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Preface

Many materials have complex properties intermediate between those of crystals and
fluids. Among these are liquid crystals, with their well-established orientational
order, polymers, foams and gels. Collectively these have come to be called soft
matter.

Within the last few years, the physics of soft condensed matter has become a rapidly
expanding branch of science. This is mainly due to the recognition that apparently
disparate phenomena may be described by unified concepts. In fact, these materials
generally consist of organic molecules that interact weakly; as a result, molecular
order is easily perturbed and quite modest fields or boundary effects are sufficient
to cause a quite massive reorganisation and to influence strongly their structure and
macroscopic properties.

What distinguishes this area of study from other branches of contemporary physics,
is that soft matter comprises almost all materials of our everyday life: consumer
goods like toothpaste, shaving-foam, cleaning agents or mayonnaise, but also rub-
ber, plastic, displays and cloth. Despite of its being close to our personal experience,
the resulting phenomena present challenges to fundamental science and to mathe-
matics itself. It will be sufficient to mention some major disciplines that are involved
in establishing the theoretical basis of such materials: Continuum Mechanics, Sta-
tistical Mechanics, the Theory of Phase Transitions but also Mathematical Analysis,
Calculus of Variations and Algebraic Topology, to name but a few.

For both historical, theoretical and technological reasons, liquid crystals play an im-
portant role in this picture. A nematic liquid crystal is a system of rod-like molecules
whose centers of mass do not exhibit any positional order. The interaction between
nearby molecules tries to line them up along a common direction and induces a par-
tial ordering at mesoscopic scales. This effect competes against distortions induced
by external mechanical actions, electric or magnetic fields, and disordering thermal
effects. The average alignment of the molecules is represented by a unit vector, usu-
ally denoted by n and called the director.

This thesis is organized as follows. Chapter 1 gives a brief introduction to nematic
liquid crystals. It is meant to provide a neat summary of the mathematical and phys-
ical tools that will be used in the remaining Chapters. The equilibrium configuration
of a nematic liquid crystal bounded by a rough surface [19] is studied in Chapter 2.

vii
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The surface wrinkling induces a partial melting in the degree of orientation. This
softened region penetrates the bulk up to a length scale which turns out to coincide
with the characteristic wavelength of the corrugation. Within the boundary layer
where the nematic degree of orientation decreases, the tilt angle steepens and gives
rise to a nontrivial structure, which may be interpreted in terms of an effective weak
anchoring potential. It is then possible to relate the effective surface extrapolation
length to the microscopic anchoring parameters. We also analyze the crucial role
played by the boundary conditions assumed on the degree of orientation. Quite
different features emerge depending on whether they are Neumann- or Dirichlet-
like. These features may be useful to ascertain experimentally how the degree of
orientation interacts with an external boundary. Chapter 3 is devoted to the study
of biaxiality [17]. Nematic liquid crystals possess three different phases: isotropic,
uniaxial, and biaxial. The ground state of most nematics is either isotropic or uni-
axial, depending on the external temperature. Nevertheless, biaxial domains have
been frequently identified, especially close to defects or external surfaces. We show
that any spatially varying director pattern may be a source of biaxiality. Indeed,
in the Chapter we introduce the symmetric tensor S = (Vn)(Vn)T. The director
n is an eigenvector of S with zero eigenvalue. It is then established that biaxiality
arises naturally whenever the other two eigenvalues of S are distinct. The eigenvalue
difference may be used as a measure of the expected biaxiality. Furthermore, the
corresponding eigenvectors indicate the directions in which the order tensor Q is
induced to break the uniaxial symmetry about the director n. Finally, these general
considerations are applied to some examples. In particular, when homeotropic an-
choring is enforced on a curved surface, the order tensor becomes biaxial along the
principal directions of the surface. The effect is triggered by the difference in surface
principal curvatures.
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1

Introduction to nematic liquid crystals

The first historical evidence of a liquid crystal happened in 1888 when an Austrian
botanist named Friedrich Reinitzer observed that a material known as cholesteryl
benzoate had two distinct melting points. Reinitzer increased the temperature of
a solid sample and watched the crystal change into a hazy liquid. As he increased
the temperature further, the material changed again into a clear, transparent liquid.
Reinitzer discovered a new phase of matter - the liquid crystal phase. However, the
term liquid crystal itself was coined by Otto Lehmann in the late 19th century and
it has been widely used since then.

Roughly speaking, liquid crystals are intermediate states of matter that behave as
liquids under some aspects (for instance they flow like incompressible fluids) and
resemble crystals with regards to several features, especially optical.

Liquid crystal materials generally have several common characteristics. Among these
are a rod-like easily polarizable molecular structure. The distinguishing character-
istic of the liquid crystalline state is the tendency of the molecules to point along
a common axis, called the director and traditionally denoted by the unit vector n.
This is in contrast to molecules in the liquid phase, which have no intrinsic order.

Crystalline materials exhibit long range periodic order in three dimensions. In the
solid state, molecules are typically arranged in lattice structures, are highly ordered
and have little translational freedom. They possess positional and orientational or-
der.

On the contrary, by definition, an isotropic liquid has no orientational nor positional
order. Substances that are not as ordered as a solid, yet have some degree of align-
ment are properly called liquid crystals: systems with orientational order without
complete positional order. The characteristic orientational order of the liquid crys-
tal state is between the traditional solid and liquid phases. Among these common
characteristics one can distinguish many different liquid crystal phases according to
higher or lower orientational order. Moreover, most liquid crystal compounds ex-
hibit more than one phase as temperature is varied.

The lowest ordered liquid crystal is the nematic liquid crystal whose molecules
closely resemble rods of a typical dimension of 5 - 20 A. Molecules have no posi-
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tional order and are able to flow, but as a consequence of the interaction between
neighbors, they tend to align parallel to one another, so as to induce a partial orien-
tational order at the microscopic scale. As well, they posses a mirror symmetry with
respect to a plane orthogonal to the axis. Stated differently, if we exchanged the
“head” with the “tail” of a molecule, the configuration would be indistinguishable.
There are two main reasons why this partial order may not appear: one is because
the thermal motion prevails over molecular interactions (high temperature) and the
other is because molecules are too separate apart so that they cannot interact (low
concentration). So the appearance of a liquid crystal phase has to be viewed as
delicate equilibrium between two opposite tendencies. At low temperatures the sub-
stance is solid and molecules are highly ordered. If the temperature is increased the
melting point is reached, the solid liquefies and enters his liquid crystal phase. As
the temperature is further increased, a critical value Ty is reached which marks the
exit from the liquid crystal phase and the entry in the isotropic phase where the
molecules are randomly oriented.

In the present work we will be dealing uniquely with the nematic phase. However,
for the sake of completeness we mention here other two important phases.

A special class of nematic liquid crystals is called cholesteric or chiral nematic.
Cholesteric molecules resemble helical springs, which may be either right-handed or
left-handed. From a physical standpoint, they much behave like nematics and even
if the mirror symmetry of nematics is broken, nonetheless the molecular interaction
depends only on the orientation and not on handedness. A second interesting fea-
ture of cholesterics, that distinguish them from nematics, is that the director n is
naturally not uniform. Its structure is helical.

The smectic state is another distinct mesophase of liquid crystal substances. Molecules
in this phase show a degree of translational order which is not present in the ne-
matic. In the smectic state, the molecules maintain the general orientational order
of nematics, but also their centers of mass tend to align themselves in layers or
planes. Motion is restricted within these planes, and separate planes are observed
to flow past each other. The increased order means that the smectic state is more
“solid-like” than the nematic. Many compounds are observed to form more than
one type of smectic phase. As many as 12 of these variations have been identified.

1.1 ORDER PARAMETERS

What is a description of the micro-structure of a liquid crystal? A full microscopic
description which assigns a position and an orientation to every molecule, is by far
the most complete. On the other hand, it is by far the most complicate and it
requires a detailed knowledge of all microscopic interactions. Besides the practical
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intractability of such a complex description for more than a few molecules, it is also
superfluous in most circumstances, when only aggregate molecular behavior is im-
portant.

The molecular size of liquid crystals is typically on the scale of nanometers. By
contrast, liquid crystal devices are usually on the micron scale. So another possible
description is statistical. This choice is expected to be valid in the limit of the nearly
molecular length scale, under the assumption that the elementary volumes contain
a sufficiently high number of molecules. These arguments are typical of continuum
theories, which can boast a long and glorious history and have been given precise
mathematical definitions. Bodies consisting of liquid crystals are complex materials
which cannot be framed in the theory of classical continuum mechanics since they
are bodies with microstructure, for which parameters of a microscopic origin have
mechanical meanings also on a macroscopic scale. These latter are often called or-
der parameters.

Let & be a 3-dimensional euclidean space, i.e. a 3-dimensional Riemann manifold
such that we can obtain an atlas with just one coordinate chart, a Cartesian coor-
dinate system (z,y, z) which gives us a bijection between & and R3, and such that
every tangent space T),&, p € & is isomorphic to R3. The inner product is the usual
dot product in R3. Elements of & are called points, while elements of the tangent
spaces are called vectors.

The region of & occupied by the liquid crystal will be denoted by B .

Suppose to know the probability density function f, : S* — R, that describes at
each point p € B the probability distribution of the orientation of the molecules at
p. The orientation of the molecular axis is described at each point in space by a
point of the unit sphere S? (or by a unit vector). Thus, if w is any subset of S?, the
probability of finding in p one molecule oriented within w is given by

P{w} = /fp(l)da7 (1.1)

where a denotes the area measure on S?. Due to nematics mirror symmetry, the
“head” and “tail” of a molecule can be changed without experiencing any change in
the probability distribution, i.e. the two configurations have the same probability.
Mathematically this is translated by the requirement that f, is an even function:!

fr() = f,(=1)  forallleS? (1.2)

'The fact that f,(1) = f»(—1) tells us that opposite points of S* can be identified, so that the
domain of f, can be restricted to the projective plane RP? = S§?/Z,, i.e. the sphere where any
two antipodal points are identified. Thus RP? seems to be the most appropriate manifold to set
the theory. Though for historical reasons and since S? is more familiar, we will stay on the side of
tradition.
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As a consequence, the first moments of the distribution function f, are zero:

m = / 1£,(1)da = 0. (1.3)
SQ

To obtain non trivial information we need to calculate the second moments, which
are represented by the second-order tensor

M = - (I1®1) fp(1) da. (1.4)

It is straightforward to show that M is a unit trace symmetric tensor.
trM = . tr(1ol) f(1)da = /S2 fr()da =1 (1.5)
M7 = /SQ oD’ f,(1)da = M. (1.6)

So, by the spectral decomposition theorem, M can be diagonalised by means of an
orthogonal tensor and its eigenvalues are regular. If i, Ao and A3 are the eigenvalues
with associated unit eigenvectors (e, es, e3), then the spectral decomposition is

M = )\161 ®er + )\262 X eq + )\363 X es. (17)

M is positive semidefinite, in fact if A is an eigenvalue of M and e € S? is the
respective unit eigenvector, we have

A =e-Me = / (1-e)* f,(1)da > 0. (1.8)
SQ
The eigenvalues of M then sum up to one, so that its spectrum is bounded by
sp (M) C [0,1]. (L9)

Only one of the three cases may happen: (a) \; = % i=1,2,3, (b) one eigenvalue
is greater than % while the other two are not greater than % and (c) one eigenvalue
is smaller than % while the other two are not less than % In the following we will
assume that in cases (b) and (c) the different eigenvalue is labeled with A\; and we
will call the associated eigenvector e; the director n. Case (a) corresponds to the

isotropic case, in fact when

1
N = — 1.1
1) = (1.10)
it is Ay = Ao = A3. Since tr M = 1 then we have
1
Misotropic = §I (111)
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In liquid crystals literature, the order parameter is customary assumed to be the
tensor

Q- M- %1, (1.12)

so that the isotropy phase corresponds to the case Q = 0 as usual in phase transition
theories. Note that the condition Q = 0 is only necessary to have isotropic phase.
It is possible to find probability distributions other than f,(1) = ﬁ having Q = 0
[83]. These however are rather special cases, henceforth we will always assume the
condition Q = 0 as characteristic of the isotropic phase.? Clearly, (n, ez, e3) are too
eigenvectors of Q with shifted eigenvalues,

1 2

qu)c[—?g}, trQ = 0. (1.13)

1.1.1 Uniaxial and biaxial states

If A\; # Ao = A\3in (1.7), we say that the liquid crystal is uniaxial and it is common
to write Q as

Q= s(n@n—%l), (1.14)

where the director n is the unit eigenvector of M associated to the eigenvalue A;.
The scalar s is the degree of orientation (or degree of order). Since by (1.14), Zs
is an eigenvalue of Q; s takes its values in

s e [—%,1] . (1.15)

When s = 1, M = n ® n and so all the molecules are aligned along n. When
-3, M = 1 (I-n®n) which is
proportional to the projection operator on the plane orthogonal to n so that the

s = 0 the distribution is isotropic and when s =

distribution is planar isotropic. Typical values for s range between 0.3 and 0.9, with
the exact value a function of temperature (see §1.4.2).

If Ay # Aoy # A3 # Ay in (1.7), we say that the liquid crystal is biaxial and we can
write the general expression for Q as [74, 68]

1
Q:sl<n®n—§l>—1—32(e2®e2—e3®e3), (1.16)

2Such distributions share at least the second moments with the uniform distribution, so that
they can be considered “isotropic” at least to the second moment.
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Figure 1.1: (s1, s2) domain. Regions I, II, and IIT show the values of (s1, s2) for which the
maximum positive eigenvalues are respectively 1, po and ps. Molecules exhibit a preferred
direction along the associated eigenvector. Thick lines represent the uniaxial states.

whose eigenvalues are: p; = %51, Uy = Sg — %51 and ps = —sg — %51. Using the
bounds on the eigenvalues of Q, one finds that the admissible values for (s1, s2) are

1 1—81 1—81
—— <5 <1 — <859 < . 1.17
27817 R 3 S S 3 ( )

This admissible domain is depicted in Figure 1.1. The parameter so ranges in
[—%, %], but not all the values of (s1,$2) € [—%, 1] X [—%, %] are allowed.

When sy = 0, (1.16) reduces to (1.14) and the liquid crystal is uniaxial, so that
the scalar so can be interpreted as the biaxial amplitude. Note, however, that also
when so = £51 two of the eigenvalues are equal and the liquid crystal is uniaxial.
Bold lines in Figure 1.1 represent uniaxial states. The representation given by (1.16)
is therefore more expressive when pp is the maximum positive eigenvalue. In this
case, in fact, s; and sy can be rightly interpreted as a degree of order and a degree
of biaxiality of the liquid crystal. This is shown by the gray area labeled with I
in Figure 1.1 where the values of (s1, s2) are such that p; is the maximum positive
eigenvalue and the molecules are mostly oriented along n. Likewise, in regions II and
IIT the molecules are mostly directed with ey and eg respectively. The horizontal
line, in particular, represent the uniaxial states with director n.

We remark that the description given by (1.16) is particularly simple and meaningful
in the case of a “nearly uniaxial state” all within the liquid crystal, where s9 is small
(so that g1 > pe and pg > usg).

In the general case, one finds in literature the expressions for the degree of order
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s and the degree of biaxiality [ as functions of the eigenvalues of Q [12, 13, 14]

1/3
s = (%Hll@ﬂ:‘s) (1.18)
8 = (6v31m = )z — ps) iz — )]) " (1.19)

s takes values in [—3,1] and it is consistent with the formula (1.14) when two
eigenvalues are equal. [ ranges in the interval [0, 1] and it is clearly zero whenever
two eigenvalues are equal (uniaxial states). Its expression (1.19) is normalized so
that a state with maximum biaxiality would correspond to 3 = 1.

Remark 1.1. Using notation of (1.16), one can write s and  in terms of s; and sy as
follows

s = [s1(s]—9s3)] 13 (1.20)
8= (12\/§|32(51 +52)(s1 — 52)|)1/3. (1.21)

Equivalently, it is often found the definition of the degree of biaxiality in terms of
tr Q? and tr Q? [51, 53, 52]

2, (QY)
g =1 6(trQ2)3 (1.22)

Remark 1.2. Every point p € S? can be identified by a unit vector 1 € R3. Choosing
a orthonormal frame of reference (e1,es,e3) at the point O € &, a unit vector 1 can be
represented in spherical coordinates,

1 = sindcospe; +sinsinpes + cosv es. (1.23)
Explicitly, Q is

< sin? 9 coszgo—%> < sin?9 singcosp > < sindcos ¥ cosp >
Q= | <sin®Ysinpcosp > < sin?9 sin2<p—%> < sindcos ¥ singp > (1.24)
<sindcos¥ cosp > < sindcosd sinp > <cosz19—%>

where we have denoted with the angle brackets < > the ensemble average with respect to
the probability distribution f (9, ¢)

27 T
<o) = [ [ 50,0000, 9) sinian, (1.25)

If we use the orthonormal frame given by the eigenvectors of Q, with the director n = e,
then 9 measures the angle between the molecules at O and the director. With this choice
of the axes, Q is diagonal, so that we can compare the diagonal elements of (1.24) with the
expression (1.16) and gather direct expressions of s; and s,

1 1
s1=75 <3cos’V—1> 52 =3 < sin® 9 cos 2¢ > (1.26)
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1.2 FRANK’S CLASSICAL THEORY

We make the assumption that the equilibrium configurations of the liquid crystal
attain the minima of a free energy functional. In the classical theory the degree of
orientation is regarded as a prescribed positive constant and the liquid crystal is
assumed to be uniaxial. Posing s = constant > 0 and 3 = 0, the order parameter
may be described only through the director n. Let B the regular region of the
euclidean space & occupied by the liquid crystal. Then the orientation of the director
is described by a mapping:

n:B—§? (1.27)

which is assumed for the moment to be at least of class C! (B, SQ).

