ ( K b − K s ) sin 2ϕ i , j

2

1
Δx 2

ϕ i , j +1 + ϕ i , j −1 − 2ϕ i , j
Δy 2

− 2( K s cos 2 ϕ i , j + K b sin 2 ϕ i , j )

1
Δy 2

(4.30)

new
The new value ϕi,new
j given by (4.29) helps bring L(ϕ i , j ) closer to zero every time the

iteration is performed, as sketched in Figure 4.4. The new value ϕi,new
is obtained
j
from the intercept of the slope ∂L(ϕ iold
, j ) / ∂ϕ i , j with the L (ϕ i , j ) = 0 line. Readers can
convince themselves that this Newton method converges quickly to L(ϕ inew
, j ) = 0 by
repeating the method a few more times on Figure 4.4.

In our simulations, the

iteration process stops when L(ϕ inew
, j ) ≤ ξ for all grids inside the boundary, where ξ
is a specified convergence criterion.
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L(ϕ i , j )

L(ϕ iold
)
,j

∂L(ϕiold
) / ∂ϕ i , j
,j
L(ϕi , j ) = 0

L(ϕinew
)
,j

ϕ i,new
j

Figure 4.4:

ϕ i,oldj

ϕi, j

Sketch of Newton method used to relax ϕ i, j to equilibrium state

( L(ϕ i , j ) = 0 ). ϕi,new
is obtained from the intercept of the slope ∂L(ϕ iold
, j ) / ∂ϕ i , j with
j
the L(ϕ i , j ) = 0 line. The iteration process is repeated until L(ϕ inew
, j ) is less than a
specified convergence criterion.
We find that a smart guess for initial ϕ values helps prevent the divergence of
the solution. For the case of anisotropic elasticity, a smart guess for the initial ϕ
values would be the solution of the isotropic case for the same system. For example,
to simulate the equilibrium state of the topological dipole for the case of
K b / K s = 10 , the initial ϕ values are from the equilibrium state of the dipole in the
isotropic case ( K b / K s = 1 ).

The equilibrium state of the dipole for this case

( K b / K s = 10 ) can then be used as the starting values for the case of K b / K s = 20 .
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4.5

The Dipole Energy
We use the simulation techniques described above to study the elastic energy

of the topological dipole shown in Figure 4.3. We let the length between neighboring
grids be Δx = Δy = 1 arbitrary units (a.u.). The size of our rectangular region (see
Figure 4.3) used in this calculation is Lx × Ly = 159 × 79 a.u., and the island radius R
= 10.5 a.u. The elastic energy, calculated numerically from equation (4.14), is scaled
by the splay elastic constant K s .
For the case of isotropic elasticity ( K b = K s = K ), there is an analytical
solution for the dipole energy as a function of the distance rd between the −1 defect
and the island center, which is given as [4]
⎛ R2 R4
Fd = −πK ln⎜⎜ 2 − 4
rd
⎝ rd

⎞
⎟ + πK ln⎛⎜ R ⎞⎟
⎟
⎝ε ⎠
⎠

(4.31)

where ε is the core radius of the −1 defect (the c-director is undefined inside the
defect core). Figure 4.5 shows the simulation plot (shown by the square dots) of
dipole elastic energy compared with the analytical solution (shown by the solid line).
We see from the plot that the deviation of our simulation result from the analytical
solution is acceptable and is less than 5% (this is the numerical error in the computed
elastic energy).
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Figure 4.5: Energy of the topological dipole for the isotropic elasticity case
( K b = K s = K ) as a function of the distance rd between the −1 defect and the island
center. The square symbols are the result of the simulation using the finite difference
relaxation method. The solid line is the analytical solution given in (4.31). The core
radius used in the analytical plot is ε = 1.31 a.u., and the island radius is R = 10.5 a.u.
Figure 4.6 shows the simulated dipole energies for the cases of K b / K s = 0.2
and K b / K s = 10 . Analytical solutions for these cases do not exist. We see that the
energy curves for these cases look similar to each other and similar to that of the
isotropic case. Because we scale the energy by K s , the change in the energy scale is
expected, depending on the ratio K b / K s .
Another interesting question that we would like to address is how the distance
rd at equilibrium (minimum energy) changes as a function of K b / K s . We can study
such effect by fitting the simulation points around the energy minimum with
quadratic equation and finding the energy-minimum position.

The equilibrium

distance rd (scaled by the radius R) as a function of K b / K s is listed in Table 4.1. We
see a small decrease in the equilibrium distance rd as the ratio K b / K s increases.
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However, this change in the equilibrium distance rd is smaller than the computational
error. Therefore, we cannot be certain that such change is the real effect due to elastic
anisotropy unless we can reduce our computational error.

For the case of

K b / K s = 1 , the equilibrium distance is found to be rd / R = 1.42 ± 0.08 , in agreement
with the analytical calculation of rd / R = 2 [4].
Even though our simulations show that elastic anisotropy does not
significantly change the shapes of the energy curves or the equilibrium distance
between the −1 defect and the island center, its effect is noticeable in the textures of
the dipoles as observed under crossed polarizers (shown in Figure 4.7). The dipole
textures then give us some idea about degrees of elastic anisotropy of the films.

70
9.0

Kb/Ks= 0.2

65
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Figure 4.6: Simulated dipole energies for the cases of
K b / K s = 10
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Kb / K s

Equilibrium rd/R (± 0.08)

0.2

1.42

1

1.42

5

1.40

10

1.39

20

1.39

Table 4.1: Equilibrium distance rd (scaled by the radius R) as a function of K b / K s

(a)

Ks=1,Kb=0.2

(b)

Ks=1,Kb=1

(c)

Ks=1,Kb=10

Figure 4.7: Simulated textures of the c-director under crossed polarizers of the
topological dipoles formed by a pair of island and −1 defects for different ratios of
Kb / K s .
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4.6

Conclusion
We describe models for calculating free energies of SmC and SmC* films. In

the long wavelength limit, the free energy of SmC* films is similar to the elastic free
energy of SmC films with elastic anisotropy.

We provide guidelines to finite

difference relaxation methods for computing elastic free energies of SmC films with
given boundary conditions. We find that the equilibrium distance between the −1
defect and the island center in the dipole does not significantly change with the elastic
anisotropy of the film. However, the texture of the dipole under crossed polarizers is
noticeably different as the ratio K b / K s changes.
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Chapter 5
Interactions between Chiral Vortices in the 2D XY Field of Freely
Suspended Smectic C Liquid Crystal Films

We have learned from previous Chapters that islands on freely suspended
SmC films have strong tangential anchoring of the c-director at their edges. In this
Chapter, we would like to introduce a concept of chiral islands on achiral smectic C
films. We report here the studies of interactions between such vortices.

5.1

Introduction
Systems of inclusions in liquid crystals have become a topic of interest in the

last ten years due to their ability to self assemble into a variety of ordered structures.
The ability to self assemble particles is of an important technological and
fundamental aspect of colloidal science. Controlling the resultant structures by using
LC matrix has proven to be a fertile area of research and the literature is replete with
suggestions for possible applications of such ordered systems.
Any inclusion introduces a certain degree of distortion of the director field of
liquid crystal molecules around it.

Colloidal particles, fluid drops and phase

separated LC domains in liquid crystal have been observed to self assemble into
regular patterns as a way of sharing the regions of distortion and minimizing the total
elastic energy. Inclusions that introduce distortions with dipolar symmetry have been
reported to form linear chains [5-8, 33-37], while inclusions introducing quadrupolar
distortions form zigzag chains or 2D lattices [6, 36-40]. The nature of dipolar or
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quadrupolar distortions around the inclusion stems from a delicate balance between
the surface anchoring energy and the liquid crystal elastic energy [6, 36, 40, 41].
In freely-suspended smectic C films, we have performed experiments with
soft inclusions called islands: circular, disk-like smectic regions of greater thickness
than the surrounding film. The c-director (the unit vector field representing the local
azimuthal orientation of the tilted smectic ϕ(x,y)) is strongly anchored at the edges of
such islands and is tangential. This boundary condition enforces a chiral vortex of
strength +1 in each island and a matching −1 defect nearby in the background film,
the pair forming a topological dipole. Some islands in our experiments form linear
chains with topological dipoles pointing in the same direction along the chains, in
agreement with similar observations reported in the literature [5-8, 35]. Surprisingly,
we also find that pairs of islands can form a quadrupolar structure, with the
topological dipoles pointing in opposite directions. Indeed, both dipolar chains and
quadrupolar structures can coexist on the same achiral smectic C film, the geometry
being determined by the handedness of the vortices, as we describe in detail below.

5.2

Chiral Vortices
Let us consider an anchoring energy per unit length at the island interface,

which is given as [6]
U anchor = A0 (c ⋅ r ) 2

(5.1)

where r is a unit vector normal to the island interface, and the coefficient Ao
determines how strong the c-director aligns in the preferred direction of minimum
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anchoring energy. We see from (5.1) that the anchoring energy is at a minimum
when the c-director is perpendicular to r. This leads to two possible alignments of the
c-director at the island interface, both providing the same minimum anchoring
energy. The c-director can bend around the island in either a left- or right-handed
sense as shown in Figure 5.1. The two structures are mirror images of each other, but
they are not superimposable. Therefore, islands are structurally chiral. In achiral
SmC films, the anchoring energies between the two structures are equal, and we
observe about an equal number of left- and right-handed vortices on the films.

+1

+1

left-handed island

right-handed island

mirror reflection
Figure 5.1: Two possible alignments of LC molecules at island interfaces. These
chiral structures are mirror images of each other, but they are not superimposable.

5.3

Experimental Results and Discussion
Figure 5.2 shows DRLM images (i.e. see the definition in Section 2.6) of

textures of islands (N ~ 20) interacting on a background film (N = 2) of racemic
MX8068. Each island boundary induces a +1 topological defect inside, and a −1
topological defect outside in the background film, the defect pair forming a
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topological dipole (inset, Figure 5.2(a)). Such dipoles attract each other over long
distances through an elastic dipole-dipole interaction and, when the islands get
sufficiently close, reach an equilibrium separation where the elastic distortion is
minimized.