1.2.1 Bulk free energy

The classical theory takes the bulk free energy of liquid crystals as given by the
functional

Fi[n] = /B\Il(n, Vn)dv (1.28)

The free energy density ¥(n, Vn) is customarily assumed to depend only upon n and
its first gradient Vn. Since n-n = 1, Vn cannot be an arbitrary element of .Z (R3),
where we have denoted with . (R3) the space of the linear mappings R? — R3, but
must satisfy

(Vn)"'n = 0. (1.29)
Stated differently, using a more geometric language, Vn is a differential mapping
between tangent spaces

Vn(p) = dm : T,B — Ty, S? 1.30
P P (»)

where we have denoted with T,B = T,& = R3 the tangent space of B at p € B
and with Tn(p)82 the tangent space of the unit sphere in n(p). Using the fact that
T,S? = n*, the orthogonal complement of n, one has that for all v € R3, (Vn)v is
orthogonal to n,

(Vn)v-n=v-(Vn)'n=0 Vv € R3, (1.31)

so that we get to the same conclusion as before.
Therefore the domain of the energy density W is the set

Dy = {(n,N):neS* Ne.Z(R’),N'n=0}. (1.32)

The physical insight of the problem suggests a list of requirements that ¥ must
obey [83]:
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(i) frame-indifference: ¥ must be the same in any two frames, i.e. indepen-
dently from the observer, therefore it must be indifferent to rigid rotations

(ii) material-symmetry: when B suffers a mirror reflection, the energy density
must remain unaffected.

(iii) evenness: ¥ must be indifferent to the change n — —n
(iv) positive definiteness
The mathematical translations of these requirements are the hypothesis of the fol-

lowing theorem, due to Frank, which provides an explicit form for the energy density
[43].

Theorem 1.3. Assume that ¥ : Dy — R satisfies the following conditions, for
every n: B — S%:
(a) ¥ (Rn,RVnR") = ¥ (n,Vn), VR € O(3)
(b) ¥(—n,—Vn) =V (n,Vn)
(¢) ¥ (n,Vn) >0 and ¥ (n,Vn) =0 if and only if n is constant.
Assume moreover that ¥ (n, Vn) depends at most quadratically on Vn.
Then the free energy density has the form
g (n, Vn) =K (divn)® + Ky (n - curln)? + K3 |n A curln|?
+ Kos (tr vn? — (div n)2> (1.33)

Ky, Ko, K3 and K»y are called the splay, bend, twist and saddle-splay moduli,
respectively. Using a tensor notation, equation (1.33) can be rewritten

g (n,N) =K (tr N)? + K3 (W(n) - N)? + K3 |Nn|?

+ Koy (tr N2 — (trN)2) (1.34)
where we have set Vn = N and we have made use of the relations (see [83] for
details)

curln An = (Vn)n (1.35)
divn = trVn (1.36)
n-curln = W(n) - Vn. (1.37)

We remind that W(n) is the skew second order tensor associated with n so that
W(n)n = 0 and for all v € R, W(n)v = nAv. In such a case n is called
the axial vector of W. The inner product between tensors is defined such that
A-B = tr (ATB).
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It must also be emphasized that the K; values depend on the temperature T' and
decrease rather strongly when T increases but their ratio is nearly independent of
T.

In many cases the full form (1.33) is too complex to be of practical use, either
because the relative values of the elastic constants K; are unknown, or because the
equilibrium equations are extremely difficult to solve. In such cases, one may resort
to the one-constant approximation; this amount to assuming

Ki=Ky=Ks=Ky =K. (1.38)
After some calculus, one can show that the free energy takes the form
Up (n,Vn) = K|Vn|. (1.39)

Even if the free energy density (1.39) does not provide very accurate solutions,
nevertheless its simpler form makes it a valuable tool to reach a qualitative insight
into distortions in nematics. Hereafter we will always make use of the one-constant
approximation and take the equation (1.39) as the expression of the free energy
density in the classical theory of nematic liquid crystals.

Remark 1.4. The function multiplying K54 is a null-lagrangian, that is a free energy

density which does not contribute to the equilibrium equations of the free energy functional
(1.33). Indeed it can be shown that

Wo4(n, Vn) = trVn? — (divn)® = div(v), (1.40)
where v is the vector field defined by
v = (Vn)n — (divn)n. (1.41)

Let v and 0B be respectively the unit outer normal and the boundary of 5 and let Vin be
the surface gradient of n on 9B, defined by

Vin =Vn(I-vev). (1.42)
Then it follows that
(Vin)n-v =(Vo)n-v— (n-v)(Vn)v - v, (1.43)
(trVin)n-v =(trVn)(n-v) — (n-v)(Vn)v - v, (1.44)
and so
((Vsm)n — (divgn)n) - v = ((Vn)n — (divn)n) - v (1.45)

where divg n is defined such that

divsn = trVin = tr (Vn(I-vev)). (1.46)
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Then, by the divergence theorem,

/B (tr Vn? — (div n)2) dv = / ((Vn)n — (div n)n) .vda

oB
= / ((Vsn)n — (divg n)n) -vda. (1.47)
oB

Thus Vo4 gives rise to a surface energy that does not contribute to the equilibrium equations
for the functional (1.33), but it generally enters the boundary conditions. However, in the
special case where Dirichlet conditions are assumed, the field n is prescribed at the boundary
so that also the surface derivatives of n are known on 08 and expression (1.47) is determined.
Therefore, when n is subject to strong anchoring conditions the surface contribution of Wy,
is the same for all admissible orientation fields.

Ericksen has given a set of conditions that the Frank’s constants must satisfy to
render Wp, positive definite [35].
Theorem 1.5. The function ¥g, in (1.34) satisfies
Ug (n,N) >0 (1.48)
for any given n € S? and for all N € . (R3) if, and only if|

2K1 > K24, K2 > |K2 — K24‘, K3 > 0. (149)

1.2.2 Splay, bend and twist fields

The constants K1, Ko, K3 are directly associated with three basic types of deforma-
tions. It is in fact possible to generate deformations that are pure splay, pure bend
and pure twist using which the values of the material constants K; (i = 1,2,3) can
be experimentally determined [32].

Consider a system of cylindrical coordinates (p, ¢, z) and the coordinate orthonormal
base (e,, ey, e;). Let n, be the splay field defined by (see Figure 1.2(a))

ng = e, (1.50)
It can be shown that ]
Vn, = —ey ® ey, (1.51)
p
whence it follows that
. 1 9 1
divn, = —, curlng, = 0, tr(Vng)® = — . (1.52)
P P
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Figure 1.3: Twist field (curln||n).

The Frank’s elastic energy depends only on K;: ¥ (n,Vn) = Klp%.

In the same cylindrical coordinate system, define the bend field n; by (see Figure

1.2(b))

n, = ey. (1.53)
We have ]

Vn, = —;e,,@eg, (1.54)

whence

. 1 1 9
divny, = 0, curlny = —e;, (Vmy)n, = ——e,, (Vm)® = 0. (1.55)
p p

Therefore, the Frank’s elastic energy depends only on K3: Vg (n,Vn) = Kgp—Q.

Ky enters into play when we consider the twist field. We take now a system of
Cartesian coordinates (x,y, z) and the coordinate orthonormal base (i,j, k). n; is
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defined by (see Figure 1.3)
n, = cos (tz)i+sin (tz)]j (1.56)

which follows an helical pattern and the scalar ¢ is also referred to as the twist. After
some calculus, we yield

divn; =0,  cwln, = —tn;,  (Vm)? = 0. (1.57)

and U, (n,Vn) = Ky t? for the bulk free energy.

Remark 1.6. It must be noted that the splay and bend fields are discontinuous in p = 0.
We say that the z axis is a defect for these fields. Moreover an integration of the energy
density over a cylinder enclosing a portion of the z axis yields an infinite result. This has
been the main motivating reason for the search of a new theory able to handle the energetics
of defects.

1.2.3 Equilibrium equations
In this Section we derive the general Euler-Lagrange equations for the energy func-

tional (1.28). Therefore we set the first differential of F, equal to zero. Proceeding
in a customary way, we get

0
dFpnju = — / U(n+ceu,Vn+eVu)dv
Oe B

ov ov
—/B<a—nu+ﬁVu>dv

e=0

ov A ov
_/ls<a—n—d1vm>-udv+ agﬁ”'uda' (1.58)

The divergence of a tensor is defined such that for every tensor L and for all constant
vectors a

div (L"a) = a-divL. (1.59)
In (1.58) we have used the identity
div (L"u) = L-Vu+divL-u. (1.60)

We cannot immediately deduce the Euler-Lagrange equations from (1.58) since not
all the variations u are admissible. In fact ¥ is defined when n € S?, then its
differential must be a linear map taking values in T,S? with respect to the first
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argument. Stated directly, the allowed variations are those for which the “varied
vector field” n + eu is still an element (at the first order) of S? as ¢ — 0. From
the requirement that (n +cu) - (n+cu) =1 at the first order we get the condition
u-n = 0, so that u € T,S? = n'. Introducing the projection operator on the
tangent space , we can thus write an arbitrary u as

u=(I-n®n)w = P(n)w (1.61)
for a suitable w € R3. Using the symmetry of P(n), equation (1.58) then becomes

orv . ov ov
dFp[nju = /BP(n) <5_n —div 8Vn> -wdv+ s Vn v -uda. (1.62)

Equilibrium configurations must render this expression zero for all w € R?, therefore

we gather from the first integral the bulk equilibrium equations

= 0. (1.63)

However, in practice, the equilibrium equations are rarely used in this general form;
it is often more convenient to express the unit vector n in terms of suitably chosen
polar angles and to write that Fg is a minimum with respect to all variations in
these angles.

1.2.4 Anchoring

The second term in (1.62) gives an equation that must be satisfied at the boundary
and whose form depends strongly on the assumed boundary conditions. It can be
further simplified by means of the following lemma.

Lemma 1.7. Be V: Dy — R: (n,N) — ¥(n,N) a smooth map. Then

ov ov
Pn)— = — 1.64
()5 = 5= (1.64)
ov ov
P = 1.
PN ~ aN (1.65)
PROOF. The proof is just a matter of properly understand how the differential of ¥ is

defined. Let’s denote with £, the space of linear mappings between R? and T,,S* = n't.

Clearly, by definition, if N € £,, then N”n = 0. The differential of ¥ is a map
AP : TaS® x Ln — R, (1.66)
whose general expression is

d(n,N)\Ij(ha H) = <a7 h> + <A7 H>7 (1.67)
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where the angle brackets represent duality between linear spaces and a and A are elements
of the dual spaces. In particular a € (T nSQ)*. By the representation theorem of linear
spaces (i.e. the fact that a finite dimensional linear space ¥ is isomorphic to its dual ¥™*,
the isomorphism being induced by the inner product in ¥), there exist unique elements
g—i € TnS? and g—lq\’r € Ly, so that

o o
dmn¥(h,H) = =2 -h+ o5 -H (1.68)

where, as usual in continuum mechanics, we have used the same symbol (the dot product)
for two conceptually different inner products (the first is the usual scalar product between
vectors while the second acts on double tensors). Then (1.64) is an immediate consequence
of 2L € T,S2
Moreover, since g—f\’l € L, we have for all vectors w € R?

ov

and equation (1.65) follows. O

By the use of equation (1.65), the surface integral then yields, for all variations

w e R3
owv

8Bﬁu-wda =0 (1.70)
The easiest case is when Dirichlet conditions are assumed on 0B, so that the value
of n is prescribed on the border of the domain. Then w must vanish identically on
0B and so no surface energy contributions come from the integral in (1.70). This is
known as strong anchoring condition. In this case the molecules are constrained
to hold a prescribed orientation at the limiting surfaces and are said to be subject
to strong anchoring forces. These forces are due partly to the detailed form of the
interparticle potentials near the boundary of the sample, and partly to the ways
of preparing the surface on a mesoscopic length scale. For instance, when a glass
surface is rubbed in one direction, the nematic molecules tend to line up along this
direction. A clear microscopic explanation of this effect is still lacking. Berreman
[11] gives an explanation on the basis of the additional elastic energy that would
occur in a nematic liquid crystal if the molecules were not parallel to the grooves.
Likewise, energy considerations would explain a tendency for the molecules to line
up normal to the surface when it is rubbed in both dimensions.
In recent years several alternative methods of alignment have been proposed, for
example, photoalignment by means of a polarized laser beam [45], atomic force
microscope treated surfaces [72] or alignment with atomic beams [24].
When no conditions are assumed at the boundary, the second integral must vanish
for all the possible variations and can be treated in precisely the same way as the
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first. This leads to the natural (or Neumann) boundary conditions and corresponds
to the fact that the limiting surface exerts no anchoring on the liquid crystal. The
equations that give such condition are

ov

— = 0. 1.71
8VnuaB (L.71)

An intermediate and more realistic condition between the strong anchoring and the
total lack of anchoring, is provided by the weak anchoring condition. In such case,
molecules close to the boundary have a preferred direction imposed by the limiting
surface (for instance, by means of mechanical or chemical treatment) but can deviate
from this prescribed direction at the cost of some surface energy. Weak anchoring
forces does not provide a boundary condition, but add a surface term to the energy
functional (1.28)

Fwn] =W fw(n)da, (1.72)

oB

which is called anchoring energy. The function fy(n) must attain a minimum for
a particular ng € S? whose direction is called the easy axis. W is the anchoring
strength.
We note that the same arguments found in the proof of Lemma 1.7 hold for %—IVIV and
therefore one can show that %LI‘;’ = P(n)%ig. Performing the first variation of Fy [n]
yields the term

%-uda =W P(n)%-wda =W O,

dFy[nju = W
op on OB n B on

wda, (1.73)
where u is an arbitrary vector belonging to the orthogonal space n and w € R3 is
such that u = P(n)w.
Joining the latter expression to the boundary term in equation (1.62), we obtain the
equation that must be satisfied at the boundary

ov 0fw

+W

vn” o 0 on 0B. (1.74)

The most commonly used expression for the surface free energy is of the form pro-
posed by Rapini and Papoular [69]

Feln] = W [ (n-v)? da, (1.75)

oB
where the anchoring strength W is assumed constant throughout the limiting sur-
face. When W > 0, Fy, is minimum when nlv, so the easy axis is tangent to the
boundary and we speak of degenerate planar weak condition. When W < 0 the
minimum of Fy, is attained when n||v, the easy axis is along the normal vector v
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and this situation is referred to as hometropic weak anchoring.
A straightforward generalization of the above formula is obtained when two different
coefficients are introduced: the azimuthal anchoring strength W, related to director
deviation in the tangent plane to the limiting surface and the zenithal (or polar) an-
choring strength Wy related to the director deviations in the direction perpendicular
to the liquid crystal-substrate boundary.

Remark 1.8. In principle, there is no reason why fy(n) should depend only on the
director n. In the more general framework of the new theory, the anchoring energy can

depend on the whole tensor Q and in particular on the surface order parameter s. A
possible generalization [65, 8] is

fu(Q) = Wtr(Q - Qo)?, (1.76)

where Qg is the order parameter preferred at the surface.
In the uniaxial case where Qq is written as in (1.14), it comprises an easy axis ny and a
preferred surface ordering sg. Explicitly,

fw(s,n) = ;W(SQ—FS(%—FSSO (1 —3(n-n0)2)). (1.77)

Expression (1.77) looks like the Rapini-Papoular expression if s is constant. Note that when
n||ng, equation (1.77) has a minimum in s = sy as expected.

1.2.5 Existence of minimizers

Throughout this Section we assume that the region B occupied by a nematic liquid
crystal has a smooth boundary. We consider the existence of minimizers for the
Frank’s energy functional (1.33), when strong anchoring conditions are assumed at
the boundary [48, 49] (mathematically this amounts to using Dirichlet conditions on
0B).

Let H! (B, R3) the Sobolev space of the L?-mappings with first weak derivatives in
L?, and consider the closed subset

H' (B,S%) = {neH' (B,R?) : [n|=1}. (1.78)
Under the assumption of strong anchoring conditions, n is prescribed at the bound-
ary
nlyz = no; (1.79)
the class of admissible functions is
o/ (ng) = {n € H' (B,S?) : ny is the trace of n on 0B} 3. (1.80)

3We don’t want to go into the mathematical details of properly defining the trace operators. It
is sufficient to say that ng can be assumed to stand in another Sobolev space, usually denoted with

H'/2(08B,S?).
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The following theorem guarantees that there is always a minimum for F in &7 [83].

Theorem 1.9. For any given ng : 9B — S? there is a mapping 0 € .27 (ng) where

F attains its minimum:

F[6] = min{F[n] : n € o (ng)}. (1.81)

1.3 FREEDERICKSZ TRANSITION

The tensor order parameter Q of the nematic phase is a microscopic articulation of its
anisotropy. The macroscopic analogue involves the electric or magnetic susceptibility.
In an isotropic and linear medium, the electric displacement D and the magnetic
moment density (or magnetization) M are directly respectively proportional to the
electric and magnetic fields inducing them: D = ¢E and M = xH, where ¢ is the
dielectric constant and y is the magnetic susceptibility.

In the case of a uniaxial nematic fluid the material constants € and x are no longer
scalars. They too are tensors, with the same eigenvectors as the order parameter

e =¢n®n+e; (I-n®n)=¢e,I+en®n (1.82)
x =xn@n+x I-n@n)= x,I+xnen, (1.83)

where €| and x|| are exhibited by the material when the electric and magnetic fields
are applied parallel to the director n, €; and x, are relative to fields lying in the
plane orthogonal to n, £, = €| — £, is the dielectric anisotropy and x, = x| — X1
is the diamagnetic anisotropy. The electric displacement D and the magne-
tization M become

D =eE =¢E+¢ (E-n)n (1.84)
M=xH=xH+x,(H-n)n. (1.85)

E and H represent the fields suffered by the liquid crystal; it is taken to be equal to
the field created from outside the material. In other words, we assume that E and
H are strong enough not to get distorted within the liquid crystal (see [33, 75, 63]
for discussions not employing this assumption).

The free energy density associated with the fields (expressed in c.g.s. units) are

1 o ) )

¥, =-D-E=—— (sl\E| + e (E n)> (1.86)
1 1

W =~ 3M-H = —3 (XL H? + x, (H-n)Q). (1.87)
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In (1.86) and (1.87), the terms independent of the nematic director n do not affect
the minimum of the energy, they are simply constants since the electric and mag-
netic fields are assumed to be imposed from the outside and can be omitted for the
purposes of the present discussion. Since in nematics it is found that y, > 0, a
glance at equation (1.87) tells that ¥, is minimized when the director n is parallel
to the magnetic field H. The effective molecular orientation will be the result of the
competing energy contributions of the boundary surface potential, the elastic dis-
tortion and the magnetic (or electric) external field. Whereas for the electric field,
VU, is minimized by E||n if £, > 0 and by ELn if ¢, < 0. So, in particular, when the
dielectric anisotropy is negative and in absence of other distorting causes, an electric
field tends to align the molecules perpendicularly to its direction.

1.3.1 Instability and pitchfork bifurcation

We will limit ourselves to a rather simple example, for a more complete treatment
see [33, 81, 75, 83, 63]. In a Cartesian coordinate system (O;z,y, z) with unit vectors
(i,j,k), let’s consider a nematic liquid crystal confined between two parallel plates
placed at z = —d/2 and z = d/2, subject to strong anchoring at the external sur-
faces. The director at the boundary is assumed to lie in the boundary planes along
the z-axis. So, in the absence of any external action, the nematic is in homogeneous
planar alignment n = (1,0,0). A homogeneous magnetic field H is applied orthog-
onally to the delimiting plates and tends to align the molecules along the z-axis (a
completely analogous treatment would hold if we chose an electric field E). There
is then a competition between the aligning forces at the surface, favouring nl|i and
in the bulk, favouring n||k. The elastic forces then take into account the fact that
the nematic is not willing to exhibit inhomogeneity. At low magnetic fields, the
aligning force is weak and the elastic bend price is too high to alter the uniform
surface-induced alignment. At high fields, the liquid crystal aligns parallel to the
field except in thin boundary layers close to the surface. This transition is known
as Freedericksz transition and occurs at a critical value of the magnetic field

(Freedericksz threshold) where the director just begins to turn toward the magnetic
field.

We assume plane deformations of the director field. In that case, the following rep-
resentation of the director is possible n = (cos ¥, 0,sin¥). The angle ¥ is determined
by the director n and the x—axis and it will be a function of z coordinate only. The
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magnetic field is H = Hk. Within these hypotheses, the free energy density is

1
U = Up + ¥, = K|Vn|? - 5Xa (H-n)?

2
1
- K (%) — §XaH2 (sin®)?. (1.88)
By introducing the scaled variable z = z/d and defining
Xa 2
A== (Hd 1.
X (rra) (189)

the equilibrium solutions are given by the minima of the functional

1/2

F = / (19’2 ~ A (sin 79)2) dz. (1.90)
—-1/2

where the prime denotes differentiation with respect to the scaled variable z. In the

case of strong anchoring, boundary conditions are

Oseiyjy = 0, (1.91)

so that the trivial solution ¥(z) = 0 is always a stationary point of the functional
(1.90). When the Freedericksz transition is reached, a pitchfork bifurcation occurs
in the solution: below the transition, at low fields, only the trivial 9¥(z) = 0 solution
is allowed, whereas above the transition two other symmetric non-trivial solutions
appear. We are interested in the determination of the critical value A.. at which
the Freedericksz transition happens. A technique presented in [64] and reported in
Appendix A will be hereafter applied. Assume that A is incremented by a small
amount above a value A\g < A, (which will be later set equal to the critical value
Ner)

A= X (1+€7), (1.92)

where € simply represent a small quantity. The minimum of (1.90) can be expanded
in terms of €. Retaining only the first term, and considering that the zero-th or-
der solution is the trivial one, we can write 9¥(2) = €1(Z). Next, we consider the
expansion of the functional (1.90) up to the O (¢*) term

1/2

1/2
F = 52/ (’ﬁ/12 — )\0’[9%) dz + 54 )\() /

o o (éﬂ‘f - 29%) dz + o(e*). (1.93)

The O (52) term provides an equation for ¥1(2) : 97 + Aoy = 0. Taking into ac-
count the boundary conditions, one finds that the only non-trivial solutions are of
the type 91(2) = Ay cos(v/ Ao Z), where Ao must satisfy the condition

sin /Ao = 0. (1.94)
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Therefore the critical value of A is the lowest non-null solution of equation (1.94). A
corresponding critical value H,, for the applied magnetic field is gathered:

2K m
/\cr = 2; He = 7 L.
T \/ d (1.95)

The value of A; can be determined by using the O (¢*) term in (1.90). Taking into
account the expression found for ¢ (z) and performing the integration, the O (54)
term of the functional is

4T o
et A (A7 —4). (1.96)

Minimization of the energy functional is then possible up to this term by means of
a minimization of (1.96) with respect to A;. Imposing the derivative of (1.96) with
respect to A; equal to zero, it is easily obtained a third order polynomial equation
in A; whose non-null solutions are 4; = ++v/2. We can conclude that there are two
possible opposite solution just above the critical value A, depending on the sign of
the coefficient A

91(2) = £V2 cos(rZ). (1.97)

They correspond to the fact that the transition can be induced by magnetic fields
in both positive or negative direction of the z-axis.

The double sign is due to the fact that the liquid crystal molecules can arrange them-
selves into two symmetric configurations having the same total energy, one tilted in
a clockwise direction and the other tilted by the same angle in a counterclockwise
direction. It has to be noted that in addition to these solutions there is the trivial
solution A; = 0 which corresponds to the case ¥(z) = 0 that is unstable since rep-
resents a relative maximum of the free energy functional.

1.3.2 Applications in LCD technology

The most common application of liquid crystal technology is in liquid crystal displays
(LCDs). From the watch or pocket calculator to an advanced VGA computer screen,
this type of display has evolved into an important and versatile interface.

In general, LCDs use much less power than their cathode-ray tube (CRT) coun-
terparts. Many LCDs are reflective, meaning that they use only ambient light to
illuminate the display. Even displays that do require an external light source (i.e.
computer displays) consume much less power than CRT devices.

We will restrict this discussion to traditional nematic LCDs since the major techno-
logical advances have been developed for this group of devices.
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polarizer

Bright state Dark state

Figure 1.4: Schematic of a twist nematic cell (TNC).

A liquid crystal display consists of an array of tiny segments (called pixels) that
can be manipulated independently. This basic idea is common to all displays. Each
pixel is composed by a cell filled with a liquid crystal.

The most common cell used in nowadays technology is the twist nematic (TN)
cell. Tt consists typically of a liquid crystal placed between two sheets of glass which
are rubbed to control the alignment of the molecules. The molecules follow the
alignment of the grooves: if the grooves are parallel to each other so are the liquid
crystal molecules. The grooves on one sheet of glass are twisted by 90 degrees with
respect to the grooves on the other sheet of glass. The boundary conditions thus
impose that the molecules twist in between the sheets of glass. The optical properties
of the liquid crystal are governed by the tensor M = Q + éI, so that M has not only
a microscopic meaning, but reflects the macroscopic anisotropy of the material. In
particular the Fresnel ellipsoid [83, 23, 47|, which determines the optical response
of birefringent materials, is closely linked to M.

It is then no surprise that a distorted field n, like the one in a TN display, manipulates
the polarized light entering the cell. When light enters the TN cell, the polarization
state twists with the director of the liquid crystal material. Crossed polarizers are
attached to the top and bottom of the display. As light enters the cell, its polarization
rotates with the molecules. When the light reaches the bottom of the cell, its
polarization vector has rotated by 90 degrees, and now can pass through the second
polarizer.



electronic-Liquid Crystal Dissertations - June 01, 2007

1.4 DE GENNES’ THEORY 23

When an electric field of sufficient magnitude (above the critical value) is applied to
a sample, the molecules undergo a Freederickzs transition, typically aligning their
direction to the electric field. Note that in this state, the twist is destroyed. The
director of the bulk liquid crystal is parallel to the field and no longer twisted.
When polarized light enters a cell in such a configuration, it is not twisted, and is
canceled by the second polarizer. Regions where an electric field is applied appear
dark against a bright background. By properly adjusting the level of the voltage
almost any gray level of transmission can be achieved.

1.4 DE GENNES’ THEORY

When s; and s9 in equation (1.16) are not constants throughout the region B occu-
pied by the liquid crystal, the microstate is described by s1, so and the orthonormal
frame of eigenvectors (n, ez, es) which amount to give 5 scalars at each point in
space. As described in §1.1.1, qualitatively the degree of orientation s measures on

the macroscopic scale the degree of microscopic order; it may vary in space and

1
-1
pletely disordered: the liquid crystal becomes an isotropic fluid on the macroscopic

ranges in the interval [ 1]. When s vanishes the molecular orientation is com-
scale. In the isotropic phase n has no definite meaning, since the molecules have no
preferred direction. Therefore n is well defined only where s # 0.

If we define the singular set as the set of points of B where s = 0,

S ={peB : s(p) =0}, (1.98)

then n is allowed to have discontinuities in . (while Q is still continuous). Thus
within the new theory, defects of liquid crystals are to be interpreted as transitions
to the isotropic phase which happen to be confined in space. The theory that we
employ in this and the following chapters has been strongly motivated by the desire
of a comprehensive treatment of defects. While point defects are described fairly
well within the classical theory, this is not the case for both line and plane defects:
these latter need to be approximated by regular fields in order to keep Frank’s energy
finite.

Equilibrium states of nematics are now given by stationary points of the free-energy
functional whose density, in the absence of external fields, comprises the elastic term,
due to the spatial variation of Q, and the Landau-de Gennes potential, that accounts
for the thermal contribution to the energy

¥(Q,VQ) = ¥a(Q,VQ) + ¥rac(Q). (1.99)
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1.4.1 Defects

Even if we do not deal with defects in the present thesis, we want to mention them
as their study has played an important role in the developing of the new theory of
liquid crystals. In the classical theory we restricted our attention to distortions of
the nematic arrangement that involved continuous variations of the director n. But
there are other important physical situations where n is not a smooth function of
position at all points. We have seen, for instance, that the simple splay and bend
fields, defined in §1.2.2 are discontinuous in p = 0 (see Remark 1.6).

Defects in uniaxial nematics are classically described in terms of the spatial distri-
bution on the director. Where the mapping n : B — S? is singular we say that
there is a defect. For three-dimensional nematics, the singular regions may be either
zero-dimensional (points), one-dimensional (lines) or two-dimensional (plane). The
defect is then called topologically stable whenever there is no continuous deformation
of the director field that yields the uniform state n = constant.

It must be noted however that even topologically unstable defects can exist in nature
in the case that they are energetically stable. This means that they attain the
minimum of the energy functional and every other admissible configuration (though
possibly non-singular) have higher free energy.

To each defect can be associated a winding number which is a number describing
the topological charge of the defect. We describe an intuitive way to calculate
this number in the easy case of a line defect. Imagine to surround the line defect
by a circular loop v in B; the only requirement is that ~ does not approach the
singular region too closely and the mapping n : B — S? restricted to v is everywhere
continuous. Since in nematics n and —n are indistinguishable, the proper order
parameter space is the projective plane RP? = S?/Zs i.e. the two dimensional sphere
where antipodal points are identified. Then n maps v on some closed curve ¢ in
the space RP2. The curve ¢ can be of two types: (a) a contour that starts and ends
at the same point of S? and (b) a contour that connects two diametrically opposite
points of S?. Loops (a) are also loops for the sphere S? itself and because S? is simply
connected, o can be contracted to a single point. Since the field corresponding to a
single point is the uniform field n =constant, then the field n can be continuously
deformed to a uniform state and the defect is not topologically stable. By contrast,
loops (b) cannot be contracted: under any continuous deformations their ends must
remain diametrically opposite on the sphere. Thus the corresponding line defects
are topologically stable.

The winding number associated with line defects can be defined as the number of
times that ¢ rounds on the sphere when the defect is orbited once (i.e. when moving
in B along ). It can be showed that this number is independent on the particular
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chosen curve v and depends only on the nature of the defect. From the discussion
above, it is clear that defects (a) have a integer winding number, while defects (b)

have half-integer winding number.

Analogous considerations hold for point defects, where one has to take into account
the mapping of closed surfaces surrounding the defect.

The preceding arguments can be given a precise mathematical meaning in the frame
of algebraic topology by using the homotopy theory (see [60, 15]) and the topological
degree of a map, but due to the introductory level of this paragraph we will not purse
this argument any further.

1.4.2 Landau-de Gennes’ thermodynamic potential

The Landau-de Gennes potential Ui4g in (1.99) takes into account the material
tendency to spontaneously arrange in ordered or disordered states and must incor-
porate the effects of temperature. Following the work of Landau [56], de Gennes
has proposed the following phenomenological expression for ¥ q4q [32], which can be
constructed independently of the detailed nature of the interactions and of molecular
structure,

Urac(Q) = AtrQ? — BtrQ* + C'tr Q*. (1.100)

The equation (1.100) has been found considering an expansions in powers of Q up
to the fourth order and retaining only those terms that are invariants by rotations
(i.e. frame indifference condition). The first order term is absent since tr Q = 0. We
have no a priori knowledge of the coefficients, but in agreement with molecular the-
ories it is usually assumed that A = a(T — T%) and a,B and C are positive material
constants essentially independent of temperature. Coefficients are chosen such that
the minimizer of Ui 4q alone is a uniazial order tensor. T is the temperature and
T* is the nematic supercooling temperature. For T' > T* the potential Uy 4q attains
a local minimum at the isotropic phase, whereas for T' < T™* this local minimum
ceases to exist and only the nematic phase is possible. The parameter B is usually
much smaller that both |A| and C.

Remark 1.10. It is often found in literature, the expression
Uac(Q) = a(T —T*) tr Q2 — btr Q® + ¢ (tr Q). (1.101)

which we show to be equivalent to our expression (1.100).
Let’s denote with p1,us and ps the eigenvalues of Q. By virtue of the Cayley-Hamilton
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theorem, there are only three independent invariants of Q:

trQ =p1+ p2 + ps (1.102)
Ilq = pape + paps + pap (1.103)
det Q = pypizps3. (1.104)

Then we must have that exist coefficients for which the following relations hold

trQ? = 4, (trQ)*> + Bllq (1.105)
trQ® = A, (trQ)* + By tr Qllq 4 Cy det Q (1.106)
trQ* = A3 (tr Q)" + B3 (tr Q)* Il + Cs tr Q det Q + D3 (1lg)*. (1.107)

Since in our case tr Q = 0, the first and third of the above expressions yields
rQ* = a (rQ?)’, (1.108)
performing an explicit calculation gives o = %

Let us study the explicit form of (1.100) in the uniaxial case, where Q can be
represented by

1
Q=s <n® n— §I> . (1.109)
The potential (1.100) is
2
Uraa(s) = 5 (Cs* — Bs® + 345%) (1.110)

whose stationary points are (A = 9B? — 96AC)

_ 3B+VA

1.111
O (1.111)

s =0, S = St

The following cases can happen

* A <0 (ie. T <T*): only the liquid crystal phase is possible. Note that when
T is well below T™ the liquid freezes and the liquid crystal phase ceases to
exist: our description is no longer valid. s; > 0 is the absolute minimum for
V14c and it represents the preferred degree of orientation sp;.

* A=0 (i.e. T=T"): s =0is an inflection point and the absolute minimum is
still spr = sy. T™ is the supercooling temperature.

12a
one at s = 0 and the other at s = s;.. The latter is still the absolute (sp; =

s4), so that the liquid crystal phase is stable, while the isotropic phase is

*x 0< A< % (i.e. T <T<Tr+-B = TN1>: V4G possesses two minima:

metastable.



electronic-Liquid Crystal Dissertations - June 01, 2007

1.4 DE GENNES’ THEORY 27

T=T1%
Yrag

Figure 1.5: Landau-de Gennes potential as function of the temperature T

* A= % (i.e. T:T*+% :TNI): the two minima at s = 0 and s = s
have the same value. This temperature marks the transition to the isotropic
phase.

* % < A< % (i.e. TN1<T<T*—|—33QB;QC :T+>: the phase with s = s

becomes metastable, while the isotropic phase is stable.

320 32aC

A = 382 (j,e, T —T*4 3B2 _ T+>: Upqq possesses the absolute minimum
in s = 0 and an inflection point in s = s;: the nematic phase ceases to exist.

T is the superheating temperature.

* A> % (i.e. T > T™): the phase is isotropic.

When the tensor order parameter Q is biaxial and therefore expressed as in (1.16),

the Landau-de Gennes potential (1.100) is

Upac(s1,s2) = = (Cs] — Bsi + 3A4s})

N o N

+ = (6Cs? +9Bs; +9A4) s34 2C’sj . (1.112)

9
The study of critical points of (1.112) shows that the only admissible solutions, where
s1 and sy have physical meanings, are s = 0, s4 as in (1.111) and sy = 0. Therefore,
the ground state of the liquid crystal can be either isotropic or uniaxial, depending
on temperature [12]. Even if biaxiality is never preferred, biaxial domains do exist
and have been observed, as it will be discussed in Chapter 3.
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1.4.3 Elastic energy

We now concentrate on the elastic free energy density term V¢ in (1.99). The
potential Wy accounts of the deformation of the liquid crystal and it is minimum
whenever the molecular distribution is uniform.

The idea is to expand the energy density in terms of Q and VQ, as it has been
done with the Frank’s elastic energy (1.33). Physical reasoning imposes that ¥, be
frame-indifferent, i.e. invariant under rigid rotations, therefore all the terms of the
expansion must be scalar functions of Q and VQ, built by contraction of indexes.
Note however that due to the constraints Q = QT and trQ = 0, not all possible
contractions are independent; identifying a maximum set of independent invariants
is indeed a non-trivial task.