We observe two types of equilibrium arrangements of pairs of

topological dipoles on racemic smectic C films. Either the vortices form linear chains
with the dipoles pointing in the same direction along each chain (Figure 5.2(a)), or
the dipoles point in opposite directions and the vortices form a quadrupolar structure,
the two −1 defects being displaced symmetrically from the line joining the islands
(Figure 5.2(b)). We have determined that these geometries reflect the chirality of the
trapped vortices, with homochiral islands forming dipolar chains and heterochiral
islands forming quadrupolar assemblies in two dimensions.
With oblique illumination (i.e. see Section 2.6), we can determine island
chirality by comparing the brightness of the brushes in their upper and lower halves.
In Figure 5.2(a), for example, the white brushes in the upper halves of the islands are
brighter than the brushes in the lower halves, indicating that they are both lefthanded. The brightness of the right-handed island is reversed in Figure 5.2(b).
The equilibrium c-director field ( T ) when two islands with the same
handedness are close to each other is shown in Figure 5.2(c). The c-director far from
the vortices is assumed to be uniformly aligned and, to first order, the islands and the
−1 defects orient so that they best match the far field, minimizing the overall extent of
the elastic distortions. Dipolar chains, for example, align perpendicular to the cdirector orientation in the far field as indicated.

If the islands have different

handedness, the quadrupolar structure shown in Figure 5.2(d) is favorable. In this
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case, −1 defects are expelled from between the islands in order to achieve a uniform
upward c-director field in this region. The positioning of the −1 vortices above and
below the island pair conveniently mediates the 180º change in the c-director
orientation necessary to match the downward orientation of the far field.

(a)

(b)

L

L

R

y

A
100 μm

P
incident light

(c)

L

z

x

(d)

L

L

R

L

Figure 5.2: Chiral vortices in a freely-suspended smectic film of achiral liquid crystal.
DRLM images of a smectic C film of racemic MX8068 showing (a) two islands
containing +1 vortices with the same handedness and (b) two islands with +1 vortices
of opposite handedness. The defects in (a) form a dipolar chain, while those in (b)
form a topological quadrupole. The inset in (a) shows a single island with a +1 defect
inside and a matching −1 defect in the background film, the pair forming a
topological dipole. The laser illumination is obliquely incident (in the x-z plane,
shown by the arrow), allowing us to differentiate between left- and right-handed
islands by comparing the brightness of the brushes in their upper and lower halves.
The equilibrium c-director field ( T ) is shown around two islands with (c) the same
handedness and (d) opposite handedness. The head of the “T” indicates the end of the
molecule closer to the viewer.
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Pettey et al. [4] have shown analytically using the one elastic constant
approximation that the equilibrium separation between an isolated pair of ± 1 vortices
is

2 R where R is the island radius (also see our simulation results in Section 4.5).

Patrıcio et al. [42] computed the effective interaction energy between two colinear
dipoles forming a chain (as in Figure 5.2(c)). Their numerical model, using a single
elastic constant ( K b = K s = K ), shows short-range repulsive and long-range
attractive interactions between the islands, with a minimum in the elastic energy at
island separation D = ( 2 2 ± 0.01) R .

Each island is thus

2 R away from the

central −1 defect at equilibrium, the same result as predicted in the case of an isolated
dipole. The −1 defect at the end of the chain is also

2 R away from one of the

islands. In racemic MX8068, experimentally measured island separations in dipolar
chains are about 20% higher than the numerical prediction. In Figure 5.2(a), for
example, D = 3.09R .
Islands in the quadrupolar structure shown in Figure 5.2(b) are also found
experimentally to exhibit a minimum in their interaction energy at a well defined
separation. When the islands are pulled closer together using optical tweezers, the
separation S between the −1 defects also decreases. At larger island separations this
square symmetry is broken and the quadrupole evolves into two separate dipoles
when the islands are far apart (D ~ 4.5R, shown in the inset in Figure 5.4(b)).
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5.3.1

Elastic Free Energy of the Quadrupole
We have calculated the elastic energy of such quadrupoles numerically using

a finite difference relaxation method.

The elastic free energy of an achiral 2D

smectic C film, which we repeat from (4.7), can be written as

U=

1
d 2 r[ K s (∇ ⋅ c) 2 + K b (∇ × c) 2 ]
2∫

(5.2)

where c is the c-director, and Ks and Kb are the 2D splay and bend elastic constants of
the c-director, having units of energy and depending linearly on film thickness d. We
computed the energy U for two different ratios of Ks to Kb: (1) Ks = Kb = K (the case
known the one elastic constant approximation); and (2) Ks/Kb=5. The reason we
choose the elastic anisotropy ratio Ks/Kb=5 in case (2) is because the textures of the
dipoles on SmC films of racemic MX8060 suggest that the splay elastic constant is
larger than the bend elastic constant. If we look at the dipole texture in the inset in
Figure 5.2(a), we see the dark brushes of the −1 defect are narrower than the white
brushes. This feature is similar to the simulated texture in Figure 4.7(a), suggesting
smaller bend elastic constant.

http://www.e-lc.org/dissertations/docs/2008_05_08_13_35_12

electronic-Liquid Crystal Dissertations - May 12, 2008

77

D/2
+1 R

S/2

-1

Figure 5.3: Simulation geometry showing the (fixed) boundary conditions imposed
on the c-director in the quadrupole. We used a 257×129 square grid. The island
radius is R = 15.5 a.u. (the distance between neighboring grid is 1 a.u.).

The symmetry of the idealized quadrupole structure in Figure 5.2(d) allows us
to compute the elastic energy U in only one fourth of the space, as shown in Figure
5.3. At a given distance D between the islands, the position of the −1 defect is varied
along the left boundary in order to find the equilibrium separation S between the −1
defects. Figure 5.4(a) shows the equilibrium separation S between the −1 defects as a
function of the distance D between the islands. The dependence of the elastic energy
U on island separation D is shown in Figure 5.4(b). In this plot, U∞ represents the
energy of two dipoles at infinite separation, equivalent to twice the elastic energy of
an isolated dipole. The solid lines show the calculated quadrupolar energy. The
dashed lines extending from the solid lines correspond to regions of separated dipoles
and their purpose is to guide the eye to the asymptote U∞. The energy is scaled by K.
In the anisotropic elasticity case, the values for Ks and Kb are chosen such that the
asymptotic U∞ matches the isotropic case (to be exact, we use K s = 1.53K and
K b = 0.306 K , where K is the elastic constant used in the isotropic case).
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Figure 5.4(a) shows that the computed equilibrium separation S between the
−1 defects increases with increasing distance between islands D, in agreement with
the experimental observations. However, the quadrupolar energy (Figure 5.4(b))
decreases monotonically the closer the islands become, predicting that the lowest
energy state is when the two islands touch (D = 2R), shown in the inset of Figure
5.4(a). In the case when Ks = Kb = K, the computed separation between the −1 defects
is S = (2.07±0.10)R. This means the −1 defects are (1.44±0.05)R away from the
island centers, a similar result to that found for an isolated dipole and dipolar chains.
In this case, the −1 defects are “shared” by both islands. When Ks/Kb = 5, the
computed elastic energy is also lowest when the islands touch. The defect separation
S in this case is (2.2±0.1)R, or a distance of (1.49±0.05)R between the −1 defects and
the island centers. Experimentally, however, we find that the equilibrium distance
between heterochiral islands is usually D > 2R, as in Figure 5.2(b), implying the
presence an additional repulsive force, currently of unknown origin, that prevents
them from touching [43].
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Figure 5.4: Numerical calculation of the elastic energy of the quadrupole structure
formed by a pair of left- and right-handed islands and their associated defects. (a)
Equilibrium separation S of the −1 defects as a function of the center-to-center
distance D between the islands (both scaled by the radius R). The inset in (a) shows
the equilibrium c-director configuration when the islands touch. (b) The elastic
energy U (scaled by the elastic constant K) versus D (scaled by the island radius R).
The insets in (b) are DRLM images showing the corresponding positions of the
islands and the −1 defects when they touch and when the defect pairs are widely
separated. The islands in both cases have been positioned using optical tweezers and
are not at their equilibrium separations.
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Quadrupolar structures formed by different pairs of islands can interact, as
shown in Figure 5.5(a).

Ensembles of left- and right-handed islands can form

extended checker board-like structures, as shown in Figure 5.5(b).

(a)

(b)
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Figure 5.5: Multiple left- and right-handed islands interacting on a smectic C film of
racemic MX8068. (a) Two quadrupolar units, each comprising a pair of left- and
right-handed islands and two −1 defects. (b) An extended checker board-like
structure formed by multiple left- and right-handed islands.
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The interaction force between islands on an N = 2 achiral smectic C film is
small, while fluctuations of the c-director orientation and the −1 defect location are
large. The island interaction forces in racemic MX8068 films are also smaller than
we are able to measure with optical tweezers [44] (also see Chapter 6). We estimate
that the attractive force between islands on the achiral films is less than 0.001 pN.
The structures shown in Figures 5.2 and 5.5 can even be dissociated by small
convective flows that are hard to eliminate in these experiments (the flow speed is at
most about 150 μm per minute). Indeed, the attraction between vortices is so weak
that one frequently observes one island with two −1 defects nearby while another
island has no −1 defect associated with it. On chiral MX8068 SmC* films, in
contrast, the interaction force is much larger (the maximum attractive force is on the
order of 0.02 pN) and can be measured easily using optical tweezers (see Chapter 6).

5.3.2

Quadrupoles on Chiral SmC* Films
On films of chiral MX8068, all of the islands are found to be left-handed, and

they form only dipolar chains. We suggest that the reason for this bias may be that
the spontaneous polarization of the chiral SmC* phase prefers to point toward the
liquid crystal-air interface at the edges of the islands, inducing vortices of only one
handedness.
If we dope the racemic MX8068 with a small amount of chiral material,
however, we find more left-handed vortices than right-handed ones. At 25% chiral
fraction, only 1% of the vortices are right-handed.