Assuming that W, is quadratic in VQ and at most quadratic in Q, it is shown in
[57] that e can be expressed as

Va(Q,VQ) = ¥2(VQ) + ¥3(Q, VQ) + ¥4(Q, VQ), (1.113)

where W3 is linear in Q and V¥4 is quadratic in Q.
The function Wy is usually written [36] as

Uy(VQ) = %L1|VQ|2 L (divQ)? + Ls Y QuaQun (1.114)
ijk
where a comma denotes differentiation with respect to a fixed orthonormal frame.
In its original paper [31], de Gennes proposed an expression analogous to ¥s as the
whole elastic energy density. Assuming W¢ = W5 gives simple expressions for the
Frank’s elastic constants K, but it is not able to distinguish between K; and K3 in
what it gives

Ky = K3 = 28%)1" (L1 + Lo —|—L3), Ky = 28%)1"[’1 (1115)

where s, represents the degree of orientation preferred in the bulk, imposed by
the minimum of Wr4g. The temperature dependence of K; is retrieved by the
temperature dependence of sp,. This result is unphysical as K1 = K3 is contradicted
by experiments, therefore one needs to consider also the higher order elastic terms
‘113 and \114.

It can be shown that W3 has 6 additional independent invariants, while ¥4 has 13.
To simplify our discussion, we will follow the approach found in [20]. The whole ¥
involving 22 invariants is nearly intractable, so we decide to retain only those terms
able to separate K and K3. Table 4 of [57] collects all contributions to Frank’s
constants to both U3 and W4. Among all the terms, only 9 contribute differently to
K than to K3. To take into account the least possible number of terms, we consider
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only those 4 elements that contribute more to K than to K3 and disregard all the
others. Moreover, we assign one and the same value A to the four material constants
of these terms.

Finally, we have

A

¥5(Q.VQ) =—(Q- ([divQ o divQ) + Y QyQuiQis ) (1.116)
pr ijkl
A

U4(Q.VQ) = (@ ([@vQedivQ) + Y QunQuQuiQue).  (1117)
pr ijklm

The compatibility with Frank’s theory in the case s = s, = constant and 3 = 0 thus
yields the expressions for the elastic constants K;

20
Ky =252, <L1 + Lo+ L3+ §A> (1.118)
Ky =25, Ly (1.119)
4
K3 =252, <L1 + Lo+ L3 — §A> (1.120)

whence it follows that (K, — K3) = ?sgrA.

The one constant approximation now amounts to assuming
Ly=1L, Ly=L3=0, A =0, (1.121)

so that the elastic energy density reads

¥.(Q.VQ) = SLIVQF, (1122)

where L is an elastic constant which does not depend on temperature.

In the case of uniaxial phase, the order parameter is of the form (1.14) and explicitly
equation (1.122) is

Ue(s,Vs,Vn) = L <%|V§|2 + 82|Vn\2> . (1.123)

PROOF OF EQN. (1.123). The easiest way to perform this calculation makes use of
the coordinate expression of |[VQ|?. Given a fixed orthonormal frame e; (i = 1,2,3), the
components of Q are

1
Qz’j =S (ninj — 55”) y (1124)

where d;; is the Kronecker delta. We remind that n-n =1 and (Vn)T n = 0 so that the
following relations hold

dn?=1 and ) i =0 (k=1,2,3). (1.125)
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Using a comma to denote the partial differentiation, we have
1 2
VQPP =) Qi = SN — 28605 + SNy kN + SNk
Js 3
ijk ijk

2
2 2 2 2 2.2 2 2
E (s (RoEgi| skéu—i—s n; kn +s°nj ,;n; — 3s7kninj6ij
ijk

2
=§|Vs|2—|-282|Vn|2. (1.126)

1.4.4 Equilibrium equations

Q is a map from B to the manifold M C & (R3) of the null-trace symmetric tensors,
={AeZ(R%) : A=A" tr(A)=0}. (1.127)

It is easy to show that M is indeed a 5-dimensional manifold and that the tangent
space is at every point isomorphic to M: TQM = M, V Q, so that in any point
Q € M the projection operator Pq : £ (RS) — TqM onto the tangent space is
simply, A € .Z (RS)

PQA = %(A +AT) - étr(A)I. (1.128)

We want to write the general equilibrium equations for the energy functional

FlQ.VQ] = /B‘I/(Q,VQ)dv (1.129)

where Q is constrained to lie in M.

Let us perform a variation Q + €U of the functional where at the moment U is
assumed to be an arbitrary tensor 4. We will introduce afterward the fact that U
cannot be completely arbitrary and is indeed an element of TqM (and therefore
must be symmetric and zero trace). The differential is:

d
diQvqF(U,VU) = — /B U(Q+¢U,VQ +eVU) dv
v v

ov ov
div -Udv—l—/ b -vda. 1.130
/ <5Q 3VQ) OB ( )

4To be more precise, we assume that the functional F admits an extension F to the ambient
space . (]RS) where M is embedded. The differential (1.130) is meaningful in this space.

e=0
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where b is a vector defined, for every constant vector a, by

oV
- 9vVQ

ca

(U®a). (1.131)

Remark 1.11. In the above derivation we have implicitly used the representation theo-
rem, in much the same way as it was done in the proof of Lemma 1.7. All the inner products
have been denoted by a dot product (as usual in mechanics) even if they actually refer to
different spaces. Under this perspective, the expressions above are better understood when
expressed by components in an orthonormal fixed frame. In fact, in such a way, all the inner
products are simply replaced by a full saturation of indexes.

. 8\11> ( ov ) ov ov
div - : P yu=%-2u, 1.132
(4 5vq o2 \ma, ) ava 250, U (113
ov
by = —— U, 1.1
k aniqu Uj ( 33)

In deriving expression (1.130) we have used

ov ov ov
= U,) = (=) U+ Ui 1.134
(ank j)k (8QM¢>k I 5q,, (134

\K

For simplicity, we assume Dirichlet conditions at the boundary, so that we can
disregard the surface term in (1.130).

We can now introduce the constraint that U must belong to the tangent space TqM
and write an arbitrary variation U = PQﬁ for a suitable tensor U € .% (R?’). The
first variation of the functional becomes

ov .oV N
diqvqF(U,VU) = /BPQ <% —div an> - Udw. (1.135)

Therefore, by the arbitrariness of ﬁ, we obtain the equilibrium equations

Pq (a—q’ _aiv -2 > — 0. (1.136)

As example, we write equation (1.136) explicitly for the one constant approximation
[22]. Assume then that the free energy density is

1
U= 5L\VQP+AtrQ?—BtrQ?urc(trQ?)Q, (1.137)

where we have used the Landau-de Gennes’ potential in the form given in Remark
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1.10, because in the present case allows easier computations.

g—g =2A4Q - 3BQ? +4Ctr(Q*)Q (1.138)
PQg—(‘g =2AQ - 3BQ? +4Ctr(Q*)Q + B tr(Q)I (1.139)
div 88V\IJQ =LdivvVQ = LAQ (1.140)
. OV
Pq div 7 = LAQ. (1.141)

Therefore, the equilibrium equations are

—~LAQ+24Q — 3BQ? +4C tr(Q%)Q + Btr(Q*)I = 0. (1.142)

1.4.5 Existence and regularity of minimizers

We want to mention two mathematical results regarding the minimization of the
functional (1.123) that will be useful in the next chapter. For details, see [2, 3, 4,
41, 83]. Assuming Dirichlet conditions at the smooth boundary 0B, we assign the
following fields on 0B that we may suppose continuous for our purposes

1
sop:0B— 1= [—5, 1] , ng : OB\.7(s¢) — S% (1.143)

Note that ng is defined only in those points of 38 where sg # 0.
The functional we want to minimize is

/ (%L\VS\Q + L2 Vn[? + f(s)) dv, (1.144)
B

1

where f(s) is a continuous function of I = [—3,

Landau-de Gennes potential (1.110).

1] into R and plays the role of the

We define the admissible pairs (s,n) for our functional as follows

o (s9,m9) = {(s,n):B—1xS*:seH (BI),sneH (BR",

so and ng are the traces of s and n on 0B} .
Then, the following existence theorem holds

Theorem 1.12. Given sg, ng and f(s) as stated above, the problem

min{/B (%L|V$|Z+L32|Vn\2 —i—f(s)) dv : (s,n) € ﬂ(so,no)} (1.145)

has at least one solution.
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With a slight heavier assumption on f, the following theorem dealing with the
regularity of the minimizers can be proved

Theorem 1.13. Let f be of class C2. If (3,n) € &/ (s0, ng) is a pair that minimize

(1.144), then both § and u = §n are Lipschitz continuous in any compact subset
A CB.
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Boundary-roughness effects

As already discussed in Chapter 1, nematic liquid crystals are fluid aggregates of
elongated molecules. When the nematic rods interact with an external surface, the
elastic strain energy induces them to align parallel to the unit normal, even if the
surface is not perfectly flat [11]. Recent experimental observations confirm that the
surface alignment of the nematic director is completely determined by the roughness-
induced surface anisotropy [54]. Further analytical calculations, performed within
the classical Frank model with unequal elastic constants, have detected the bulk
effects induced by a periodically moulded external boundary [9, 34].

A crucial effect, still related to surface roughness, escapes the framework of Frank
theory, where the only order parameter is the director. Indeed, it is physically
intuitive that nematic molecules will disorder if we force them to follow a rapidly
varying boundary condition. This surface melting was first experimentally detected
in [40, 6]. Recent experimental observations have also measured a boundary-layer
structure in the degree of orientation [84]. The surface melting has been confirmed by
approximated analytical solutions [7], numerical calculations [76, 61], and molecular
Monte Carlo simulations [27].

The combined effect of a rapidly varying director anchoring and surface melting gives
rise to an effective weak-anchoring effect that was first observed in [73]. The problem
of relating the effective anchoring extrapolation length to the microscopic roughness
parameters has been studied in several theoretical papers, all framed within the
Frank theory [37, 38, 1, 42]. This observation is of basic significance, since weak an-
choring potentials have proven to influence deeply all nematic phenomena, beginning
with Freedericksz transitions [81, 83, 63]. Indeed, several theoretical studies have
already determined the influence on anchoring energies of the presence of permanent
surface dipoles [67] or diluted surface potentials [78, 79].

In this Chapter we analyze in analytical detail the boundary-layer structure induced
by a rough surface which bounds a nematic liquid crystal. We set ourselves within
the Landau-de Gennes order-tensor theory, to be able to detect the effects on both
the director and the degree of orientation. Our results confirm the surface melting
already obtained in [7] but allow us to detect new phenomena. First, the nematic
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director steepens close to the boundary, so giving rise to an effective weak anchoring
potential, which turns out to be deeply related to the surface-melting effect, and
thus can be correctly handled only within the order-tensor theory. Furthermore,
the boundary layers display a strong dependence on the type of boundary condi-
tions imposed on the degree of orientation. Indeed, the orders of magnitude of all
the expected effects depend on whether the boundary conditions are Neumann- or
Dirichlet-like. We discuss how these effects may help in ascertaining in experiments
how the mesoscopic parameter, which measures the degree of order, interacts with
an external surface.

The Chapter is organized as follows. In §2.1 we present the model, we set the ge-
ometry of a roughly bounded sample, and derive the Euler-Lagrange partial differ-
ential equations that determine the equilibrium configurations. In §2.2 we perform
the perturbative two-scale analysis that provides all the analytical details of the
boundary-layer structure. In §2.3 we solve an effective problem, in which the rough
surface is replaced by a weak-anchoring potential. As a result, we show that a weak-
anchoring potential may be given a microscopic interpretation, and we relate the
surface extrapolation length to the microscopic roughness parameters. In §2.4 and
§2.5 we briefly extend the study to the case of strong roughness and discuss the
accuracy of the approximations we have done in modeling the boundary. In §2.6 we
draw our conclusions and discuss the validity of our geometric approximations.

2.1 EQUILIBRIUM CONFIGURATIONS

The degree of order decrease has been recognized by many authors as a crucial
effect of surface roughness [7, 61]. We thus describe nematic configurations in the
framework of the Landau-de Gennes Q-tensor theory (see Chapter 1).

In order to keep computations simple, we adopt the one-constant approximation
for the elastic part of the free-energy functional. We stress, however, that it is
straightforward to generalize all what follows to take into account unequal material
elastic constants.

The free-energy functional will be (see Chapter 1)
1
¥(Q,VQ) = §L|VQ|2+AtrQ2—BtrQ3+CtrQ4. (2.1)

The potential (2.1) strongly favors uniaxial phases, in which at least two of the three
eigenvalues of Q coincide. In fact, Q is expected to abandon uniaxiality mainly close
to director singularities [74, 16, 18]. We will not deal with any defect structure.
Thus, though the uniaxiality constraint is not essential for our purposes, we follow
the attitude of avoiding unnecessary complications and restrict our attention to
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uniaxial states
Q(r) = s(r) (n(r) ®@n(r) — %I) . (2.2)

We stress that we are not claiming that biaxiality effects are absent close to an
external surface, since indeed the converse holds [14, 15, 17]. However, our results
show that, even in the absence of biaxiality, a surface melting exists and an effective
weak anchoring arises. A detailed treatment of the complete order-tensor theory
would yield more precise quantitative estimates of the effects we will determine
anyhow.

The scalar s € [—%, 1] and the unit vector n in (2.2) are, respectively, the degree
of orientation and the director. With the aid of (2.2), the potential (2.1) can be
written as

fals,n] = L (s*|Vn|* + 3IVs[?)  and  frag(s) =3As?—2Bs3 4+ 3Cst. (2.3)

When A < B?/(12C), the absolute minimum of the function frqq(s) occurs at the
preferred degree of orientation

3B +V9B2 — 96 AC
Spr 1= 3C >

0. (2.4)

In order to gain physical interpretation of the results, we also introduce the nematic
coherence length £ and the dimensionless (positive) parameter w, defined as

9L 6

2. _ 2 ._
&= Yol and whe= (sprB —4A) . (2.5)
The nematic coherence length compares the strength of the elastic and thermody-
namic contributions to the free-energy functional. It characterizes the size of the
domains where the degree of orientation may abandon its preferred value sp,. The
number w depends on the depth of the potential well associated with s;,,. Indeed, it

is defined in such a way that f{';q(spr) = Lw? /€2
By using (2.4),(2.5) we write the bulk free-energy density fy, := fo + fLac as

fb[svn]

2 9, 1 2 1 4 43 w? 2/.2 2
s = s%|Vn| —|—§|Vs| + §% — =87 | 28 — — | +25%(sp, —w?) | . (2:6)

@ 3 Spr

2.1.1 Modeling a rough surface
We aim at analyzing the effects that a rough boundary induces in a nematic liquid

crystal. Once again, we try to keep our analysis as simple as possible, while still
catching the essential features. We thus follow, e.g., [37] in modeling roughness
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by imposing a sinusoidally perturbed homeotropic anchoring condition on a flat
surface (see Figure 2.1.1). The amplitude and the wavelength characterizing the

perturbation will be the crucial parameters in our results.

There are two nontrivial simplifications in our geometric setting. First, we are as-
suming that the boundary is perfectly sinusoidal, while a physical surface will clearly
exhibit a whole roughness spectrum. Second, we are replacing an undulating bound-
ary by an undulating boundary condition on a flat surface. We postpone until Section
§2.5 a more detailed discussion on the validity of these simplifying assumptions. We
anticipate, however, that none of them introduces qualitative errors. More precisely,
the latter amounts to performing an expansion in the roughness amplitude and keep-
ing the leading order in the expansion. As for the treatment of the whole roughness
spectrum, it turns out that at the same order of approximation one is allowed to
treat a single wavelength at a time and eventually add up all the contributions.

We focus attention on a thin boundary layer, attached to the external surface. Con-
sequently, we disregard the detailed structure of the bulk equilibrium configuration,
which will enter our results only as asymptotic outer solution for the surface bound-
ary layer. We introduce a Cartesian frame of reference {e,,e,,e.} and assume that
the nematic spreads in the whole half-space B = {z > 0}. We further simplify the
geometry by assuming that n(r) = siné(r) e, + cos(r) e, and that the asymptotic
bulk configuration depends only on z:

O(r) ~ Op(z) as z— +oo. (2.7)

A crucial role in the developments below is played by m := 6{ (0), the derivative of
the asymptotic solution at z = 0, which has the physical dimensions of an inverse
length. It represents the effect of any tilted bulk field that competes with the surface
anchoring and may well be an electric or magnetic coherence length. Throughout

our calculations we will assume that m—!

is much greater than both the nematic
coherence length and the roughness wavelength. In the presence of an external field
so strong that m~! becomes of the order of, or even smaller than, the microscopic
lengths above, the following asymptotic expansions fail. In particular, in this ex-
treme regime the surface roughness effects may invade the whole bulk and cannot

be replaced by an effective weak-anchoring potential.

In the presence of strong homeotropic anchoring on a flat surface, the boundary
condition to be imposed on the director would be 812 (z 4, 0) = 0. On the contrary,
we will require

0(x,y,0) = Acos% . (2.8)

The boundary condition (2.8) mimics the coarseness of the external surface by in-
troducing two new parameters: the (dimensionless) roughness amplitude A and the



electronic-Liquid Crystal Dissertations - June 01, 2007

38 2. BOUNDARY-ROUGHNESS EFFECTS

— Iy
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Figure 2.1: Geometric modeling of a rough surface. The physical surface oscillates with a
characteristic wavelength 1. The homeotropic anchoring at the oscillating boundary induces
an oscillation of amplitude A in the boundary director. The bulk volume B is the grey
region. Besides the microscopic roughness wavelength 7, the two-scale analysis performed
below is governed as well by the microscopic nematic coherence length £, introduced in (2.5).

roughness wavelength 7 (see Figure 2.1.1). We remark that the oscillation rate in-
creases as 7 — 07, while all roughness effects are expected to vanish in the limit
A — 07. The requirements (2.7),(2.8) imply that the free-energy minimizer will not
exhibit any dependence on the transverse y-coordinate, so that we will henceforth
restrict our attention to the dependence on the coordinates (z, z).

It is more complex to ascertain the correct type of boundary conditions which are
to be imposed on the degree of orientation s. From the mathematical point of
view, it would be natural to imitate the (Dirichlet) strong anchoring imposed on
the director and thus set s(x,y,0) to be equal to some fixed boundary value §.
Nevertheless, while it is well established that we can induce an easy axis for the
director on an external boundary, it is questionable whether we may fix the value
of a mesoscopic parameter, which measures the degree of order in a distribution.
From the physical point of view, stress-free (Neumann) boundary conditions on the
degree of orientation deserve attention as well. In this latter case, we simply leave
to the thermodynamic potential (2.1) the assignment of inducing the preferred value
spr in the bulk (# — o0), while we perform no boundary action on the degree of
orientation. To be safe, both possibilities (Dirichlet and Neumann) will be analyzed
in §2.2.

2.1.2 Euler-Lagrange equations

Once we consider that |Vn|? = |V|?, it is easy to derive the Euler-Lagrange partial
differential equations associated with the functional (2.6). They read

A0 +25Vs-VO=0  and As—35\V¢9|2—3%:O, (2.9)
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where
w2
o(s) :=s(s — spr) (s — Spr + —> . (2.10)
Spr
Since the boundary conditions (2.8) are z-periodic, with a period of 27n, we look for
solutions of (2.9) in 0227”7 (the space of C2-functions, 27n-periodic in the x-direction).
To complete the differential system (2.8), in §2.2.2 we will require

x
9(%,0) :ACOSE e(x’z) zeb(z)
9s and (2.2) as z — 00 (2.11)
(z.0) =0 s(x,z) = spr
az(x? ) p
while in §2.2.3 we will choose
6(x,0) = Acos a 0 0
x, = - ~
n and { (,2) ~ O (2) as z — 00 (2.12)
8(1:70) =3 s(x,z) ~ Spr

2.2 TWO-SCALE ANALYSIS

Before proceeding with the perturbation analysis of the differential equations, we
state them in dimensionless form. It will turn out that the correct scaling is ob-
tained by measuring lengths in 7-units, so that we introduce the new dimensionless
coordinates T = x/n, Z = z/n and define the dimensionless parameter ¢ = £/n.
Equations (2.9) thus become

A0 425Vs-VO=0 and  e’As—3e%s|VO]* —30(s) =0, (2.13)

where both the gradient and the Laplacian are now to be intended with respect to the
scaled variables. The nematic coherence length is usually much smaller than all other
characteristic lengths. Consequently, we will look for uniformly asymptotic solutions
to (2.13), by treating ¢ as a small parameter. In this limit, (2.13)y is singular, so
that a regular asymptotic expansion would not provide a uniform approximation
of the solution. Indeed, the small parameter £ multiplies the highest derivative, so
that we may expect the solution to have a steep behavior in a layer of thickness
0 (to be determined), close to the boundary z = 0. We refer the reader to the
books [50, 10, 62, 77] for the details of the singular perturbation theory we will
apply henceforth and, in particular, for the technique of the two-scale method which
directly yields a uniform approximation of the solution.

A standard dominant balance argument (that requires us to introduce a stretched
variable Z = z/§) allows us to recognize that the boundary layer thickness is 0 = €.
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We then introduce the fast variable Z = z/e. The two-scale chain rule requires us
to replace 9z by (05 + e '9z), and equations (2.13) take the form (when s # 0)

S (5207535 + 629755 + 269752 + 97ZZ) + 262875975 + 2(5875 + 872)(6975 + 07z) =0
(2.14)

528@5 + 528752 + 258722 + 8727 — 3s [52(9@)2 + (5975 + 972)2] — 30’(8) =0
(2.15)

where a comma denotes differentiation with respect to the shown variable. In agree-
ment with the two-scale method, # and s are now to be intended as 6(z, z, Z) and
s(z,z,7Z). In other words, # and s are functions of z, z, and Z, which are to be
regarded as independent variables. It will be only at the very end of our calculations
that we will recast the connection between z and Z: Z = z/e. We seek solutions
which may be given the formal expansions

0(z,2,2) = 6o(z,2,Z) + eb1(7, Z,
s(z,z,72) = so(Z,2,Z) + es1(Z, Z,

Z) +e205(%, 2, Z) + O(e?) (2.16)
Z) +e%sy(7,2,2) + O(?) . (2.17)
If we insert (2.16)-(2.17) into (2.14)-(2.15), we obtain the following differential equa-
tions to O (1), O (¢), and O (?):

w (8600.2) ;=0 (2.18)
50,22z — 350(00,2)* — 30(s9) =0

{% (8(2)91,2)72 + (8%90,2)2 = —2(s000,7) ; — 250,200,z (2.19)
s1,72 — 65000,201,7 — 351 (0”(s0) + (60,2)?) = 65060, 260, — 250,22
= (5002,2),2 + = (5300,2) 2 = — = (5101,2) 7 — 5= (5800.2) 2 — = (s300,2) 2
—2(s001,2) ; — 2(s160,2) ; — 251,200,z — 250,201 2
32,ZZ — 382 [J/(So) + (9072)2] — 68090729272 = %8%0”(80)
+ 350 [(9072 +012) + (90@)2}
\ + 600,z (s161,z + 5100,z + s0b1,2) — 251,22 — S0,22 — S0.0w -
(2.20)

Analogous equations can be easily derived at any desired order. For any n > 1,
the differential system obtained at O (") is linear in the unknowns 6,,,s,, and may
be solved analytically. By virtue of the multiscale method, we find the correct
dependence on z, Z by requiring that all s,,6, are uniformly bounded as ¢ — 07
for expanding intervals of the type 0 < Z < Z* /e, for a suitable positive constant
Z*. In most practical cases this requirement is equivalent to asking for the removal
of secular terms (i.e., terms that diverge as Z — 400).
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2.2.1 Preliminary remarks about the method

If y(z;¢) is the continuous ezact solution of a differential equation that contains a
small parameter ¢, and

§*)(@;6) = yo(@) +eyi (@) + - + Fyp(a) (2.21)
is the regular expansion of y(x;¢) up to the kth-order, we define the error as
Ri(w;2) = ylwie) — ¥ (w;e). (2.22)

A natural requirement for an asymptotic solution to be satisfactory at the order n
in an interval = € [a,b] is that for any k < n and for sufficiently small ¢, there exists
a constant M}, independent of e, such that

sup |Rp(z;e)| < M1 My, (2.23)
z€[a,b]
and we say that the error is uniformly of order at least k+ 1 as ¢ — 0. A necessary
condition for this is that every yi(z), k > 0, be bounded in x € [a,b], in fact

" yi(@) = 1§® (2;6) — §* D (@;0)] < (3% (w5) — y(z;0)| + ly(zse) — iV (wse)]
= |Rk($; E)‘ + \Rk_l(x;€)| < ek (Mk;—l + EMk) .

In other words, it is expected that the (k + 1)-term of the expansion provides the
principal part of the error Rp(z;e). This is exactly the condition that we try to
fulfill when using the two-scale method. It is not guaranteed in advance that this
will produce a valid asymptotic solution, but the plan we are adopting is the most
likely to lead to the desired result.

When the problem is singular like in our case, two (or more) length scales must be
introduced, one is the fast variable Z (inner variable in the terminology of boundary
layer theory) and the other is the slow variable Z (outer variable in boundary layer
theory); the two are linked by the stretching relation Z = Z/e in our case. The fast
variable describes the rapid variations of the solution and therefore is the one that
varies in the boundary layer, while the slow variable varies only outside the boundary
layer, in the so called outer region. Of the two only Z can grow indefinitely as
€ — 0 since the boundary layer solution has to match the solution valid in the outer
region and therefore must reach values for which Z = € Z is finite as ¢ — 0. The
condition on the boundedness of the expansion terms then tells us that 0x(z, z, Z)
and si(7,Z, Z) must be uniformly bounded in Z for expanding intervals [0, Z* /¢],
where Z* is a constant. The right dependence of the solution on the slow variable z
is then retrieved by the use of this condition.

In practice, there is not a unique way to satisfy the above procedure, so we will
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adopt the more restrictive rule [50]: the arbitrary functions of z are determined by
trying to reduce the contribution of the next terms in the expansion, so we require
the term |yx+1(Z, Z)| to be as small as we can over the length scales we are using.
Otherwise stated, we choose the arbitrary functions of the slow variable z in such a
way that the C°-norm of the term y; (supposed continuous)

[Ykllco = sup{lyr(eZ, 2)| = Z € [0, Z7/e]} (2.24)

is the smallest possible. In particular this means that we are trying to avoid sit-

k=1 gince in such a case the perturbation

uations where €* y(z,Z/¢) is of order e
procedure fails. For instance, a term £* yy.(z, Z) = " A(2) Z e % is bounded, but re-
placing the stretching relation Z = z/e yields ey (, 2/¢) = e*~! A(2) ze /¢ which
isof O (sk_l). If the asymptotic expansion is working properly, the error at the step
k is ruled by the term y;y1 and the above criterion can be rephrased informally as
“try to minimize the error in the approximation”. Of course, there is no a-priori
evidence that this rule can always be applied, nonetheless it allows in most practical

cases to resolve the arbitrariness in zZ even when no secular terms are given.

2.2.2 Free surface degree of orientation

In terms of the scaled variables, the boundary conditions (2.11) require

{9(57’ 0) = Acosz and {0(3‘@, ?) % B (n) when z>> 1. (2.25)
sz(z,0) =0 s(Z,Z) & spr
The leading solutions in expansions (2.16),(2.17) are

so(x, 2) = Spr and Oo(x,2) =mz+ Ae /" cos % , (2.26)
where m := 6] (0). Higher-order asymptotic solutions are gathered by means of

laborious but straightforward calculations. After recasting the solutions in terms of
the dimensional variables © = nZ and z = n z, we find

2 2mA A?
s(x,2) = spr — Sprs m? — e /M cos =+ = o722/
w2 noon?

n
2508 3 <A2 mA x)
4IRS omVEeR/E (T 2 eos = | + O (e , 2.27
\/§w3 773 ,,72 n ( ) ( )
2 2
0(x,2z) =mz+ Ae /" cos % + % <QH;A (1 — e*QZ/n)
A? r 2m?A x
— (e —e73/m - ~2/1 g = 4
2 (oo E I o) ol e
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The above expansions have been carried out up to the first nontrivial correction
of the Oth-order approximation. Indeed, all calculations must be pushed to O (53)
, since an internal {-layer is necessary to satisfy the boundary condition (2.11) in
z = 0. This layer is of O (53) because in the Neumann case the boundary condition
(2.11) concerns the first derivative of s, instead of the degree of orientation itself.
We remark that the solutions (2.27)-(2.28) are coherently ordered for every fixed
value of n # 0. However, they are not uniformly ordered when n € (0,7]; namely
we do not have a uniform solution if 7 is allowed to become of order £ or, still
worse, tend to zero. In other words, the above solutions remain valid as n — 0F if
and only if £ = o(n). The main properties of the equilibrium configurations in the
mathematically appealing but physically uncommon case in which 7 is of the order
of, or even smaller than, £ will be presented in a following Section §2.4.

Two-scale calculations

Zeroth-order solution. It is easily seen that the following zeroth-order solutions
satisfy the leading equations in expansions (2.16),(2.17), when Neumann condition
for s is assumed at the surface z = 0.

50(Z,2,Z) = Spr and 0o(z,2,2) = Ap(z, 2). (2.29)

Here Ay(z,z) is unknown and will be determined hereafter.

First-order solution. The O (¢) equations then reads
0122z =0,  s1zz—3w?s; =0 (2.30)
whose general solutions are

0:1(z,2,2) =A1(z,2) + Bi1(7,2) Z, (2.31)
s1(2,2,2) =Cy(z,2) e V392 1 Dy(z,%) V3. (2.32)

We need now to remove secular terms, so that we must impose D1(z,z) = 0 and
Bi(z,z) = 0. Boundary conditions on s; further require C1(z, z) = 0. Therefore we
have

01(z,2,7) = Ai1(z,2) and s1(z,2,2) = 0. (2.33)

Second-order solution. The O (52) equations are

027ZZ + AQA(] =0 (2.34)
82,77 — 3w?sy — 35|V, Ag|* = 0 (2.35)
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where A, and V, are respectively the laplacian and the gradient with respect to the
variables (Z,2): A,Ag = Agzz + Aozz and V,A¢ = (Aoz, Aoz).

The general solution of (2.34) is
1
02(%,2,7Z) = Ay(Z,2) + Bo(7,2) Z — §A2A0(33,2) zZ2. (2.36)

The removal of secular terms thus yields B (%, z) = 0 and the equation for Ay(Z, 2):
A,Ap =0. The expression of Ay(z,z) (and 62) is then found by considering the
boundary conditions that 8y must satisfy. We find:

Ao(7,2) = mz+ Ae Pcos®  and  09(7,2,7) = As(z, 2). (2.37)
Equation (2.35) can now be solved to give

s2(z,2,2) = Co(z, 2) e V3WZ _ % (m?+A%e™* +2mAe “cosz), (2.38)

where we have already removed secular terms.

We now want to impose boundary conditions on s. The Neumann condition at z = 0

requires a little of attention, we examine the procedure in detail.

0s(z, z)
0z

In the framework of the two-scale analysis, the condition =0on z =0,

becomes 5 L8
azs(aﬁ,z, )+ 5 aZs(aj,z, )=0 on z 0

(2.3
and therefore involves different orders of approximation. If we insert (2.16)-(2.1
y Z

9)
7)
in the previous equation, we obtain the following conditions on the boundar =
Z=0,k>0:
850

oz =

580 681
2z oz
681 682
9z oz

% 38k+1
0z 0z

The first two conditions are already fulfilled by the expressions of sy and s;, while

= 0.

the third provides the condition
Cy(z,0) = 0 (2.40)

that will be later used.
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Third-order solution. The O (63) equations are

2v/3 _
03,27 + A, A1 — —\/_w e~ V3wZ Co (m — Ae” % cos ;T:) =0 (2.41)
Spr
53,77 — 3w?ss — 2v3w e*\/g“’ZCZg — 65V, A1 -V, 49 = 0. (2.42)

The general solution of (2.41) is

9 —V3wZ
7+
\/gwspr

1
- §A2A1(§:, 2) Z2. (2.43)

03(z,%,7) = A3(Z, 2) + B3(z, 2) C(z,%) (m — Ae *cosz)

Again, to avoid infinite terms as Z — +oo we set B3(Z,z) = 0 and A, A; = 0, which
in turn gives A;(z, z) = 0 since A; has to verify homogeneous boundary conditions.
We have,

Lfﬁwzc Ae™? 44
+ T,Z) (m— Ae “cosT). 2.
\/gwspr 2( ) ( ) ( )

The general solution of (2.42) now is

03(£7 Z, Z) = A3(£? 2)

e*\/ng _ e_\/ng 802(j7 2) . Zef\/ng 802(*%7 2)
23w 0z 0z

According to the two-scale method, we chose Cs(Z, Z) in order to minimize |s3(z, Z, Z)|
% = 0 and therefore Cy
is a function only of z: Cy(Z,%z) = Ca(z). The condition (2.40) then enable us to

s3(z,2,2) = Cs(7,2) (2.45)

uniformly in Z (see Section 2.2.1). This implies that

conclude Cs(Z,z) = 0 and it is easily obtained

03(,2,7) = As3(z,2) and  s3(%,% 7) = C3(z,2)e V397, (2.46)

Fourth-order solution. To determine the function Ay(Z, Zz) which is of interests
for us, we need to push the perturbation expansion up to the fourth order. We do
not enter here into the full details, since calculations are lengthy and tedious, but
straightforward.

The O (64) equation for 0 is

23w

01,72+ A, Ay — — e~ V3WZ0, (m—Ae *cosz)
pr
— i—% e*2< (m2 + AQe*QE) COST — QmAe%) =0 (2.47)



electronic-Liquid Crystal Dissertations - June 01, 2007

46 2. BOUNDARY-ROUGHNESS EFFECTS

whose general solution is

2e~V3wZ _
04(%,2,2) = Ay(Z,2) + Ba(Z,2) Z + ——— C3(7,2) (m — Ae “cos 7)
\/gwspr
1A A (— —) 2A —Z 2 AZ -2z = 27”mA —Z ZZ
- 5221‘,2—?6 (m—l— e )cos;r—me .
(2.48)
Therefore we must choose By(Z,z) = 0 and A, satisfies the equation
= = 4A 2 2 —2z - _z
A, As(Z,2) = ¢ ((m + A”e” %) cosT — 2mAe ) (2.49)
that can be solved by using standard methods (see remark 2.1) to yield
Ay(Z,2) = Agg + Agrje “cos T
2mA? . A [, A? 2 _
—— ¢ t— ® <e 27 —2m z> COS . (2.50)

The constants Asy and As; are then determined imposing the boundary condition
02(z,0,0) = 0. This yield
2mA? A3

Ay = d Ayy = ——.
20 2 an 22 202

(2.51)

Calculations for s4(Z, z, Z), similar to those performed in the discussion of equation
(2.42), show that C3(Z, Z) needs to be function of z only: C3(z,z) = C3(x). The
boundary conditions then requires that at z = Z = 0 it must be

852 883 .
25 taz =0 (2.52)

from which the expression of C3(Z) is gathered

255, A
V3w?