At this chiral fraction, the

quadrupolar structure is found to be in equilibrium when the islands touch (Figure

http://www.e-lc.org/dissertations/docs/2008_05_08_13_35_12

electronic-Liquid Crystal Dissertations - May 12, 2008

82
5.6(a)).

The equilibrium separation S between the −1 defects and the island

separation D, shown in Figure 5.6, is similar to the racemic case and to that predicted
by the elastic theory.

(a)

Equilibrium Structure

(b)

R

R
L

L

A
50 μm

P

(c)

(d)

R
L

R
L

Figure 5.6: Textures of heterochiral vortices interacting on a film of 25% chirally
doped MX8068. (a) The quadrupolar structure is in equilibrium when the islands
touch. (b) The equilibrium separation between the −1 defects increases as the islands
are separated using optical tweezers. (c) At larger induced separation, the
quadrupolar symmetry begins to break. (d) When the islands are forced far apart, the
quadrupole evolves into two separate dipoles.
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On chiral films, the director field is affected by the free energy created by the
local space charge − ∇ ⋅ P , where P is a spontaneous polarization, as well as by
screening from impurity ions dissolved in the film. In the long wavelength limit (the
wave vector q is much smaller than the inverse ionic screening length), the total free
energy of a chiral film is given in (4.11) as

U chiral ≅

1
4π 2
d 2 r [ K s (∇ ⋅ c ) 2 + ( K b +
P )(∇ × c) 2 ]
∫
κ
2

(5.3)

n

where κ = 4πβ ∑ ei2 ci is the inverse ionic screening length, ci the average ionic
i =1

concentration (ions/area) of the ith type of impurity, ei the charge of the impurity of
type i, and β = 1 / k bT .
We see from equation (5.3) that the effect of adding chirality is equivalent to
increasing the effective bend elastic constant. However, we have seen from our
simulations that elastic anisotropy alone does not change the equilibrium separation
between islands in a quadrupole (Figure 5.4(b)). Therefore we conclude that the
additional unknown repulsive force manifested in the racemic films is not elastic in
origin. On the 25% chiral fraction films, the additional energy by ~ 4πP 2 / κ is
apparently enough to overcome the unknown repulsive force, bringing the islands in
the quadrupole together. We speculate that this unknown repulsive force may be
caused by static charge produced when the film is drawn. Thicker regions on the film
are closer to the spreader than thinner ones, and are more likely to become charged
when the film is drawn. These thicker regions eventually become islands which repel
each other electrostatically.
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Figure 5.7: Plots between experimentally-measured equilibrium separation S between
the −1 defects and the island separation D on racemic and 25% chiral fraction films of
MX8068, compared with the simulation results for the cases of Ks = Kb and Ks/Kb = 5.

Figure 5.7 shows experimental measurements on the equilibrium separation S
between the −1 defects and the island separation D on racemic and 25% chiral
fraction films, compared with the simulation results. Optical tweezers are used to
displace the islands from their equilibrium separations, and the positions of the
vortices are recorded by the video camera and analyzed by an IDL defect tracking
program developed by Joseph Maclennan. On the 25% chiral fraction film, the
experimental relation between S and D roughly follows the theoretical curve for the
case of Ks = Kb. On the racemic film, however, the slope of the experimental data is
slightly higher than that predicted by the case of Ks/Kb = 5. Here we have not tried to
match exactly the experimental data with the theoretical model by changing the ratio
Ks/Kb. However, we see a trend that experimentally the slope between S and D
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decreases as the effective bend elastic constant is increased by chiral dopant, as
suggested by the simulations.

5.4

Conclusion
We have described the spontaneous symmetry breaking of the director field in

islands on smectic C films. The c-director bends around +1 defects trapped inside the
islands in either left- or right-handed sense, resulting in chiral vortices. Islands with
the same handedness form dipolar chains with topological dipoles aligned along the
chains. A pair of left- and right-handed islands, on the other hand, forms a unique
quadrupolar structure. Computer simulations suggest that for both isotropic (Ks/Kb =
1) and anisotropic (Ks/Kb = 5) elasticity cases, the lowest energy configuration of such
quadrupole is when the two islands touch. Experimentally, however, we find that the
equilibrium separation between heterochiral islands forming quadrupolar structure is
generally larger than predicted by the elastic theory, with a finite gap between the
islands, suggesting an additional repulsive force that prevents them from touching.
We have argued that this repulsive force is not elastic in origin but could come from
static charge not included in our elastic model. Several heterochiral vortices can selfassemble to form more complex 2D structures such as a checker board pattern. In
25% chiral fraction films, only 1% of the vortices are right-handed. The elastic
torques in such films are apparently high enough to overcome the unknown repulsive
force, and the islands in the quadrupole touch in equilibrium. In (chiral) smectic C*
films, the islands all have one handedness and form strongly bound linear chains.
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Chapter 6
Effect of Polarization on the Interactions of Islands in a Dipolar
Chain on Freely Suspended SmC* Films

In previous Chapters, we showed that both left- and right-handed islands
coexist on achiral SmC films. Islands with the same handedness form dipolar chains
with topological dipoles aligned along the chains, while a pair of left- and righthanded islands, on the other hand, forms a unique quadrupolar structure. As the
enantiomeric excess (ee) of the film increases, fewer right-handed islands are
observed, and finally only left-handed islands are found on a SmC* film and they all
form dipolar chains. In this Chapter, we study the effect of spontaneous polarization
on the pair interaction forces between islands in dipolar chains.

6.1

Experiment
We use optical tweezers to pick two islands of approximately the same size

and bring them to an isolated place on the film to probe their interaction force. Figure
6.1 illustrates how laser tweezers are used to directly measure the interaction force
between islands on a smectic C film. The island on the left is fixed by four timesharing optical traps. Another time-sharing trap then slowly moves the island on the
right away from its equilibrium position, either further from or closer to the fixed
island. At each separation, the laser power is reduced until the island almost escapes
the trap, at which time the optical trapping force is equal in magnitude to the elastic
restoring force.
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equilibrium position as a function of laser power gives a direct measure of the
interaction force. If the trapping force is smaller than the repulsive (or attractive)
elastic restoring force, then the island escapes from the trap.
The laser power was measured using a power meter, monitoring a 4% portion
of the beam reflected from a beam splitter (see Figure 2.10). The laser power was
calibrated against hydrodynamic drag force to determine the optical force on each
movable island.

Laser Spot
R

Fixed Island
D

Moving Island

Figure 6.1: Measuring the interaction force between islands using optical tweezers.
The island on the left is fixed by four time-sharing optical traps while another trap
slowly moves the other island away from its equilibrium position, either further from
or closer to the fixed island. At each separation, the laser power is reduced until the
island almost escapes the trap, at which time the optical trapping force is equal in
magnitude to the elastic restoring force.
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6.1.1

Optical Trapping Force Calibration
The optical trapping force on an island as a function of laser power was

measured independently by determining the terminal velocity of the island when
dragged along the film by the laser. At fixed laser intensity, we begin to drag the
island by moving the beam, slowly increasing the scan rate, and thus the drag force.
When the drag force exceeds the trapping force, the island escapes from the trap. The
hydrodynamic drag force is given by [45]

Fd =

4πηdv
ln( R f / R) − 0.5

(6.1)

where η is the viscosity and d the thickness of the film, v is the velocity of the
island, R f the radius of the film holder, and R the radius of the island. This
expression assumes that an island may be modeled as a rigid cylinder extending
through the thickness of the film, with its rotational symmetry axis perpendicular to
the film plane. We neglect any interactions with the surrounding air and ignore the
anisotropy of the LC fluid. We have taken η as 0.4 poise = 0.04 kg/m⋅s, the bulk
rotational viscosity for rotation on the tilt cone of MX8060. The film thickness was
determined using optical reflectivity measurements, the reflectivity for thin films
being approximately proportional to thickness squared (see Chapter 2). All
experiments are done on two layer thick films.
The optical trapping force, calculated by considering the dielectric energy
gradient at the edge of an island, is linearly proportional to laser power (see Chapter
3). The maximum drag force as a function of incident laser power, shown in Figure
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6.2, increases linearly with laser power as expected. The optical tweezing force on
the island is assumed to be equal to the maximum achievable drag force. The
trapping force also depends on island thickness. We did not measure the thicknesses
of islands in our experiment because the beam spot of the laser we used for
reflectivity measurements was bigger than the typical island diameter but we did
recalibrate the optical force hydrodynamically for each new pair of islands.
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Figure 6.2: Maximum hydrodynamic drag force on an island vs. laser power. The
optical tweezing force on the island is assumed to be equal to the maximum
achievable drag force.

6.2

Results and Discussion
We have studied films of SmC mixtures with different polarizations, from

racemic to pure chiral mixtures, in order to explore the influence of polarization on
the island interaction potential.
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(a)

(b)

(c)

(d)

Figure 6.3: DRLM images, obtained in reflection between crossed polarizers, of
smectic C islands in MX8068 films, showing typical brush texture and chaining
behavior as a function of chiral concentration: (a) racemate; (b) 10% chiral mixture;
(c) 25% chiral mixture; (d) 100% chiral enantiomer. With increasing enantiomeric
excess (ee) we see a greater tendency for island chaining and a transformation from
radial to spiral brushes. The length scale in all images is the same.

Figure 6.3 shows DRLM images of smectic C islands for various MX8068
mixtures. The top of the oven is open to allow large convection flows on the film.
The island interaction forces then compete with the flows, and the tendency for island
chaining depends on their interaction forces. In the racemate, shown in Figure 6.3(a),
the flows are apparently larger than the island interaction forces to form dipolar
chains (or quadrupoles), and the islands are randomly distributed on the film. The
measured inter-island forces are vanishingly weak.
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6.3(b)-(d)), we see a greater tendency for island chaining, with strongly bound chains
at 100% ee.