Remark 2.1. Equation (2.49) is of the type

C3(7) =

(A —mcosz). (2.53)

Uy +Uge = (ae™ + fe™) cosa +ye . (2.54)
We look for regular solutions which are 27-periodic along the z-axis and satisfy the conditions

(a) u(z,0) =0 and (b) lim w(z,y) = 0. (2.55)

Yy—+00

Regularity theorems for elliptic equations (see [39]), assure that the solution is analytic, so
that it can be expanded in Fourier series in the x variable and no question on the convergence
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of the series arises. Moreover, the series can be differentiated term by term. Therefore, we
seek a solution of the type

“+o0
u(,y) = aoy) + Y aly) cos ke, (256)

k=1
where only cosine terms have been considered due to symmetry reasons. In fact, the bound-
ary conditions, the domain and equation (2.54) are invariant under the change of variable

x — —x. Therefore, the solution is expected to share the same symmetry, i.e., it has to be
even. Insertion of (2.56) into (2.54) yields

+oo
ag(y) + Z (af(y) — kK*a(y)) coskx = (ae™¥ +Be ) cosz +ye . (2.57)
k=1

Taking each contribution separately, we get the equations

ag(y) = ve (2.58)
aj(y) —ai(y) = ae™¥ +Fe % (2.59)
ap(y) — kK’ax(y) = 0,  k>2, (2.60)
whose solutions, satisfying the boundary condition (2.55b), are
ao(y) = Co + %e‘zy (2.61)
—y o B _5
a1(y) = Cre y—Ze y(1+2y)+§e Y (2.62)
ar(y) = Cre ™,  k>2. (2.63)

The constants Cj, can be determined using the boundary condition (2.55a), in particular
Cr=0for k> 2.

Surface melting

We can highlight three different contributions in the degree of orientation (2.27).
First, we notice a uniform decrease in the degree of order, equal to —sprm2§2 Jw?.
This disordering effect is triggered by the f-derivative m and was certainly to be
expected. In fact, a glance to the free-energy functional (2.6) suffices to show that
a reduction in s decreases the free energy whenever the gradient of the director is
not null. We then find two boundary layers. The former, of thickness n and O (52),
is a further reduction of the degree of orientation due to the boundary roughness,
which induces a director variation in the z-direction. An internal boundary layer,
of thickness ¢ and order O (53), is finally needed in order to cancel the normal
derivative of s at the external surface. If we take into account all the contributions,
the mean surface degree of orientation, defined as the z-average of s(x,0), turns out
to be

2¢2 A22 2A23
m’¢? A% €1, 0

4
. 2.64
02 W22 \Buwdip (5 ) (2.64)

<8($7O)>$ = Spr 1 -



electronic-Liquid Crystal Dissertations - June 01, 2007

48 2. BOUNDARY-ROUGHNESS EFFECTS

e

(s(2, 2))x

0.7 -

0.6

e
I
—_
[\
w

z/n

Figure 2.2: Boundary layers in the mean degree of orientation (s(z,2)), when £ = 0.257,
spr = 0.8, w=0.6, m =0.1/n, and A = 1.5. The plot exhibits the presence of two boundary
layers, the internal one being required by the free boundary condition applied on s.

Figure 2.2 evidences the reported behaviour of the mean degree of orientation as a
function of the distance from the surface.

Effective surface angle

The tilt angle 6 exhibits a boundary-layer structure as well. Equation (2.28) shows
that such a layer is of O (52) and thickness 7. It gives rise to an interesting effective
misalignment of the surface director. Indeed, if we allow z > 7 in (2.28) we find

that
2m E2A?
O(x,2) = Op(z) = % +mz as z>n. (2.65)
nw

The asymptotic approximation (2.65) shows that an experimental observation, per-
formed sufficiently far from the external plate (with respect to the microscopic scale
n), would detect an effective tilt angle 6y, whose value at the plate is different from
zero, since
2 mE2A?

Op (0) nwg

(2.66)

Thus, a coarse observation of the nematic configuration measures a surface tilt angle
slightly different from the homeotropic prescription 6y,+ = 0. Figure 2.3 evidences
this effect. In the next Section we will analyze in more detail the result (2.66). Then
we will show how it matches the predictions of an effective weak-anchoring potential.
We remark that the tilt angle does not exhibit any further boundary layer at the
smaller scale &.
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20°
(0(,2))a

10° = Oh(z) A
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0 ¢ 1 2 3
n z/n

Figure 2.3: Boundary layer in the mean tilt angle (8(x,2)), when £ = 0.25n, s, = 0.8,
w = 0.6, m = 0.1/n, and A = 1.5. The dashed line corresponds to the asymptotic, linear
approximation 6y (z).

2.2.3 Fixed surface degree of orientation

The perturbative analysis of the differential equations (2.9), with the Dirichlet
boundary conditions (2.12), would be unnecessarily entangled because of the non-
linearity of the thermodynamic potential (2.10). In fact, in this case only implicit
solutions for so(z,z, Z) can be gathered. In order to pursue our analysis, and still
catch the essential features of the solutions, we replace the function o in (2.9) by
its linear approximation o1(s) = w?(s — spy). This is tantamount to replacing the
Landau-de Gennes potential in (2.3) by a tangent quadratic well, still centered in sp,;.
Such an approximation is certainly well justified deep in the nematic phase, when
the isotropic state s = 0 becomes unstable, and the second well of the Landau-de
Gennes potential can be neglected.

The asymptotic properties of the solutions in this case depend critically on the value
5 forced on the surface. If 5 # s, the boundary layer induced by the Dirichlet con-
dition dominates over the roughness effect. Indeed, the leading asymptotic solutions
are given by

s(x,z) = spr — (Spr — 5) e~ V3wa/E

2
— V3 (spr — 3) geﬂ/ﬁm/é [A_ (1 _ e*2Z/n) + §m2 e

4n 2
2
— 3mA (1 - efz/") cos % + % (1 - 6722/’7) cos 2%} + 0 (e?) (2.67)
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0(z,2) =mz+ Ae /" cos E

n
b)) o
where
e~ V3w(

B(C) = Tog [spr — (spr — 5) V3] - (50 — )

2.69
Spr — (Spr — §) e~ V3w ( )

determines the tilt angle variation within the boundary layer. The bulk-asymptotic
tilt angle is then given by

S

O(x,2) =~ Op(z) = \I/H_Ti <log % + Sp%) +mz as z>71. (2.70)

We remark that, when § # s, the leading contribution to 6},(0) is independent of
A and thus does not depend on the surface roughness. Furthermore, the effective
surface tilt angle depends linearly on £, which makes it significantly larger than
the prediction (2.66), derived with Neumann-like boundary conditions on s, which
possesses an extra £/n (small) factor. Finally, we remark the fact that 6,(0) shares
the sign of m if and only if § < s,,. We will return below to the physical origin and
implications of this result.

When the induced degree of orientation s does exactly coincide with sy, all calcu-
lations simplify, since h(() = log sy, and all first-order correction in (2.68) vanish.
We therefore push our perturbation analysis and obtain

_ sl [ o A2 L, 2mA . x
8($,Z>—Spr— 2 [m —|——26 Z/n——n e /nCOSE
A?  2mA
_e*\/ng/f <m2—|——2—m—COS £>:| +O(€3) (2.71)
n n n
2 2
H(x,z):mz—i—Ae z/n C03£+§_ 2mA (1 e—2z/n)
w? n
A? r 2m?A x
—5z (7 =) cos— - ~#/ cos = B . (272
(e sonE B ) o) @

Equation (2.72) allows us to compute the asymptotic tilt angle 6, when § = sp;.
In fact, once we drop all exponentially-decaying terms in (2.72), we arrive at the
interesting result that 6},(z) does exactly coincide with (2.65), that is, with the
expression we derived with a Neumann-like boundary condition on the degree of
orientation. In fact, the complete expression (2.72) for the tilt angle §(z, z) coincides
with (2.28) up to O (53). Thus, any observation on the tilt angle is not able to
distinguish among a free and a fixed boundary condition on the degree of orientation,
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as long as the imposed value 5 coincides with the preferred value sp,,. This similarity
between the Neumann and Dirichlet cases can be pursued further. Indeed, we can
determine the O (2)-contributions in (2.67)-(2.68) also when § # sp,. If we then
use them to compute the O (52)—correction to the asymptotic tilt angle (2.70), we
arrive at the following expression, valid at O (52) for any value of s:

T T 5 2 2A2
0(z,2) =~ 0p(2) = [mTi <log% + 2 3 S) + H;iZ } +mz asz>mn, (2.73)

which yields

: 202
0,(0) = %i <log% + Sprg 5) + 2“;5}? . (2.74)
The O (52)—contribution to the effective surface angle 61,(0) is thus fully a roughness
effect and does not depend at all on the type of boundary conditions imposed on s.
On the other hand, (2.74) confirms that the effective surface angle possesses also an
O (e)-term when Dirichlet conditions are imposed on the degree of orientation, and
5 # Spr.

Figure 2.4 shows how the degree of orientation varies within the boundary layer as
5 is fixed above, equal to, or below sp.. A double boundary-layer structure emerges.
All plots exhibit a decrease of s in a region of characteristic size 7: this effect comes
from the O (52)—contribution. A similar surface melting was already presented and
discussed in Figure 2.2. Close to the boundary, the O (1)-term proportional to
(5 — spr) e~ V3wz/¢ settles the desired boundary value of s in a thin boundary layer
of characteristic size &.

Two-scale calculations

We report here the main steps of the calculations performed under the Dirichlet
condition for s at Z = 0. We will not describe all the details since they follow the
same idea outlined in §2.2.2.

Zeroth-order solution. When Dirichlet condition for s is assumed at the surface
Z = 0, the zeroth-order solutions for (2.16),(2.17) are

$0(Z,2,Z) = spe + Bo(Z,2)e V3%Z  and  609(z,2,2) = Ag(Z,2).  (2.75)

First order solution. The O (¢) equation for s(z,z, Z) then reads

, 080

517ZZ—3w251 — 2V/3we V3¥ 53
z

(2.76)
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z/n

Figure 2.4: Boundary layers in the mean degree of orientation (s(z,z)),, when & = 0.257,
spr = 0.8, w = 0.6, m = 0.1y, and A = 1.5, when Dirichlet-like boundary conditions are
applied on the degree of orientation. The boundary degree of orientation § is respectively
equal to 1 (top), spr (middle), and 0.6 (bottom).

whose general solution is (neglecting the term eV3wZ )
_ _ 0By(z, 2) 1
1,7, 7) = By(&,2)e V3w — o V3wZ 202 (7 : 2.77
$1(Z, 2, Z) 1(Z, 2)e e oF MW (2.77)

By the use of the non-secularity rule (as expressed in Section 2.2.1) and the boundary
condition at Z = 0, we get By(Z,2) = —(spr — 5).
The correspondent equation for 64 (z, z, Z) is

<3pr - (Spr - 5)67\/§wz) th,zz + 2\/§W(Spr - 3) ei\/ng (91,Z + onf) =0 (2.78)

which does not allow the determination of Ay(Z, z) (so we must proceed to the next
order) but can be solved. Finally, we find

s1(,2,7) = By(z,2) e V3% (2.79)
hZ) 8Ao(z, %)
\/gw 0z ’

) ef\/ng

0,(z,2,2) =A(Z,2) + (2.80)

(Spr — 5
Spr — (Spr — §) e~ V3wZ

where h(Z) = log (spr — (8pr — 3) e_‘/ng) -

Second order solution. We will limit ourselves to the evaluation of the terms
Ap, A1 and By. We need therefore to go to the O (52) terms of the expansion. Here
calculations get much more involved and the philosophy underneath them is very
much the same as in the preceding Section, so we will only try to sketch the main
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ideas.
The equations are:

(Spr e V3wZ (Spr — §)) 02,77 + 2\/§w(5pr —5) e~ V3wZ 02 7
+ (Spr - ei\/ng (Spr — §)) A()jj + <3pr + 367\/§wz (Spr — §)> A07§§
+2e” 3“’Z(spr — 5)log <5pr o VBwZ (Spr — 5)) A zz

+2V3w(sp — 3) e V3wZ Az

23 ws3 e~ V3wZ
_ pr s BiAgz = 0 (2.81)

(spr — e VBWZ (5, — 5))

2 3wz - 2
S 77 — 3w sy — 3 <8pr — VB (Spr — 3)) Aj

3 4
- Zpr SA2 —2/Bwe VBYZ B, . =, (2.82)

(Spr — e V3T (5, — 5))

Equation (2.81) can be solved and its expression involves the dilogarithm special

Cloo(] —
Liy(¢) = —/0 Mdt, (2.83)

function

which is real for real argument ¢( < 1 and complex for ¢ > 1. If we study the
asymptotic behavior of 02(Z, z, Z) and use the fact that, for Z — 400,

3 2
Liy (iﬁﬁ“ﬂ) ~ 2722 fBuwilog <— Spr ) Z, (2.84)
Spr — 8 2 Spr — 8

which follows from the expression [55, 5]

, (1 7 1.
when we put ( = (S;%g)e‘/ng and consider only the dominant infinite terms as

Z — +o00; we arrive at the equation that Ay(z,z) must satisfy to avoid secularity:
A,Ay = 0. Therefore we have

Ao(Z,2) = mz+ Ae *cosz. (2.86)

Note that all the imaginary parts that appear in the above calculations cancel out
to yield a pure real final result for 02(Z, z, Z), as expected.
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We can now turn the attention to equation (2.82), find its solution so(z, z, Z) and
then study how s9(Z, z, Z) behaves asymptotically at Z — +o0. It is then found for
Bi(z,2)

\/g(spr_g) 3 5 A

Bi(z,z) = — <—§m zZ— T(l —e %)

i A2 i
+3mA(l —e *)cosT — 7(1 —e %) cos 25:) . (2.87)

Third order solution. We still need to determine the function A, so we have
to consider also the O (53) equation for €. As we are not interested in the actual
solutions #3, but we need only to prevent secular terms in its expression, we can try
to study the asymptotic behavior of the solution by means of a direct analysis of the
equation. This latest is very intricate, but it is of the form

(spr — (spr — 5)e*¢5wz) 03.22(%,2,2) = o7, %) + (7,2, 2Z), (2.88)

_\/ng) as Z — +o0.

where oz, ) and f(Z, z, Z) are regular functions and f = O (e
We can find the term A; without solving the equation, if we use the following ad-hoc

lemma, where the variable x stands for our fast variable Z.

Lemma 2.2. Given the equation (1+e%)y” = a+ f(z) where f(z) is continu-
ous in [a,4+00), a > 0 and such that lim f(z)=0,

r—-+00

(i) if o # 0, then y(z) ~ %a x? for x — +o0, independently on the given initial
conditions

(ii) if @ =0 and f(x) = O (e™7), then the differential equation admits at least one
solution y(z) which is bounded in [a, 4+00).

PROOF. (i) Since « # 0, %oz 22 and its derivative go to infinity as 2 — +oo. This allows the
use of L’Hépital’s theorem (even if no conditions are imposed on y(z) as x — +oo, see [71])
to evaluate the limit

! 2
im O gy Y@y Y@ g, 0¥ @ (2.89)
z—+o0 §ogx2 z—+o0 QT z—+o0 T—+00 a(1—|—e—”)

+o00o
(ii) Note that f(x) = O (e™") guarantees that / |f(z)] dz < 4o0.

a
We can write

(@) =y@+ [ 1{;(?% dt. (2.90)
Since too £ (h) o | £(1)] too
/a 1+et dt’ = /a mdt < /a |f)]dt < +o0, (2.91)
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—+oo
t
it is possible then to choose y'(a) = —/ 1 i( )_t dt, so that
a e
()
y(z) = _/ L ar, (2.92)

from which it follows lim ¢'(z) = 0.

r——+0o0

—+o00
Moreover / |y’ (x)| dz < 400, in fact if we compare the order of infinity of y/(z) with
a

— 7> 1, we have (using again L’Hopital’s theorem)
x

11
lim lim 7 (z) = lim —ya7*! M
z—4o0 — T—+00 —y —y z—400 14+e®

= 0. (2.93)

Due to the continuity of y(x) in [a,+00), it enough to show that y(z) has finite limit as
xr — +00, to prove its boundedness.

xr——+00 r——+00

lim |y(z)] = lim ’y(a)—k/my/(t)dt‘ < |y(a)|+mgrfoo/m ly'(t)|dt < +oo. (2.94)

O

Lemma (2.2) says that we necessarily have to impose o« = 0 to prevent the solution
y(z) from being secular. This condition provides the equation that allows the de-
termination of A;(Z,Z). Again it is found that A,A; = 0. Matching the boundary
conditions, we finally have

h(0)

Ai(z,2) = T (—m+ Ae ? coszT). (2.95)

2.3 EFFECTIVE WEAK ANCHORING

Once the boundary layer effects fade away, the main macroscopic effect of a rough
surface on the director orientation is to allow for an effective surface tilt angle 6},(0),
which apparently violates the homeotropic prescription 6(0) = 0 (see (2.66) and
(2.74)). It appears then natural to check whether the same macroscopic effect may
be modeled through a weak anchoring potential, acting on a smooth surface. In this
Section we pursue this similarity and we derive a relation connecting the microscopic
roughness parameters with a macroscopic anchoring strength.

To solve the weak-anchoring problem, we consider a nematic liquid crystal which
still spreads in the half-space B = {z > 0}. To better compare our results with
classical weak-anchoring models, we settle within Frank’s director theory, and thus
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look for the equilibrium distribution that minimizes the free-energy functional
Fln] == L/ |Va|* dv + W/ fw[n]da . (2.96)
B oB

The bulk free-energy density in the functional (2.96) can be derived from its order-
tensor theory counterpart by setting s = 1 in (2.6). The anchoring potential fy, is
required to attain its minimum at the homeotropic anchoring n| o = €z, while W is
the anchoring strength.

We look again for equilibrium distributions of the type n(z) = sin0(z) e, +cos0(z) e,.
Thus, the free-energy functional (2.96) per unit transverse area can be written as

Gl = L/(ﬂ(z) dz+ W fw(0(0)) , (2.97)

where we assume f7(0) = 0 and f{/(0) > 0, in order to guarantee the homeotropic
preference. The minimizers of (2.97) satisfy the trivial Euler-Lagrange equation
6" = 0 and the boundary condition

Lo'(0) — W f,,(6(0)) =0 . (2.98)

When the anchoring strength W is large enough, the boundary condition (2.98)
requires #(0) to be small. When this is the case, a Taylor expansion in (2.98)

supplies

Lm
0(0) ~ W =(m, (2.99)

In (2.99) we have restored the notation m = 6’(0), to better compare this estimate
with our preceding results, and introduced the surface extrapolation length

L
= 2.100
CT WO (2100
a quantity that compares the relative strengths of the elastic and anchoring poten-
tials.

The comparison between (2.99) and our results (2.66)-(2.74) relates the surface ex-
trapolation length to the microscopic roughness parameters and /or the surface value
of the degree of orientation. To further pursue this similarity we need to consider
separately the different anchorings that may be applied to the degree of orientation.

* When s is free to choose its boundary value, (2.66) shows that the surface
extrapolation length is given by

c_2¢ 4 <§_2> , (2.101)
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Thus, the anchoring strength increases when either the roughness amplitude
A decreases (towards a smooth surface) or the roughness wavelength increases.
An estimate of the order of magnitude of the effective roughness wavelength can
be obtained by assuming typical values for the quantities involved in (2.101).
Indeed, if we assume ¢ ~ ¢, A ~ 1, and w ~ 3,
models a roughness wavelength in the hundredths of molecular lengths.

we arrive at n =~ 10§, which

* When the boundary conditions fix the value of the degree of orientation at the
surface, (2.74) yields

¢

z 2 2
;= ﬁ <log% + Sprg 8) + 2wA2 % +0 (%) . (2.102)
Equation (2.102) shows that the surface extrapolation length includes two
quite different contributions. The former depends on the difference between
the boundary and the preferred values of the degree of orientation (5 and sp;,
respectively), while the latter depends on the surface roughness and indeed
coincides with (2.101). However, (2.102) may lose sense when 5 > sp,;. Indeed,
in this case ( may become negative, so providing an tnverse weak-anchoring
effect. The physical origin of this odd result may be easily understood if we
again resort to the s2|V@|?-term in the free-energy density. By virtue of that
term, the tilt angle prefers to limit its spatial variations in regions of higher s.
If we force in the surface a higher degree of orientation than the bulk value,
the tilt angle will flatten close to the surface, thus exhibiting the opposite
behaviour with respect to that shown in Figure 2.3. Equation (2.102) shows
that this inverse effect may occur whenever

5= sy VA7 §+O< 2) . (2.103)

Spr T w7 n?
If we again replace the estimates above for A, w,n, we arrive at the result that
a fixed degree of orientation is able to completely hide the roughness-induced
effective weak anchoring whenever 5 exceeds s, by the 10% of the preferred
value sp, itself.

2.4 STRONG ROUGHNESS LIMIT

We now briefly discuss the limit in which the roughness wavelength 7 is much shorter
than the nematic coherence length . We assume therefore that € = £/n > 1. This
limit is unphysical since the coherence length is usually much smaller than all other
characteristic lengths, but it is however mathematically appealing.
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Figure 2.5: Example of the phase portrait of (2.108). In our case the positive branch has
physical meaning. In particular the graph shows that when s = 0 (at the roughed surface)
the derivative s’ must be different from zero.

In agreement with the previous discussion, when the limiting surface is strongly
grooved, the degree of order decreases near the boundary and we may expect that
in our extreme limit the liquid crystal reaches a complete melting to the isotropic
phase at z = 0. We will therefore assume that s(z,0) = 0. It is then reasonable
that the whole director variation will be limited in the region where s is close to
zero, in fact in the functional (2.6) no energy cost is associated with the director
distortions when s = 0. In our strong roughness limit the angle ¥ is allowed to be
discontinuous (i.e. |V9| diverges to infinity) where s = 0, so that ) reaches its bulk
value with a jump right at the surface, while the degree of order grows slowly to the
bulk value (sp;). We can then neglect the term s*|Vn|? in the functional (2.6). In
fact, in the region where |Vn| is different from zero, s is close to zero. On the other
hand, when s # 0 the director distribution is nearly uniform. The approximate
equilibrium distribution is therefore given by the critical points of

/;OO <|Vs|2 + 39(8)) dz (2.104)

2e2

where ¢(s) is the normalized Landau-de Gennes potential reported here for ease of
reference

2

w

g(s) = st — =53 <28pr - —) + 282(8§r —w?). (2.105)
Spr
We consider here for simplicity only the expression averaged along the x-direction,
ie. s(z,z) = s(2).
It is clear, since the integrand in (2.104) does not explicitly depend on z, that the
following expression is conserved (it is a “constant of motion” in the language of
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Figure 2.6: Numerical solution of (2.108) with € = 10, sp, = 0.8 and w = 0.6.

mechanics)

(e5')* - gg(s) = Hy (2.106)

where the prime denotes differentiation with respect to the z-variable and the con-
stant Hg can be determined through the boundary conditions. We require

(= %0
{8 =) as z — +00 (2.107)

s(Z) = spr

which yields Hy = —3g(spr).
A first integration is therefore given by (see Figure 2.5)

3

(e5)" = 5(9(s) = g(spr). (2.108)

This equation can be solved numerically, with the additional condition that s(0) = 0.
The shape of the solution for ¢ = 10, s, = 0.8 and w = 0.6 is given in Figure 2.6,
to be compared with Figure 2.2.

As expected, since ¢ is large, not much energy cost is associated with s # s, over
quite long length-scales. Indeed, s reaches the bulk value (in our example) at ap-
proximately z = 607.

2.5 APPROXIMATIONS IN THE BOUNDARY CONDITIONS

In this Section, we want to discuss the validity of two nontrivial simplifications we
have introduced in our geometric setting. First, we have assumed that the boundary
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is perfectly sinusoidal, while a physical surface will exhibit a whole roughness spec-
trum. Second, we have replaced an undulating boundary by an undulating boundary
condition on a flat surface.

2.5.1 Roughness spectrum

Throughout the Chapter we have studied the bulk effects induced by the presence
of a perfectly sinusoidal boundary. In real physical systems, however, the boundary
roughness is mostly random, and a whole spectrum of roughness wavelengths is to
be expected. In order to estimate whether the effects we have determined may
be enforced or hidden by the interference between different wavelengths we briefly
report here the results that may be obtained by replacing the boundary condition
(2.8) by the more general

0(x,y,0) = Aj cos z + Asg cos <£ + q§2> , (2.109)
m 2

with 71 /n2 & {%, 1,2}, in order to avoid resonance effects.

We here simply report how the main results are to be modified when stress-free
(Neumann) boundary conditions are applied on the degree of orientation. A brief
detail of the calculations is reported in the following Subsection.

The first effect we have studied is the surface melting induced by the boundary
roughness. Once we average along the x-direction and compute the solutions at the
effective boundary z = 0, (2.64) is to be replaced by

<8($,0)>;2) = Spr |:1_m22§2 B 52 <A_%+Ag) + 253 <A_%+A_%>:| —1—0(54) )

w2\ 3 VBwd \ 0§
(2.110)
Expression (2.66) for the effective surface angle becomes
2me? (A2 A2
02 (0) = m—f (—1 + —2) . (2.111)
w m 72

Equations (2.110)-(2.111) show that the presence of more than one characteristic
wavelength does not yield any dramatic result in the averaged quantities that in-
teract with the bulk. In fact, they simply add their contributions, weighted by the
roughness amplitudes. The situation is clearly more complex if we aim at computing
the exact solutions within the boundary layers. In particular, the z-periodicity is
lost as soon as the roughness wavelengths are not commensurable.
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Two-scale calculations

Since we need to go to the second order to actually consider the boundary condition
(2.109) (boundary conditions are imposed on Ag(z, z), whose equation appears in
the O ({2) expression), the solutions up to O (&) are identical to those of §2.2.2 and
indeed also the subsequent calculus is very similar. Following the usual technique,
we obtain the expressions below, to be compared with those found in §2.2.2.

o(, 2, Z) =mz -+ Aje™/ cos £ + Ape™*/ cos (£ +6) (2.112)
s0(Z,2,Z) = spr (2.113)
01(x,2,2) =0 (2.114)
s1(2,2,7) =0 (2.115)
Os(x,2,7) = As(z, 2) (2.116)
52(7,2,2) =Cs(x, 2) e~ V3WZ _ % [mQ —2m % e /M cos 7%

— 2m % e_Z/TIQ COS <77£2 _|_ ¢) _|_ ?—g e_QA%/ﬂ% —|— ?—; e_2A%/77§

228 o (e/mta/m) o (n% —a (b)] (2.117)
Os(x,2,2) = As(x, z) (2.118)
s3(2, %2, 2) = Cy(x,2) e V397, (2.119)

In accordance with the two-scale method, equations at higher orders, not reported
here, allow us to determine the conditions that Cy(z,2) and As(z, z) must satisfy.
Likewise the single wavelength case, it is found Cs(z, z) = 0, while differences begin
to arise when we write the equation for As(z, z). Non-secularity condition on O ({4)
equation requires:

A2A2 + i_gl (%{’% 6*22/771 + %%g e*QZ/UQ)

ANy —z/m (m2 | AT 2z A3 —2z/m z
Le m—l—n?e +217§’e cos -

mw
+ 8:;;?;{?22 e—%/m—z/m2 (77% 4 "7%) cos ("7% — 7711 + gf))
— fﬁjﬁé e—22/m—z/m2 g (;—2 — 2;—1 + </5>
_ iﬁ;ﬁé o—2/M=22/1 ¢og (2% &4 qb) = 0. (2.120)



electronic-Liquid Crystal Dissertations - June 01, 2007

62 2. BOUNDARY-ROUGHNESS EFFECTS

A solution to (2.120) is found by direct computation. When boundary conditions
are taken into account, one finally has the sought expression for As(z, 2):

2 2z

As(z,2) = A (1 —e_ﬁ> + 2mA (1 —e_ﬁ>

wm w?ne
_ 2z _ 2z
—l—ﬁefﬁ _2m2z_|_ 2¢ MT2AZ 2A3 L AT A cos L.
w? m m(m+n2)  n2(m+n2) 2n3 2n3 m
_ 2z _ 2z
Ay —F om2z | 2 "LAZ 2A2 e A2 AZ z
S2e m | — - — =2 ]cos (L
T2 ( 2 - n(m+nz)  mm+n2) - 203 202 2 t¢

DT A L I e R 1 I T
mA1As [ e —e e —e z _ z
+ w? m + 12 cos (772 m T ¢)

Ap A2 —|Z-= —2z_z x 2x
— no oMl —e 1 n2 T oz
2w?nin2 ¢ ¢ cos 2 m + ¢)
A2A; |z _2z —z 2z 2
) n n2| — ny 2 Z _ 2x
St (e e cos (- — 57 —20). (2.121)

For generic roughness, we can avoid the particular cases of resonances, i.e., 71 /12 &
{1,1,2}, so that only the first two terms of As(x,z) will contribute to the averaged
expression along x. It is then readily found the effective surface angle (2.111).

0
Similarly, the O (54) equation for s4(x, z, Z) yields the condition on C3(z, 2): 5, = 0.
We can therefore determine Cj, since it is independent of the variable z, simply by
imposing the boundary conditions,

A2 A2
Cs(x,z) =22t ( L4 22 - MO cog L — WA o (% + ¢)

\/§w3 E "7:2)’ m m 77%
AgA +
4 B2 :;f(:% 1) cos (7712 _ 'rz% + (b) ) (2.122)

The two-scale approximation for the degree of order and its averaged value at the
surface (2.110) are then readily obtained.

2.5.2 Modeling an undulating boundary

In §2.1.1 we have modeled a homeotropic boundary condition imposed on an undu-
lating surface through an oscillating boundary condition imposed on a flat surface.
In this Section we analyze the validity of such an approximation. In order to avoid
unnecessarily lengthy calculations, we perform the present check within the Frank
approximation, that is, by assuming that the nematic coherence length £ is much
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smaller than all other lengths involved in the problem. When this is the case, the
degree of orientation is constrained to the value sp, that minimizes the Landau-de
Gennes potential, the Euler-Lagrange equation (2.9); becomes Laplace’s equation,
and thus the tilt angle 6 is harmonic.

We consider the region A = {(z, z) : z > dnsinz} and look for a z-periodic harmonic
function 0 : A — R (with z-period 7) that satisfies the boundary conditions

0(x, dn sin %) = arctan (6 cos %) , 0(z,2) ~ 0(z) as z— +oo, (2.123)

for all values of . The boundary condition (2.123); guarantees that the unit vector
n = sinf e, + cosf e, is homeotropically anchored to the physical boundary, while
(2.123)2 guarantees that the bulk configuration depends only on the z-coordinate.
Let us expand the tilt angle in power series of the amplitude coefficient §:

O(z,2) = On(x,2)0" . (2.124)
n=0
We next Fourier-expand all functions 6,, along the periodic direction
> kr & . kx
On(2,2) =) anp(z) cos — + Y bp () sin — . (2.125)
k=0 U k=1 il

The Laplace equation implies then

[oe) o0
k k
On(,2) = Y anpe ¥ cos — + 3 B e sin (2.126)
7 7
k=0 k=1

where the coeflicients {c, , 3,1} can be determined by requiring (2.123); to hold.
In particular, we expand both sides of (2.123); in Taylor series with respect to ¢ and
require that the two expressions match at each order.

Let us now compute the value the tilt angle attains at the (horizontal) height z = dn,
which we aim to consider as effective flat boundary (see Figure 2.1.1). We obtain

2
0(x,6n) = (6 — &%) cos % + % sin% +0(8%) . (2.127)
In general, it can be shown that the nth coefficient 6,, in expansion (2.124) contains
only Fourier components up to & < n. Thus, the boundary condition (2.8) used in the
text is exact up to O(6%). Furthermore, the roughness amplitude A simply coincides
with 6, the (dimensionless) ratio between the height of the sinusoidal undulations
and the roughness wavelength.
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2.6 DISCUSSION

We have examined both the boundary layer structure and the bulk effects of a rough
surface bounding a nematic liquid crystal. Our main results may be summarized as
follows.

* The roughness of the surface has been modeled by an oscillating anchoring
condition, characterized by an oscillation amplitude A and a wavelength 7.
Figs. 2.2 and 2.4 show that the rough boundary induces a partial melting
in a neighborhood (of size ) of the external boundary. When Neumann-like
boundary conditions are imposed on the degree of orientation, (2.64) quantifies
the mean degree of order at the boundary. By contrast, were s to be forced to
a prescribed value § on the surface, (2.67) and (2.71) show that the boundary
condition induces a thin boundary layer, determined by the nematic coherence
length &.

* Once the degree of orientation decreases, the spatial variations of the tilt angle
become cheaper, and thus 6 is keen to steepen close to the external boundary.
Figure 2.3 illustrates this effect. As a consequence, the effective boundary tilt
angle 6;(0), extrapolated from the asymptotic outer solution 6},(z), becomes
different from the null homeotropic prescription (see (2.66) and (2.74)). In §2.3
we have shown that a similar effective anchoring breaking takes place when a
weak-anchoring potential is assumed on a smooth surface (see (2.100) for the
characteristic surface extrapolation length). The comparison between (2.99)
and (2.66)-(2.74) allows one to relate the surface extrapolation length to the
microscopic roughness parameters and/or the surface value of the degree of
orientation (see (2.102) and (2.103)).

* When multiple wavelengths are considered in the boundary roughness, the
overall effect is the sum of the contributions given by the single wavelengths
separately. This fact is described in Section §2.5.
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Induced biaxiality

Within the Landau-de Gennes theory, the ground state of nematic liquid crystals may
be either isotropic or uniaxial, depending on the external temperature. However,
biaxial domains have been predicted and observed, especially close to defects and
external boundaries. Schopohl and Sluckin [74] analyzed in detail the biaxial core of
a —i—% nematic disclination. More recent studies show that a biaxial cloud surrounds
most nematic defects [16]. Both analytic [70, 18] and numeric [28, 29] asymptotical
descriptions of biaxial defect cores have been derived. Other examples of defect-
induced biaxiality involve integer-charged disclinations [20, 53, 52] and cylindrical
inclusions [59]. The onset of surface biaxiality is closely related to the presence of a
symmetry-breaking special direction, which coincides with the surface normal [14].
Indeed, biaxiality has been predicted close to both external boundaries [58, 46] and
internal isotropic-nematic interfaces [25, 68].

In this Chapter we show that biaxiality effects are closely related to, but not exclu-
sively confined to, the examples above. In fact, within any spatially-varying director
distribution, the director gradient itself breaks uniaxial symmetry about the direc-
tor. We analyse in detail the structure of the elastic free energy density and come
up to the result that, given a director distribution, it is possible to predict the onset
of biaxiality, to determine the direction of the secondary optic axis and to estimate
the intensity of biaxiality effects. We then apply our general considerations to some
specific examples, both within the bulk and close to an external boundary. We re-
mark that we are not dealing with intrinsically biaxial nematic liquid crystals, that
is, systems in which the ground state itself becomes biaxial. Such systems, first
observed by Yu and Saupe [85], deserve a different treatment [21, 80], since in them
uniaxial symmetry is broken already at a molecular level.

This Chapter is organized as follows. In Sections 3.1 and 3.2 we quickly review the
order-tensor theory and the free energy density we aim at minimizing. In Section
3.3 we derive and describe our main result, predicting a possible onset of biaxiality
whenever the director is not uniform. In the following Section 3.4 we apply the
preceding results to some specific examples. Section 3.5 analyzes the case of induced
biaxiality close to a limiting surface. In Section 3.6 we collect and discuss our main
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results.

3.1 ORDER TENSOR

The present Chapter is devoted to the study of biaxial nematics. In this general case,
as explained in Chapter 1, the eigenvalues of the order tensor Q are all different and
we can identify the director n as the eigenvector whose eigenvalue has a different
sign with respect to the other two.