The textures of the islands themselves are also affected by the

polarization. In all of our experiments, the c-director at the island boundary is found
to be tangential.

In low polarization mixtures, the c-director around the +1

topological defect at the center of each island is also tangential. In the 100% chiral
material, where the polarization is higher (P = 21 nC/cm2), while the alignment of the
c-director at the island edge is tangential, the c-director rotates as it goes toward the
island interior, becoming radial (or close to radial) at the core of the defect, reducing
polarization splay. This texture is manifest as spiral brushes when viewed between
crossed polarizers [46] (Figure 6.3(d)).
In the theoretical simulations by Patricio et al. [42], the equilibrium distance
D between the centers of the islands, calculated using the one elastic constant
approximation, is found to scale as D / R = 2 2 ± 0.01 where R is the island radius.
Over a relatively wide range of island radius, our experimental observations show
linear relationship between D and R as shown in Figure 6.4. On the same film, the
ratio D / R is about constant. However, we find that this ratio can change from film
to film, even for the same nominal ee. On low polarization films (25% ee), we find
the slopes vary from D / R = 2.7 to D / R = 3.2 (the slope shown in Figure 6.4(a) is

D / R = 2.94 ± 0.04). On higher polarization films (100% ee), the slopes vary from
D / R = 2.5 to D / R = 3.0 (the slope shown in Figure 6.4(b) is D / R = 2.84 ± 0.03).
The slope D / R on 100% ee films is on average lower than the 25% ee films. We see
from Table 4.1 that elastic anisotropy can slightly change the equilibrium −1 defect
position rd / R (the equilibrium island separation should be D ≅ 2rd / R ). Therefore
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we suggest that the lower of the ratio D / R on 100% ee films is the result of higher
effective bend elastic constant enhanced by the spontaneous polarization P, as
predicted by equation (4.11). On films of the same chiral fraction, we currently do
not understand why the ratio D / R varies by as much as 20% from film to film.
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Figure 6.4: Equilibrium distance D between the centers of pairs of smectic C* islands
in (a) 25% chiral MX8068 film and (b) 100% chiral MX8068 film as a function of
their average radius R.

In order to probe the interaction potential, we have measured the force
between islands as a function of their separation using optical tweezers.

The

experimental inter-island force curves for the case of 25% chiral MX8068 and 100%
chiral MX8068 are shown in Figure 6.5. The measured inter-island forces on these
thin chiral films (N = 2 layers) are in the order of 0.01 pN. The forces are zero at the
equilibrium separations ( D / R ~ 3.3 in Figure 6.5(a) and D / R ~ 3.1 in Figure 6.5(b)).
The inter-island forces are repulsive when the islands are pushed closer by optical
tweezers and attractive when the islands are farther apart than the equilibrium
separations. The magnitude of the force in the 100% ee film is about 4 times larger
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than the 25% ee film. The shapes of the force curves between the two cases are also
noticeably different.
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Figure 6.5: Experimentally measured forces between a pair of chiral SmC* islands
on a freely suspended film for the case of (a) 25% ee and (b) 100% ee. The average
island radii used for both (a) and (b) are R ~ 13 μm. The islands are in the range 5-30
layers thick and the background film has N = 2 layers. The magnitude of the force in
(b) is about 4 times larger than (a).

6.2.1

Theoretical Model
We propose to use equation (4.11) in modeling the interaction energy between

islands:

U≅

1
d 2 r[ K s (∇ ⋅ c) 2 + K beff (∇ × c) 2 ]
∫
2

where the effective bend elastic constant is K beff = K b +

4π

κ

(6.2)

P 2 . We would like to see

if the force curves in Figure 6.5 can be understood in term of the change in effective
bend elastic constant K beff . The boundary condition used in simulating the energy of
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the dipolar chain is shown in Figure 6.6. At a given distance D between the islands,
the position of the −1 defect rd 2 is varied along the boundary in order to find the
minimum energy. However, we fixed rd 1 at the position rd 1 ~ 2 R , following the
simulation result by Patricio et al. [42] that the equilibrium distance rd 1 is
independent of the island separation D. The island interaction energy U, as a function
of island separation D, is plotted for various ratios of K beff / K s in Figure 6.7(a)-(b).
The corresponding inter-island force is obtained from the relation F = −∂U / ∂D and
is shown in Figure 6.7(c)-(d). The energy U is scaled by Ks and the force F is scaled
by K s / R .

Lx

Ly
D
-1

R
rd1

-1

R
rd2

Figure 6.6: Simulation geometry showing the (fixed) boundary conditions used to
simulate elastic energy between a pair of islands in the dipolar chain. The size of our
simulation is Lx × Ly = 256 × 128 a.u. The island radius is R = 15.5 a.u. (the distance
between neighboring grid points is 1 a.u.).
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Figure 6.7: Simulated pair interaction energy U between islands in the dipolar chain
as a function of island separation D for the case of (a) K beff / K s = 1 and (b)
K beff / K s = 8 . The corresponding inter-island force is shown for the case of (c)
K beff / K s = 1 and (d) K beff / K s = 8 . The energy U is scaled by Ks and the force F is

scaled by K s / R .

The simulation results in Figure 6.7 show that the interaction energies are
minimum at about D ~ 2.8R , where the forces are zero. The magnitude of the force
is increased by about five times when the effective bend elastic constant K beff
increases by a factor of eight. Moreover, the force curves change their shapes when
K beff increases. The effect of increasing effective bend elastic constant is therefore

similar to the experimental results shown in Figure 6.5.
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We fit the theoretical curve to the experiment using three fitting parameters,
K s , K beff , and Reff.

The equilibrium island separations measured in Figure 6.5

( D ~ 3.1R ) are slightly larger than predicted by the simulations ( D ~ 2.8R ), and the
parameter R eff = αR scales the distance D along the x-axis to match the theory (the
effective island radius Reff in Figure 6.5 is slightly larger than the measured R).
Similarly, the parameter Ks, scaling the force along the y-axis, tells us about the splay
elastic constant of the film. We also vary the ratio K beff / K s of the theoretical force
curve to find the best match to the experiment. The best theoretical fit to the 25% ee
film and 100% ee film is shown in Figure 6.8 and Figure 6.9 respectively.
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Figure 6.8: Theoretical fit of the force between a pair of islands to the experiment on
a freely suspended SmC* film (25% chiral MX8068 mixture). The force F and the
island separation D are plotted in dimensionless forms. The solid line is the best fit to
the data based on the interaction energy calculation described in the text. In this
experiment, the average island radius is R = 13.3 μm and the fit corresponds to
K s / d = 5.2 pN , where d is the film thickness (N = 2 layers), Reff = 1.22*R. The
force curve is best fitted with the isotropic elasticity K beff = K s = K .
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Figure 6.9: Theoretical fit of the force between a pair of islands to the experiment on
a freely suspended SmC* film (100% chiral MX8068 mixture). The average island
radius in this experiment is R = 12.5 μm and the fit corresponds to K s / d = 5.0 pN ,
where d is the film thickness (N = 2 layers), Reff = 1.16*R. The force curve is best
fitted with the anisotropic elasticity K beff / K s = 8 .

The measured inter-island force on the 25% ee film (Figure 6.8) matches very
well with the theoretical curve calculated using the isotropic elasticity K beff = K s = K .
The fit corresponds to K s / d = 5.2 pN . Measured values for K s / d reported in the
literature (on other materials) are about ~ 20 pN [47, 48]. Alternatively, we can
approximate K s / d directly using the bulk splay elastic constant K s3 D through the
relation given in equation (4.3) as
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The tilt angle of the director in SmC* MX8068 films is θ ~ 22° . The bulk elastic
constant has been estimated by de Gennes [49] to be on the order of K s3 D ~ 10 pN,
giving the value K s / d ~ 1.4 pN. The splay elastic constant extracted from our
experiment is within the range described above.
When the chiral fraction of the MX8060 film is increased to 100% ee, the
effective bend elastic constant K beff is enhanced but the splay elastic constant K s
stays unchanged (see equation 6.2). The fit of the island force on the 100% ee film
shown in Figure 6.9 gives K s / d = 5.0 pN , the similar value as found in the 25% ee
film, supporting the assumption that K s is constant. The effective bend elastic
constant K beff , on the other hand, increases by a factor of eight, confirming the model
that polarization stiffens the bend elastic constant. From K beff = K b +

4π

κ

P 2 , we can

extract the ionic screening length λ2 D = 1 / κ on the film. Assuming K b is small, and
using d = 2*29 Å, P = 21 nC/cm2 for 100% chiral MX8068 films, we get

λ 2 D ≅ K beff / 4πP 2 ~ 1.5 μm. On films of 25% ee, the polarization P = 0.25*21
nC/cm2, and we calculate the screening length to be λ 2 D ~ 2.4 μm, the same order of
magnitude as found on the 100% ee films.
The theoretical plots fit fairly well with the experiments on both 25% ee and
100% ee films. However, we see from Figure 6.9 that the measured repulsive force
between islands on the 100% ee film is softer than predicted by the theory. The
softness of the experimentally measured repulsive force can be understood
qualitatively as following; The solution for the azimuthal orientation of the tilted
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smectic ϕ(x,y)) can be thought of as superposition of waves with different wave
vector q. When the island separation D is small, short wavelengths are needed to
described the quick change in ϕ(x,y)) in the region between the islands. When
islands get closer, shorter wavelengths become more and more important, and the
long wavelength approximation, given by equation (6.2), becomes less and less
accurate. To improve our theoretical model at shorter distance, the first order free
energy correction in the wave vector q is needed. When the space charge is screened
by impurity ions, the Fourier transform of the electrostatic Green function of the film
is given by equation (A.21) in Appendix A as

G (q ⊥ ) = ∫ dq z G (q ⊥ , q z ) =

4π 2
(ε − 1)dq ⊥2 κ
q⊥ +
+
2
2

(6.4)

and the electrostatic energy of the film is given by equation (A.25):

U elec

d 2 q⊥
G (q ⊥ ) iq ⊥ ⋅( r⊥ −r⊥′ )
1 2
2
′
e
= ∫ d r⊥ ∫ d r⊥ ∫
∇ ⋅ P(r⊥ )∇ ⋅ P(r⊥′ )
2
2
2π
(2π )

(6.5)

When the wave vector q ⊥ is smaller than the inverse 2D Debye screening length κ,
we can expand equation (6.4) in terms of q ⊥ :
r
G (q ⊥ ) =
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8π 2 16π 2
4π 2
≅
− 2 q ⊥ + ϑ ( q ⊥2 )
2
κ
κ
(ε − 1) dq ⊥ κ
+
q⊥ +
2
2

(6.6)
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The zero order term in equation (6.6) can be inserted into (6.5) to get the zero order
0
electrostatic free energy U elec
as given in equation (A.28), leading to the long

wavelength energy approximation given by equation (6.2):

0
U elec
=

1
4π 2
d 2 r⊥
P (∇ × c ) 2
∫
κ
2

(6.7)

1
The first order electrostatic free energy correction U elec
is given by

1
U elec
=−

8πq
d 2 q⊥
1 2
2
′
d
r
d
r
∇ ⋅ P(r⊥ )∇ ⋅ P(r⊥′ ) 2 ⊥ e iq ⊥ ⋅( r⊥ −r⊥′ )
⊥∫
⊥∫
2
∫
2
(2π )
κ

(6.8)

1
The first order electrostatic energy correction U elec
is always negative and its

1
magnitude increases as the island separation D gets smaller. Adding U elec
to the free

energy in equation (6.2) will make the energy looks softer at small D, resulting in the
softer repulsive force as experimentally observed in Figure 6.9. We are not able to
1
estimate U elec
quantitatively at this point.
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Figure 6.10: Simulation showing linear dependence of the maximum attractive force
Fmax (scaled by K s / R ) on the effective bend elastic constant K beff (scaled by Ks).
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Figure 6.11: Experimentally measured maximum attractive force between islands in
MX8068 films with different enantiomeric excess (at D ~ 3.5R). The solid line is the
best quadratic fit to the data. The island radius R is in the range of 8-17 μm for the
~30 island pairs studied in this experiment.
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Finally, we would like to investigate how the force depends on the
polarization P.

Figure 6.10 shows the simulated maximum attractive force

(corresponding to the lowest point in the force curve), plotted as a function of
K beff / K s , increases linearly with the effective bend elastic constant.

From the

relation K beff = K b + 4πλ2 D P 2 , we conclude that the maximum attractive force is
proportional to P 2 . Experimentally, we measured the maximum attractive force
between islands in films with different chiral composition, artificially separating the
islands to D ~ 3.5R, where the attractive force is about maximum, using optical
tweezers. The result, shown in Figure 6.11, shows the maximum attractive force is
quadratically proportional to the enantiomeric excess. Since P is linearly proportional
to the enantiomeric excess [50], the maximum attractive force is proportional to P 2,
in agreement with the theoretical model.

6.3

Conclusion
We have directly measured the static interaction force between islands on

freely suspended SmC* films using optical tweezers. The magnitude of the force is
roughly proportional to P2. The experimentally measured forces fit well with our
P

theoretical model using the long wavelength approximation, except that we find the
measured forces on 100% ee films are softer at small island separation D than
predicted by the long wavelength model.

The long wavelength model can be

improved to explain this by adding the first order electrostatic energy correction in
the wave vector q.
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Chapter 7
Structures of −1 Defects at High Polarization

The spontaneous polarization produced by chiral MX8068 in SmC* phase is P
= 21 nC/cm2. So far, we have seen that the effect of such polarization is similar to
increasing the effective bend elastic constant. In this Chapter, we study structures of
−1 defects in a material where P is about 10 times higher than that in chiral MX8068.
In this high polarization regime, the electrostatic energy produced by the space charge

− ∇ ⋅ P is much larger than the elastic energy, and the structures of the −1 defects are
greatly modified.

7.1

Theoretical Models
We propose two models to describe the effect of polarization on structures of

−1 defects. The first model assumes the wave vector q is much smaller than the
inverse 2D Debye screening length κ, where the effective bend elastic constant
increases as P2. The second model assumes no ions on the film, and the structure of
P

the −1 defect depends on the balance between the electrostatic energy created by the
space charge and the elastic energy of the LC film.
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Figure 7.1: Textures of −1 defects at low polarization. (a), (b), and (c) Simulations
showing that the splay regions (white brushes) around the −1 defects get narrower as
the effective bend elastic constant increases. The parameters used in the simulations
are K beff / K s = 0.2, 1 and 20 respectively. Green arrows represent the c-director. (d),
(e) and (f) DRLM images showing the change in textures of −1 defects on MX8060
films as the enantiomeric excess is increased.

7.1.1

The Elastic Anisotropy Model
Figure 7.1(a)-(c) show simulations of −1 defect textures under crossed

polarizers as the effective bend elastic constant is increased (see Appendix B for
details on simulation techniques). As the c-director rotates around the core of the −1
defect, it alternates between bend and splay configuration. For the orientation shown
in Figure 7.1, the dark brushes correspond to bend regions and the white brushes
correspond to splay regions. As the bend elastic constant increases, the c-director is
less likely to bend because it costs more elastic energy, and we see the bend regions
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(dark brushes) expand while the splay regions (white brushes) shrink. In Figure
7.1(c), where K beff / K s = 20 , the c-director in the dark brush regions is almost
uniform. Such changes in the textures of the −1 defects are readily observed in
MX8068 films, shown in Figure 7.1(d)-(f), as we mix the racemic material with
different chiral composition. On racemic films (Figure 7.1(d)), the dark brushes
around the −1 defect are narrower, suggesting that K b is smaller than K s . When
chirality is added to the film, these dark brushes expand, suggesting that K beff gets
larger.
In the high polarization case, the effective bend elastic constant is much larger
than the splay elastic constant. We would think that the white brushes in Figure 7.1
become very narrow. Is that really the case? Can we make the splay regions as
narrow as we wish by increasing K beff ? To answers these questions, we compare the
simulated texture of the −1 defect at K beff / K s = 1000 (Figure 7.2(b)) with lower
K beff / K s = 20 (Figure 7.2(a)).

We see only slight changes in the textures between

the two. This suggests that the c-director orientation around the −1 defect converges
to some configuration at high K beff , and the splay regions cannot be made any
narrower. We define the angular width of the −1 brushes as the angle where the
intensity drops by a half from the maximum/minimum intensity lines. The half
maximum intensity corresponds to the c-director rotates by 22.5° from the maximum
intensity line (i.e. I ~ sin 2 (2ϕ ) , see equation (2.2)). This angular width can be
obtained directly from the simulation and it is equal to about ~14° for the splay
brushes in Figure 7.2(b). Increasing K beff any further does not change the brush
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width. This is the major problem of the elastic anisotropy model that fails to explain
the structures of the −1 defects at high polarization. As we will see later in the
Chapter, the width of splay regions around the −1 defects in high P materials is much
narrower than 14°.
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Figure 7.2: Simulated textures of −1 defects for the case of (a) K beff / K s = 20 and (b)
K beff / K s = 1000. The corresponding plots of ϕ (θ ) , in units of radians, are shown in
(d) and (e) respectively. The simulations show that the width of the splay regions
(white brushes) converges to the minimum width of about ~14°. (c) Calculated cdirector orientation across the splay region in the limit when K beff / K s → ∞ . In this
limit, ϕ (x ) ~ arcsin( x ) , defining the minimum half width (HW) of the splay region.
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The minimum width of the splay regions can be understood as following; If
we draw a line (length L) across one of the splay regions, spanning one quadrant of
the −1 defect, as shown in Figure 7.2(b), the c-director along the line changes by 90°.
We would like to find the solution for ϕ(x,y) along the line given the boundary
condition at the ends of the line as shown in Figure 7.2(c). We further assume that
the change in ϕ(x,y) along the y-axis (perpendicular to the line) is negligible
compared to the change in the x-axis (along the line), and the 2D problem is reduced
to 1D (i.e. ϕ(x,y) = ϕ(x)). From equation (4.22), the equilibrium equation for the cdirector along the line can then be written as
1 2
( K s sin 2 ϕ + K beff cos 2 ϕ )ϕ xx − ( K beff − K s ) ϕ x sin 2ϕ = 0
2

(7.1)

In the limit where K beff / K s >> 1, we take K s to be zero, and equation (7.1) becomes

ϕ xx cos ϕ − ϕ x 2 sin ϕ = 0

(7.2)

Equation (7.2) has the solution
⎛x+a⎞
⎟
⎝ b ⎠

ϕ ( x) = arcsin ⎜

where a and b are constants determined from the boundary conditions.

(7.3)

Setting

ϕ (0) = π / 4 and ϕ ( L / 2) = π / 2 , where L is the length of the line, we get
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⎛

ϕ ( x) = arcsin⎜ (2 − 2 )
⎝

x
1 ⎞
+
⎟
L
2⎠

(7.4)
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Equation (7.4) is valid on the left side of the line ( x ≤ L / 2 ). From equation (7.4), we
can calculate the half width HW of the splay region, where the c-director rotates by
22.5° from the center of the splay, to be

HW ≈ 0.13L

(7.5)

The length L is related to the distance R0 from the defect core by the relation

L = 2R0
Using trigonometry, the full angular width FAW can be obtained from the relation

sin 2

FAW
4( HW / L) 2
=
2
1 + 4( HW / L) 2

For HW / L = 0.13 , we get

FAW ≈ 29°

(7.6)

Even though the approximation for the width in equation (7.6) differs from the
simulation result above by a factor of two, it gives us a good understanding of why
the width of the splay regions around −1 defects cannot be made narrower than some
certain limit using the elastic anisotropy model.
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7.1.2

The Space Charge Model
This space charge model assumes that polarization is very high, and the ionic

impurities are ignored. Dominated by the electrostatic energy, high polarization films
avoid building up the space charge by reducing the splay of polarization.

The

polarization (perpendicular to the c-director) around the −1 defect is locally uniform
almost everywhere, except near the center of the c-director splay regions where the
polarization suddenly bends (Figure 7.3(a)). Similar to the analysis performed in the
previous section, we draw the line across the c-director splay region and look at the cdirector orientation and polarization across the line, assuming one variable
dependence ϕ(x,y) = ϕ(x) (again, we define x-axis is the direction along the line and
y-axis is perpendicular to the line). The projection of P onto the x-axis is shown in
Figure 7.3(c), with its derivative − ∂Px / ∂x corresponding to density of the space
charge. Such space charge distribution corresponds to ± line charges running parallel
to each other, along the y direction.

The opposite line charges reduce their

electrostatic energy by getting closer, while doing so increases the elastic distortion.
The width of the c-director splay can then be obtained by minimizing such
electrostatic and elastic energies. The total free energy of the system can be written
(in SI units) as

∂P ∂P
1
K
⎛ ∂ϕ ⎞
U = L y ∫ dx⎜
d 2 L y ∫∫ dxdx ′ x x′ ln ( x − x ′ )
⎟ +
2
4πε 0
∂x ∂x ′
⎝ ∂x ⎠
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where we assume the one elastic constant K b = K s = K for the elastic term, and Ly
the size of the film in the y direction, d the film thickness, and ε 0 the permittivity of
the vacuum. The electrostatic energy term is the integration over the electric energy
between line charges.

(a)

(c)

Px

(b)
- - - - +++++
+
+
+
+

+
+
+
+
+++++
- - - - -

x

∂ Px
−
∂x

X0

-

+

x

Figure 7.3: Structures of −1 defects in high polarization films as described by the
space charge model. The defect here is rotated by 45° with respect to the defects in
Figure 7.1 and Figure 7.2. (a) The polarization P, represented by the arrows, is
perpendicular to the c-director (T) and is uniform almost everywhere except in the cdirector splay regions, where P suddenly bends. (b) Space charge distribution around
the −1 defect, superimposed on a defect texture as viewed under crossed polarizers.
(c) Distribution of the space charge − ∂Px / ∂x across the c-director splay region. The
separation X 0 between the ± line charges corresponds to the width of the splay
regions, and is constant regardless of the distance r from the defect core.
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Let X 0 be the length scale over which the c-director changes near the center
of the splay region. Using unit analysis to approximate the energy in equation (7.7)
in term of X 0 , we get

K
1
P2 2
U ~ Ly
+
d L y ln( X 0 )
2
X 0 4πε 0

(7.8)

The energy in equation (7.8) can be minimized with respect to X 0 , and we get

X 0 = 4πε 0

K 1
2d 2 P 2

(7.9)

Here K / d has a unit of force, P is polarization per unit volume, and X 0 has
dimensions of length. If we compare the width X 0 to the width HW in equation
(7.5), we see that HW depends on the distance from the core of the −1 defect while
X 0 does not. This is the main difference between the two models. Using the space
charge model, we expect the width of the c-director splay regions around the −1
defect to be constant, independent of the distance r from the defect core, as sketched
in Figure 7.3(b).
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100 μm
Figure 7.4: Textures of a −1 defect on a fresh film of C7. (a) and (b) show the same
defect rotated by 45°.
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7.2

Experiment and Discussion
We use high polarization liquid crystal material C7 [51] to study textures of

−1 defects. This substance possesses the following phases:
ο

43 C
55 C
62 C
Smectic G ←⎯
⎯→ SmC * ←⎯
⎯→ SmA ←⎯
⎯→ I
o

o

C7 films used in the experiment are held in the SmC* phase at temperature T = 52°
C. The spontaneous polarization of pure chiral C7 in the SmC* phase increases from
P = 130 to 290 nC/cm2 with decreasing temperature [52].

At T = 52° C, the

polarization of C7 is about P = 220 nC/cm2 (the polarization of MX8068 films at
room temperature is P = 21 nC/cm2).
Figure 7.4 shows DRLM images of textures of a −1 defect on a fresh film of
C7. The images in Figure 7.4(a) and (b) are from the same defect, but the defect in
(b) is rotated by 45° with respect to (a).

The width of the sharp brushes,

corresponding to the c-director splay regions, is very narrow and looks almost
constant and independent of the distance r from the defect core. If the C7 liquid
crystal material is exposed to air blow (used for defect generation) for several days,
we find that the width of the c-director splay regions is noticeable wider, as shown in
Figure 7.5. To get better idea of how this width depends on the radial distance r, we
scan the intensities of the dark brushes when the defects are oriented as in Figure
7.4(b) or Figure 7.5 and measure the width of the splay regions quantitatively. Figure
7.6 demonstrates how such intensity scan is performed. The DRLM image in Figure
7.6(a) is fed to an IDL intensity scan program developed by Joseph Maclennan. A
series of struts are drawn across the line defined by a user (Figure 7.6(b)), and the

http://www.e-lc.org/dissertations/docs/2008_05_08_13_35_12

electronic-Liquid Crystal Dissertations - May 12, 2008

114
intensity scans along the struts are saved for later analysis. Examples of some scans
along the struts are shown in the insets in Figure 7.6(b). On each scan, the full width
half maximum (FWHM) is used to determine the width of the dark (c-director splay)
brush. The FWHM is measured manually by first finding the height between the
white baseline and the darkest point. Then we determine the half point of this height
and measure the width of the intensity curve at this point.

A
P

100 μm

Figure 7.5: Textures of a −1 defect on a week-old film of C7.

http://www.e-lc.org/dissertations/docs/2008_05_08_13_35_12

electronic-Liquid Crystal Dissertations - May 12, 2008

115
A

(a)

P

100 μm

140

(b)

130
120
110
100
90
80
70
60
-2 0

0

20

40

60

80

100

1 20

140

1 60

180

-2 0

0

20

40

60

80

100

120

140

160

180

-2 0

0

20

40

60

80

100

120

140

160

180

-2 0

0

20

40

60

80

100

120

140

160

180

220

200

180

160

140

120

100

80

struts

260
240
220
200
180
160
140
120

220

200

180

160

140

120

Figure 7.6: Measuring the width of the c-director splay brush of the −1 defect. (a) A
DRLM image (the same defect as in Figure 7.4) used as an input to an IDL intensity
scan program. (b) An output image showing a series of struts drawn normal to a line
defined by the user. The intensity scans along the struts are saved for later analysis.
The insets in (b) are examples of some scans along the struts.
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Figure 7.7: Measured widths of the c-director splay brushes of −1 defects on a fresh
film and a week-old film of C7 as a function of the radial distance r from the defect
core. The brush width on the fresh film only increases slightly with the distance r,
while we see significant increase in the brush width on the week-old film.

Figure 7.7 shows the width of the c-director splay brush of a −1 defect in a
fresh film and a week-old film as a function of the radial distance r from the defect
core. The width of such a brush in the fresh film increases slightly from ~2 to 4 μm
over the distance 0 < r < 200 μm measured. The angular width of the brush, given by
the slope of the plot, is 0.007±0.002 radians (0.4°), which is very small. This seems
to agree with the space charge model described in Section 7.1.2, which predicts zero
angular width. The width of the dark brush in the week-old film, on the other hand,
starts at ~2 μm near the defect core but increases to ~16 μm at r ~200 μm. The
angular width of the brush is measured to be 0.057±0.004 radians (3.3°), which is
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significantly larger than zero and large enough to be noticeable by eye.

Such

widening of the c-director splay brushes cannot be explained by the space charge
model. In addition, the measured angular width of the c-director splay brush in the
week-old film is narrower than the minimum angular width of 14° predicted by the
elastic anisotropy model in Section 7.1.1.
Is the width of the c-director splay brushes around the −1 defect on the fresh
film, measured to be ~2 to 4 μm, comparable to the length X 0 given in equation
(7.9)? If we use K / d = 5 pN, d = 6 nm (~2 layers), and P = 220 nC/cm2, we find that
X 0 ~ 10 nm.

We currently do not understand the difference by two orders of

magnitude between the theory and the experiment. We suspect that impurity ions on
the film move to the c-director splay regions and screen huge space charge created by
high polarization in these areas. The effective polarization in such regions is then
reduced somewhat, and the width X 0 gets wider. The space charge model described
in Section 7.1.2 ignores such screening.
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c-director
splay brushes
- - - - +++++
+
+
space charge
+
+

+
+ screened
+ regions
+
+++++
- - - - - no ions
A
P
-

Figure 7.8: In high polarization materials, large space charges are created in the
narrow bands of c-director splay radiating from −1 defects, and impurity ions are
mostly concentrated in these regions, visible in the microscope as splay brushes.
Within the screened regions (pink), the elastic anisotropy model applies, and we see a
widening of the c-director splay brushes as a function of the distance from the defect
core. The director field outside the brushes, where there are few ions, is stiffened by
polarization charge.

When LC material is left in the oven for a long time, dust particles from the
air can contaminate the material and increase the ionic concentration in the film. In
our experiment, the accumulation of impurity ions may be exacerbated by the air jets
used for defect generation. In a week-old film, the increase in ionic concentration is
apparently enough to change the structure of the −1 defect. A broadening of the cdirector splay brushes as a function of the distance r from the defect core is expected
from the elastic anisotropy model, but the observed width of the brushes is narrower
than the estimated minimum width of 14° predicted by such model. To understand
the observed structure, we need to consider how the ion concentration is affected by
the electric potential produced by the polarization space charge.
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concentration ci (r ) of type i impurity at a position r on the film is given by the
Boltzmann distribution
ci (r ) = ci exp(− β ei Φ (r )) ,

(7.10)

where ei is the charge of the impurity, ci the average ionic concentration, Φ (r ) the
electric potential, and β = 1 / k bT .

In the Debye-Hückel approximation (see

Appendix A), the electric potential is assumed to be small and the exponential in
equation (7.10) is expanded keeping only a linear term in Φ (r ) . This approximation
was made in the elastic anisotropy (long wavelength approximation) model used in
Section 7.1.1. In high polarization material, however, Φ (r ) is large near the cdirector splay brushes and higher order terms in Φ (r ) cannot be ignored. Impurity
ions are therefore concentrated near the brushes, and ionic screening is only effective
there. Within the screened regions (pink in Figure 7.8), the elastic anisotropy model
applies, and we see a widening of the c-director splay brushes as a function of
distance from the defect core.

The size of the screened areas depends on the

magnitude of the spontaneous polarization and the amount of ions on the film. These
screened regions are predicted to be smaller in higher polarization films and we see
the width of the brushes is narrower than in lower polarization films or than that
predicted in Section 7.1.1. In films with even higher polarization (or fewer ions), the
screened regions are very narrow and the width of the brushes is uniform,
independent of the distance r from the defect core, as predicted by the space charge
model.

Away from the c-director splay brushes, where fewer ions are present,
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polarization stiffening is the dominant effect on ϕ (x ) and we see a uniform c-director
configuration.
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Figure 7.9: Intensity scans across a c-director splay brush of a −1 defect on a weekold film of C7. (a) Photomicrograph showing the direction and length of the scans.
(b) The shapes of the intensity scans at different position r along the brush, when
properly scaled, are similar. The three scans have been shifted such that the
minimum intensity values are all zero and coincide. The distance x is scaled by r, and
the intensities are rescaled to be of similar amplitude. (c) Intensity Scan2 is used in
determining the azimuthal angle ϕ (x ) . The baseline of this scan is non-uniform,
suggesting some inhomogeneity in the illumination system. We correct this problem
by dividing the scanned intensity by the baseline value. The resulting normalized
intensity is shown in (d). The azimuthal orientation ϕ (x ) , extracted from the fitted
curves in (d) using the relation I n = I 0 sin 2 2ϕ , is shown in Figure 7.10.
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Figure 7.10: The c-director orientation ϕ (x ) across the splay brush of a −1 defect on
the week-old film of C7 shown in Figure 7.9. The blue curve corresponds to a
uniform arcsine function, matching the boundary conditions ϕ ( x = 0) = π / 4 and at
the central brush ϕ = π / 2 . The red line is our theoretical model describing ϕ (x ) in
this experiment. The pink region corresponds to the effective screening area where
impurity ions are mostly concentrated. Inside the screening area, the red curve is a
rescaled arcsine function. Outside the screening area, the model predicts a uniform cdirector configuration.
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We can see how well the model described above fits experiment by analyzing
the intensity scans across the brushes on a week-old film, shown in Figure 7.9(a), to
find the azimuthal angle ϕ (x ) of the c-director. Before we find ϕ (x ) , let us look at
how the shape of the intensity scans varies along the brush. If the width of the
brushes increases linearly with distance r from the defect core, scaling the distance on
the intensity scans by r should yield the same brush widths. Figure 7.9(b) shows
scaled intensity scans at three different radii r from the defect core. The three scans
have been shifted such that their minima are colocated at zero intensity. The distance
x is scaled by r, and the intensities of the scans are rescaled so their amplitudes
approximately match. It is obvious from the Figure that the scaled intensity scans
have similar shapes. This means any scan is representative of all other scans along
the brush and we have used only intensity scan 2, shown in Figure 7.9(c), to find the
azimuthal angle ϕ (x ) . The baseline of this scan, corresponding to a ±45° c-director
rotation from the central brush, is non-uniform, suggesting some inhomogeneity in
the illumination system in the direction along the scan. We can correct this by
dividing the scanned intensity by the baseline value. The normalized result is shown
in Figure 7.9(d), with intensities ranging from zero to about one.

We fit the

normalized intensity with two sigmoidal functions, with the data on the left and right
sides of the intensity minimum fitted independently (black solid lines in Figure
7.9(d)). These fitted functions provide a smooth dataset that we can use to find ϕ (x )
from the relation I n = I 0 sin 2 2ϕ . The parameter I 0 is found separately for the
curves on the left and right sides of the intensity minimum by assuming the highest
intensities correspond to ϕ = π / 4 and ϕ = 3π / 4 respectively.
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The resulting azimuthal orientation ϕ (x ) is shown in Figure 7.10 (black
curve). The blue curve is the arcsine function in equation 7.4, matching the boundary
condition ϕ ( x = 0) = π / 4 and ϕ = π / 2 at the central brush. Such curve represents
the c-director orientation in high polarization films in the elastic anisotropy model,
when ionic screening is assumed to be effective everywhere on the film. In the model
described earlier, however, ionic concentration is non-uniform in the film and the
screening is only effective near the central brush. We can therefore rescale the blue
curve so that all of the variation of ϕ occurs within the effective screening area,
shown in pink. This scaled arcsine curve, drawn in red, matches the experiment fairly
well inside the screening area. Far from the brush, the space charge is not screened
and we expect a uniform c-director configuration, with ϕ = π / 4 and ϕ = 3π / 4 .
This model does not explain the c-director orientation near the boundary of
the high ionic concentration region very well.

We assumed a sharp boundary

between the high-ion area and the ion-depletion area, and a discontinuity of the
gradient of the c-director orientation at the boundary.

In reality, however, the

boundary is not expected to be perfectly sharp and the c-director should change
smoothly, as confirmed by the experiments.

Of course, the distinction between

regions with high and low ion concentrations depicted in Figure 7.10 is somewhat
artificial. A better model is needed in order to describe the c-director orientation near
the brush in a continuous way.
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7.3

Conclusion
On films of C7, where the spontaneous polarization is large, the c-director

splay brushes radiating from −1 defects are very narrow. On fresh films, the brush
width, typically between 2 and 4 μm, is almost independent of the radial distance r
from the defect core, as expected for a region with space charge and no ionic
screening. As impurity ions accumulate on older films, the brushes become wider at
large r. A widening of the c-director splay brushes as a function of the distance from
the defect core is expected when the director field is determined by elastic anisotropy
alone, but the observed width of the brushes is even narrower than the minimum
width of 14° predicted by this model. To understand this observation, we consider a
nonlinear gradient of the ionic concentration due to the electric potential produced by
the space charge. In this model, impurity ions are mostly concentrated near the cdirector splay brushes and the screening is only effective here.

The “elastic

anisotropy model” is applicable only in this narrow region: outside this area, the
space charge causes polarization stiffening, limiting the angular expansion of the
screened region, so that the splay brushes are narrower than would be expected in the
complete absence of space charge.
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Chapter 8
Conclusion

We have shown throughout this work that optical tweezers combined with the
DRLM technique are very useful tools in probing interaction forces between vortices
and studying their structures on freely suspended liquid crystal films. Using these
techniques, we have discovered a novel quadrupole structure formed by a pair of
topological dipoles with opposite handedness.

We have studied the effects of

spontaneous polarization and ions on the interactions between vortices in SmC* films
and successfully described these effects in low polarization materials using the long
wavelength approximation model given by Meyer and Lee [30].

Despite these

successes, some interesting questions remain unanswered and require further
research. The large difference between the magnitudes of the predicted and measured
optical trapping forces is a major unsolved mystery we currently do not understand.
Additional research is required to exactly determine the origin of the additional
repulsive forces between islands in achiral films. A full theoretical model would be
useful in describing the c-director arrangements around −1 defects in high
polarization materials.
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Appendix A
The Long Wavelength Approximation for the Free Energy of Freely
Suspended SmC* Films

This section contains the derivation of the free energy of a SmC* film in the
long wavelength limit (equation 4.11) given by Meyer and Lee [30]. The liquid
crystal film is assumed to lie in the plane z = 0, surrounded by the vacuum on both
sides. If ε is a dielectric constant of the film, the overall dielectric function of the thin
film system ε sys (in cgs units) is given as

ε sys ( z ) = 1 + (ε − 1) dδ ( z )

(A.1)

where δ (z ) is the delta function (i.e. ∫ δ ( z ) dz = 1 ), and d the film thickness. If ε = 1,
then the overall dielectric constant of the system is 1, as expected. Gauss’s Law then
reads
∇ ⋅ [ε sys ( z )E] = 4πρ (r )

(A.2)

where ρ (r ) = ρ ion (r ) + ρ P (r ) is the sum of the ionic and ferroelectric space charge
densities respectively. Using equation (A.1), Gauss’s Law can be written as
∇ ⋅ [ε sys ( z )E] = ∇ ⋅ [(1 + (ε − 1) dδ ( z ))E]
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= (1 + (ε − 1)dδ ( z ))∇ ⋅ E + (ε − 1)dE z δ ′( z )

(A.3)
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where δ ′( z ) = ∂δ ( z ) / ∂z . Introducing the scalar potential Φ (r ) for E = −∇ ⋅ Φ , then
equation (A.2) can be written as

− (1 + (ε − 1)dδ ( z ))∇ 2 Φ (r ) − (ε − 1)dδ ′( z )

∂Φ (r )
= 4πρ (r )
∂z

(A.4)

We now treat the ionic charge density using the Debye-Hückel approximation.
Assuming there are n species of ionic impurities, and that the average concentration
(ions/area) of the ith type of impurity is ci, then the local concentration ci (r ) of this
impurity at a position r is given by the Boltzmann distribution
ci (r ) = ci δ ( z ) exp(− βei Φ (r ))

(A.5)

where ei is the charge of the impurity of type i, and β = 1 / k bT . The total ionic
charge density at position r is then given by
n

ρ ion (r ) = ∑ ei ci δ ( z ) exp(− β ei Φ (r ))

(A.6)

i =1

We linearize this ionic charge density ρ ion (r ) in Φ and insert into equation (A.4) to
get
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− (1 + (ε − 1)dδ ( z ))∇ 2 Φ (r ) − (ε − 1)dδ ′( z )
n

+ 4πβ ∑ ei ci δ ( z )Φ (r ) = 4πρ P (r )
i =1

2

∂Φ (r )
∂z

(A.7)
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We solve this equation using the Green’s function technique, replacing the space
charge ρ P with a delta function and the scalar potential Φ(r) with the Green’s
function G (r )

− (1 + (ε − 1) dδ ( z ))∇ 2 G (r ) − (ε − 1) dδ ′( z )

∂G (r )
+ κδ ( z )G (r ) = 4πδ (r )
∂z

(A.8)

where the inverse 2D Debye screening length κ is defined by

κ=

1

λ2 D

n

= 4πβ ∑ ei ci
2

(A.9)

i =1

We introduce the following Fourier (and inverse Fourier) transformations:
G (q) = ∫ d 3 rG (r )e − iq⋅r

(A.10)

d 3q
G (r ) = ∫
G (q)e iq⋅r
3
(2π )

(A.11)

δ (r ) = ∫

d 3 q iq⋅r
e
(2π ) 3

(A.12)

δ ( z) = ∫

dq z iqz z
e
2π

(A.13)

Fourier transforming equation (A.8), we get
RHS:
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∫d

3

r 4πδ (r )e − iq⋅r = 4π

(A.14)
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LHS:

3
2
2
−iq⋅r
∫ d r[−(1 + (ε − 1)dδ ( z ))∇ G(r)]e = q G(q) + (ε − 1)d ∫

∫d

3

r[−(ε − 1)dδ ′( z )

3

(A.15)

dq ′
∂G (r ) −iq⋅r
]e
= (ε − 1)d ∫ z q ′z q z G (q ⊥ , q ′z )
∂z
2π
− (ε − 1)d ∫

∫d

dq ′z 2
q G (q ⊥ , q ′z )
2π

rκδ ( z )G (r )e −iq⋅r = κ ∫

dq ′z 2
q ′z G (q ⊥ , q ′z )
2π

dq ′z
G (q ⊥ , q ′z )
2π

(A.16)

(A.17)

where q ⊥ is the projection of q onto the plane of the film (i.e. q 2 = q ⊥2 + q z2 ). If we
assume that G (q ⊥ , q z ) is an even function of qz, the first term on the RHS of equation
(A.16) is zero:

dq ′z
q ′z q z G (q ⊥ , q ′z ) = 0
2π

(A.18)

dq ′z
G (q ⊥ , q ′z )[(ε − 1)dq ⊥2 + κ ] = 4π
2π

(A.19)

(ε − 1)d ∫

Putting together:

q 2 G (q) + ∫

From equation (A.19) we find

G (q) =

4π − ∫

dq ′z
G (q ⊥ , q ′z )[(ε − 1)dq ⊥2 + κ ]
2π
q ⊥2 + q z2

Integrating both sides of this equation over qz we obtain
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G (q ⊥ ) = ∫ dq z G (q ⊥ , q z ) =

4π 2
(ε − 1)dq ⊥2 κ
q⊥ +
+
2
2

(A.21)

The electrostatic potential Φ (r ) can be obtained from the Green function G (r ) as
Φ (r ) = ∫ d 3 r ′ρ P (r ′)G (r − r ′)

(A.22)

and the electrostatic energy of the film is given by

Felec =

1 3
1
d r ρ P (r )Φ (r ) = ∫ d 3 r ∫ d 3 r ′ρ P (r ′)G (r − r ′)ρ P (r )
∫
2
2

(A.23)

We can write

ρ P (r ) = ρ P (r⊥ )δ ( z ) = −∇ ⋅ Pδ ( z )

(A.24)

where ρ P (r⊥ ) = −∇ ⋅ P is the space charge created by the spontaneous polarization
(per unit area) P on the film. Equation (A.23) then becomes

Felec

1 3
d 3q
3
′
= ∫ d r∫ d r ∫
∇ ⋅ P(r⊥ )∇ ⋅ P (r⊥′ )δ ( z )δ ( z ′)G (q)e iq⋅(r −r′)
3
2
(2π )

=

d 2 q⊥
G (q ⊥ ) iq ⊥ ⋅( r⊥ − r⊥′ )
1 2
2
′
d
r
d
r
e
∇ ⋅ P(r⊥ )∇ ⋅ P(r⊥′ )
⊥∫
⊥∫
2
∫
2
(2π )
2π

(A.25)

In the long wavelength limit, where q ⊥ is much smaller than the inverse 2D
screening length κ, equation (A.21) becomes
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G (q ⊥ ) ≈

8π 2

κ

(A.26)
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Putting equation (A.26) back into (A.25), we get

Felec =

1
4π
d 2 r⊥
(∇ ⋅ P ) 2
∫
2
κ

(A.27)

The in-plane spontaneous polarization P is perpendicular to the c-director and can be
expressed by a cross product between a vector normal to the film and the c-director,

k × c , and equation (A.27) becomes

Felec =

1
4π 2
1
4π 2
d 2 r⊥
P0 (k ⋅ ∇ × c) 2 = ∫ d 2 r⊥
P0 (∇ × c) 2
∫
2
2
κ
κ

(A.28)

where we have assumed that there is no twist of the c-director (i.e. ∇ × c only points
along k ). We add this electrostatic energy term to the elastic energy terms to get the
total free energy of chiral tilted smectic films

Fchiral ≅

1
4π 2
d 2 r⊥ [ K s (∇ ⋅ c) 2 + ( K b +
P0 )(∇ × c) 2 ]
∫
2
κ

(A.29)

The elastic free energy is local, and so is the electrostatic free energy when space
charge is screened by ionic impurities dissolved in the liquid crystals. The effective
bend elastic constant can then be defined
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K beff = K b + 4πλ 2 D P02

(A.30)
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Appendix B
Textures of −1 Defects on Films with Elastic Anisotropy

In this section, we derive the c-director field around −1 defects when elastic
anisotropy is present. We work in cylindrical coordinates (θ, r). The center of the −1
defect is at the origin, and the azimuthal angle ϕ(θ, r) of the c-director is assumed to
be independent of the distance r from the origin: ϕ(θ, r) = ϕ(θ). Let Ω be the angle
the c-director makes with respect to the vector r (see Figure B.1), we can write the cdirector and its derivatives as
c = cos(Ω) rˆ + sin( Ω)θˆ

(B.1)

∇ ⋅c =

cos(Ω) ∂ϕ
r
∂θ

(B.2)

∇×c =

sin( Ω) ∂ϕ
zˆ
r ∂θ

(B.3)

y

r
Ω

θ

ϕ

x

Figure B.1: Geometry showing the c-director in cylindrical coordinates (θ, r).
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The Frank elastic free energy can then be written as
2
2
⎡K
Kb
⎛ ∂ϕ ⎞
⎛ ∂ϕ ⎞ ⎤
2
sin
(
)
+
Ω
F = ∫∫ rdrdθ ⎢ 2s cos 2 (Ω)⎜
⎟
⎜
⎟ ⎥
r2
⎝ ∂θ ⎠
⎝ ∂θ ⎠ ⎥⎦
⎢⎣ r

= ln

2
2
⎡
⎛ ∂ϕ ⎞
⎛ ∂ϕ ⎞ ⎤
2
2
d
θ
K
cos
(
ϕ
−
θ
)
+
K
sin
(
ϕ
−
θ
)
⎜
⎟
⎜
⎟ ⎥
⎢ s
b
ε ∫0 ⎢⎣
⎝ ∂θ ⎠
⎝ ∂θ ⎠ ⎥⎦

R

2π

(B.4)

where R is the radius of the −1 defect and ε is the size of the defect core. Equation
(B.4) can be minimized using the Euler Lagrange formula:
⎛
⎞
⎜
⎟
d ⎜ ∂f ⎟ ∂f
−
=0
dθ ⎜ ⎛ ∂ϕ ⎞ ⎟ ∂ϕ
⎟⎟
⎜ ∂⎜
⎝ ⎝ ∂θ ⎠ ⎠

(B.5)

with
R⎡
∂ϕ
⎛ ∂ϕ ⎞
⎛ ∂ϕ ⎞
2
) = ln ⎢ K s cos 2 (ϕ − θ )⎜
⎟
⎟ + K b sin (ϕ − θ )⎜
∂θ
ε ⎢⎣
⎝ ∂θ ⎠
⎝ ∂θ ⎠
2

f (θ , ϕ ,

2

⎤
⎥
⎥⎦

(B.6)

Applying equation (B.5) to (B.6), we get the equilibrium equation for the c-director
around the −1 defect:
0 = 2[cos 2 (ϕ − θ ) +

Kb
∂ 2ϕ
sin 2 (ϕ − θ )] 2
Ks
∂θ

K
K
∂ϕ
⎛ ∂ϕ ⎞
+ ( b − 1) sin(2(ϕ − θ ))⎜
⎟ − 2( b − 1) sin(2(ϕ − θ ))
Ks
Ks
∂θ
⎝ ∂θ ⎠
2

(B.7)

For the isotropic elasticity case ( K b = K s ), equation (B.7) gives
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∂ 2ϕ
=0
∂θ 2

(B.8)
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which leads to a linear increase in ϕ (θ ) around the core of the −1 defect, generating
uniform brushes under crossed polarizers.
For the case when K b ≠ K s , we can solve the nonlinear differential equation
in (B.7) using the shooting method [32]. First we set the value for ϕ (θ = 0) , and trial
shots of initial slopes ∂ϕ (θ = 0) / ∂θ = 0 are lunched ( ∂ϕ / ∂θ is negative for −1
defect and positive for +1 defect). Then we numerically solve equation (B.7) to find
the value ϕ (θ = 2π ) . The correct initial slope is the one that satisfies the continuity
requirement ϕ (θ = 0) = ϕ (θ = 2π ) . The correct function of ϕ (θ ) can be obtained
numerically from the correct initial slope.
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