This definition may induce an artificial director discontinuity whenever the inter-
mediate eigenvalue crosses 0. In turn, it yields an operative definition that works
well when the order tensor is possibly biaxial, but however close to being uniaxial.
Once we have introduced the director, once again we define the degree of orientation
s = %un, where uy, is the eigenvalue associated with n. The other two eigenvalues
1+ can be finally written in terms of the degree of biaziality b: A4 = —% s+tb. As a
result we obtain

1
Qbia:5<n®n—§I>+b(e+®e+—e®e), (3.1)

which is analogous to (1.16) of Chapter 1. Here, we have written s and b instead
of s1 and s9, as we did in (1.16), since in the nearly uniaxial case s and b are more
commonly used when one is willing to stress the physical meanings of the coefficients,
i.e., s is degree of order and b stands for the degree of biaxiality. Indeed, when b = 0,
expression (3.1) reduces itself to the uniaxial order tensor.

The sign of b is unessential, since it only involves an exchange between e, and e_.
The degree of biaxiality does always satisfy [b| < %|s|. Indeed, when |b| = %|s| one
of the eigenvalues vanishes, and greater biaxiality values would in fact announce an
abrupt change in the director (and in the degree of orientation as well).

3.2 FREE ENERGY FUNCTIONAL

Equilibrium states of nematic liquid crystals are identified as extremals of the free-
energy functional whose density, in the absence of external fields, comprises two

terms

U(Q,VQ) =94(Q,VQ) + ¥r4c(Q) . (3.2)

Though all the calculations we report could be repeated in a more general framework,
we will adopt the 1-constant approximation for the elastic contribution W

v.(Q VQ) = 5 IVQP, (33
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where L is an average elastic constant.

The Landau-de Gennes potential ¥4 (see Section §1.4.2) is a temperature-dependent
thermodynamic contribution that takes into account the material tendency to spon-
taneously arrange in ordered or disordered states:

U qg(Q) =AtrQ2—BtrQ*+C trQ*. (3.4)

The material parameter C' must be positive to keep the free-energy functional
bounded from below. The potential (3.4) depends only on the eigenvalues of Q,
and penalizes biaxial states. Insertion of (3.1) into (3.4) returns

Urac(s,b) = = (Cs* — Bs® + 3As?)

+ = (6Cs® + 9Bs + 94) b* + 2Cb" . (3.5)

Ol N o]

Let a = 34/(Cs2;). The absolute minimum of Wrqag is located at the uniaxial
configuration (spr > 0,b = 0), provided

a€[-2,1] and B=2Csp(a+2). (3.6)

When looking for minimizers of the free energy functional, we take into account
that Landau-de Gennes’ contribution usually dominates the elastic one. This ap-
proximation holds as long as we do not get too close to a nematic defect. Indeed,
experimental observations confirm that neither s nor b depart easily from their pre-
ferred values (spr,0).

We then envisage a two-step minimization. In the first step (s,b) are constrained
to their optimal values. Minimization proceeds exactly as in Frank’s director theory
and yields an optimal distribution n(r). In the second step, we fix the director
distribution and determine the perturbative corrections it induces in the optimal
values of the scalar order parameters. As a result, we prove that non-uniform director
configurations may induce a nonzero degree of biaxiality, and a reduction in the
degree of orientation. As a by-product we determine how a non-zero director gradient
breaks the local axial symmetry induced by the director, and which direction is
chosen by most molecules (among those orthogonal to n).

3.3 BULK BIAXIALITY

We assume that a specific director distribution n(r) has been determined by mini-
mizing Frank’s free-energy functional, constrained by suitable boundary conditions.
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The director distribution may also take into account the effects of any possible ex-
ternal field.

We now prove the following decomposition for the director gradient

Vn:)\ge2®e2+)\3e3®e3+(curln/\n)@n

+ 5 (n-curln) W(n), (3.7)

where W (n) denotes the skew tensor associated with n, that is the tensor such that
W(n)v = n Av for any v. We remind that, given two vectors u, v, the tensor
product (u® v) is defined as the second order tensor such that

(u®v)a=(v-a)u for any vector a. (3.8)

Furthermore, {A2, A3}, {e2,e3} are respectively the eigenvalues and eigenvectors of
the symmetric part of G = Vn — (Vn)n ® n, the third eigenvector of sym G being
n, with null eigenvalue. We remark that

divn=trVn= X\ + A3 . (3.9)

PROOF OF (3.7). Let sym and skw be the symmetric and antisymmetric part of a tensor:

symA =1 (A+ A7) (3.10)
skwA =4 (A — AT). (3.11)

In order to characterize the tensor Vn we begin by noticing that
(Vn)"'n=1V(n-n) =0, (3.12)

since n is a unit vector. Furthermore, we recall that by definition
(skwVn)v = LcurlnAv. (3.13)

Thus,

(Vn)n = (sym Vn + skw Vn)n
=1 ((Vn)+(Vn)")n+ ; cwrlnAn
2 (Vn)n+ 3 curln An, (3.14)

where we have used (3.13) and (3.12). We can finally write

(Vn)n = curln A n. (3.15)

If a, b and c are three arbitrary vectors, we remind the vector identity

(aAb)Ac = (a-c)b—(b-c)a, (3.16)
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which can also be written using the skew tensor W(a A b) associated with a A b,
W(aAb) =b®a—a®b. (3.17)
Let
G=Vn— (Vn)n®n. (3.18)
For any vector v,
(skwG)v=1(G-GT)v
1/Vn— (Vnn®n— (Vo))" + n® ( n}v
{s (Vn)+ 3(n® (Vn)n — (Vn)n® )}
seurln Av+ W ((Vn)nAn)v
=1curlnAv+1((Vn)nAn)Av
i(curln+ (curlnAn) An) Av
2
1
2
1
2

(
(curln+ (n - curln)n — curln) A v
(

(

(
n-curln)nAv

)W(n)v, (3.19)

where W ((Vn)n A n) is the skew tensor associated with the vector (Vn)n A n.
Thus,

(n-curln

Vn=G+ (Vnn®n = symG+skwG + (Vn)n®n
=symG + 1(n-curln) W(n) + (curln An) ® n
=Xe; ® ez + Azes ®eg + 3(n-curln)W(n) + (curlnAn) ®n, (3.20)

where {2, A3} and {es, e3} are respectively the eigenvalues and eigenvectors of sym G. The
eigenvectors {es, €3} are orthogonal to n, since (3.19) implies

(symG)n= Gn— (skwG)n
= (Vn— (Vn)n®n)n— 3(n-curln) Wn)n = 0. (3.21)

|
Let S be the symmetric tensor S = (Vn) (Vn)?. By virtue of (3.12) the director

n is an eigenvector of S (with null eigenvalue). We can now give one of the main
results of this Chapter, stated in form of theorem for clarity.

Theorem 3.1. The elastic free energy density (3.3) may be given the form
V=1 [% IVs|? + | Vb2 + 2| Vn? + b (|Vn\2 + 4|(Ve+)Te,\2)

—2sb (e+ -Sey —e_- Se_ﬂ . (3.22)
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PROOF. Let us differentiate equation (3.1). We obtain

VQ=n®n-i)®Vs+s(VnOn+n®Vn)+ (e  ®e; —e_®e_)® Vb
+b(Vey©er+eL@Ver —Ve_0e_ —e_®@Ve_), (3.23)

where, given a second-order tensor L and a vector u, (L ® u) is defined as the third-order
tensor such that
(Lou)a=La®u for any vector a. (3.24)

When computing the square norm of VQ, we can make extensive use of the property (3.12)
and also take into account that

u-v=0 = (Vu)lv=—(Vv)lu. (3.25)

There are many possible ways to calculate |[VQ|?. Among them, the one we will give here is
not the most elegant, but it has the major advantage of being elementary. Indeed, it makes
use of the Cartesian components of VQ, in the same spirit of the proof of (1.123).

Qijr = (niny — 36i5) sk + s (i +ningp) + (e

+b (e:kej + e;'ej:k —€; e — ei_e;k> , (3.26)

1,
where, to simplify notation, we have here used a superscript + and — to identify the com-
ponents of e and e_, respectively.

The property (3.12) can greatly simplify the calculation of [VQJ|?. For an arbitrary unit
vector v, it reads

VikVj = 0. (327)

In the following calculation, we suppress the sign of summation for ease of reading and use
the convention that for each term a summation is to be intended only on those indexes
explicitly appearing in the term

2 _
VQ| —E Qij,inj,k
ijk
1 1 3 1 1
2 2 2
=54 — =85 — =85 + =5 =Skbr+5spbk
kT 35k T35k T g5k T 38 3%
+
+ 52 nlk—i—sbnj jke n;, — sbn; Jke ;&
—|—32n2 +sbn;e e n; g, —sbnje,e; n,;
k i uc €; jk 19k C5 Wik

1

2 2

——s,kb7k+bk+—5,kb,k+bk
3 T3 ’

ST JRE R

+8bnl 1ke n.]k—’_b (1,k) _b ei eivke' ejvk
2

ot ef (et ) —b%efe e el

+sbnje; e nip+b (%,k) b el e;nej ek

—sbnje;ejnjy — b e e; ik €5 ejk+b (e“k>

—sbnje; e ngy — b2e;ejkej e; k—l—b2 (ej_k) . (3.28)
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As a consequence, we obtain
IVQJ* = 2|Vs[*> +2|Vb|* + 25 [Vn|?
+20%(|Vey 2 + |Ve_|* — 2(Vey)Te_ - (Ve_)Te, )
+ 4sb<(Ve+)Tn -(Vn)Te; — (Ve_)'n- (Vn)Te,)
= 2|Vs|> +2|Vb|? + 25* |[Vn[?
+ 20 (|Ves |2 + Ve | +2/(Ves) e |?)

- 4sb<e+ ~(Vn)(Vn)Te, —e_- (Vn)(Vn)Te,) ) (3.29)
where we have used

(Ve )Te, = —(Vey)le_, (Ver)'n = —(Vn)Te.. (3.30)

We can further simplify expression (3.29) if we consider that

(Ve T|” + |(Ve)T|”
|(Ves)n|” +[(Vey) e |
+ ‘(Ve,)Tn|2 + |(Ve,)Te+‘2

= |vn|* +2|(Vey) e (3.31)

Ve |* +|Ve_|* =
2

Provided we define S = (Vn)(Vn)T and by using (3.31), it is immediate to give (3.29) the
expression quoted in (3.22). O

Let us analyze in detail the different terms appearing in (3.22). The first two terms
are trivial, since they simply penalize spatial variations of the scalar order param-
eters. They remind that, even in the presence of spatially-varying preferred values
(S0pt(T), bopt (r)), the equilibrium distribution may not imitate the optimal values.
The third term is proportional to s?|Vn|?. This term has been already extensively
studied in [36, 19] and in Chapter 2. Its net effect is a decrease in the degree of
orientation in places where the director gradient is most rapidly varying. In par-
ticular, it strongly pushes the system towards the isotropic state s = 0 when the
director gradient diverges. The second-last term is proportional to b2. Since it is
positive definite, it simply enhances the character of b = 0 as optimal biaxiality
value. Thus, were not for the final term we will next consider, biaxiality would

never arise naturally in a nematic liquid crystal.

The last term in (3.22) is linear in b. It shifts the optimal biaxiality value away
from b = 0. In order to minimize the complete free energy density it is worth
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to maximize the multiplying factor depending on S. This condition determines
the directions {ey,e_} in which the order tensor Q is pushed to break uniaxial
symmetry. Indeed, the term within brackets is maximized when {e;,e_} coincide
with the two eigenvectors of S that are orthogonal to n. If we denote by u, pu— the
correspondent eigenvalues, the linear term becomes simply proportional to (g4 —pu—).

Remark 3.2. In fact, let v4 and v_ the unit eigenvectors of S (other than n). If « is
the angle between e, and v, the following decomposition holds

ey =cosavy +sinav_ e_ = —sinavy +cosav_. (3.32)
Thus, a little arrangement gives
e+ -Sey —e_-Se_ = (py — pu—) cos2a. (3.33)

Extrema of (3.33) are given by @ = Tk, k € Z, so that, e, and e_ are indeed along the
eigendirections of S.

We thus arrive at the following result.

Natural Biaxiality Rule. Consider the symmetric tensor S = (Vn) (Vn)T. It
always possesses a null eigenvalue (with eigenvector n). Whenever its other two
etgenvalues do not coincide, biaxiality is naturally induced in the system, and the
optimal eigendirections of Q coincide with those of S.

Since the symmetric tensor S = (Vn)(Vn)7 plays a crucial role in inducing biaxiality
we now analyze it in more detail. We will need the vector relations reported here
below. Let a,b,c be arbitrary vectors,

W(n)(a®b) =(nAa)®b, (3.34)
n)(aob)")’ = —(Wn)(b®a)’

=—((nAb)®a) = —a®(nAb), (3.35)
W?(n)a =W(n)(nAa) = nA(nAa)
=m-ajn—a = —(I-n®n)a. (3.36)

In particular, we are interested in the following special cases of (3.34) and (3.35)

W(n) (eg ® eg) =e3®er W(n) (eg & 63) = —eyRe; (337)
(e2®@e)W(n) = —es ®es (es®e3) W(n) =e3 ® es. (3.38)
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We are now ready to express the tensor S when (3.7) is used in place of Vn.

S =[\es®es+ Aze3 ® ez + 3(n - curln)W(n) + (curln A n) ® n]
[Mer®es+ Aze3®e3 — (n-curln)W(n) + n® (curln An)]
=Aey ® ey + (A2 — A3)(n - curln) sym(es ® e3) + Mes ® e3
+im-curln))I-n®n)+ (curlnAn) @ (curlnAn) . (3.39)

Let {0, g4, -} be the eigenvalues of S. The onset of biaxiality depends whether
they latter two are equal or not. Let curln = ¢, n + coe3 + c3es. From (3.39) we
obtain

(s — )2 = (G — B+ X3 — A + 4k, (3.40)

Remark 3.3. It is maybe useful to write the matrix form of S, as given by (3.39)

0 0 0
2
S=1{0 C% + % + )\% + %Cn ()\2 — /\3) —C2C3 . (341)
2
0 —Cac3 B+ 2+ A+ 50 (A2 — A3)

It is now easier to evaluate the non-zero eigenvalues of S

1
by = Z (Cg + 26% + Ci + 2¢, (/\2 — )\3) +2 (/\22 + /\32)

+ 2\/(c§ —E+ A2 A%+ 4c§c§), (3.42)

and then verify (3.40).

In the following Sections we will apply the above results to some practical situations,
in order to better interpret their implications.

3.4 SPLAY, BEND AND TWIST BIAXIALITY

3.4.1 Planar fields

We begin by considering a quite common case, that is a situation in which the
director is everywhere orthogonal to a fixed direction e,. When this is the case we

can write
n(r) = cos¥(r) e, +sind(r)e,, (3.43)

where the tilt angle ¥ may depend on all three coordinates. Easy manipulations
allow us to write

Vn=n, @ V0, (3.44)
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with n; = —sind(r) e, + cos¥(r) e,. Thus,
S=(n, @VY)(Vieon,)=|vd’n, @n,. (3.45)

The tensor S is symmetric as expected. Its eigenframe is {n,n,e,}, with eigen-
values {0, |V9|?,0}. The relevant eigenvalue difference (4 — p—) = |V9|? induces
spontaneous biaxiality whenever the tilt angle is not uniform. This result has a sim-
ple physical interpretation. Since the director does never lift from the (e,,e,) plane,
nematic molecules are naturally induced to avoid the direction e,. As a consequence,
the order tensor breaks the uniaxial symmetry. It decreases the eigenvalue in the e,
direction, and consequently increases the planar eigenvalue associated with n .

Among the many examples of nontrivial planar configurations we next analyze three
particularly significant ones.

3.4.2 Pure splay
The splay field is defined as n(r) = e,, where e, is the radial unit vector in cylindrical

co-ordinates. If we complete an orthonormal basis by introducing the tangential and
axial unit vectors ey, e,, standard calculations allow to prove that

1 1
Vn=-ey®ey and S = —eyRey. (3.46)
r r
Thus, py = r~2, u_ = 0, and the elastic free energy density is given by
1 —b)?
\Ijel =L <§ |VS|2 + |Vb|2 + (ST72)> . (347)

Biaxiality favours the tangential direction with respect to the axial direction. The
r~2 factor implies that biaxiality (and the degree of orientation decrease as well) is
expected to show close to the symmetry axis. Figures 3 and 5 of [20] exactly confirm
this result.

3.4.3 Pure bend

We again consider the same cylindrical coordinate frame above, and analyze the
bend field n(r) = ey. We obtain

1 1
Vn=--e,®e and S= e ®e. (3.48)
T T

Again, py = r=2, u_ = 0, and the elastic free energy density can be given exactly
the same expression (3.47). Biaxiality now favours the radial direction, and again
concentrates close to the (disclination) symmetry axis.
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3.4.4 Pure twist

In Cartesian coordinates the twist field is defined as n(r) = coskze, +sinkze,. If
we again introduce the unit vector n (r) = —sinkz e, + cos kz e,, we obtain

Vn=kn; ®e, and S=#k’n, ®n,. (3.49)

We now have py = k%, u_ = 0. Again, biaxiality favours n,, that is, the (z,y)
plane, with respect to the transverse direction e,. The elastic free energy density
still coincides with (3.47), with only a k? replacing the r—2 factor. However, this
coincidence must not induce to guess that ¥ does always depend on s and b only
through the combination (s — b), as we will evidence below.

3.4.5 Escape in the third dimension

We now consider a nontrivial three-dimensional example: the escape in the third-
dimension. This field was first determined by Cladis and Kléman [30] as an every-
where continuous director field able to fulfill homeotropic boundary conditions on a
cylinder of radius R. Let n(r) = cos¢(r) e, + sin¢(r) e, be the director field, and
let n (r) = —sin¢(r) e, + cos ¢(r) e,. We obtain

Un — cos ¢

eyRey+dn Re,, (3.50)

2
cos
S:T¢e§®e§+¢/2nj_®nj_. (3.51)

Expression (3.51) for S shows that, within the order tensor Q, either n; or ey may
be preferred, depending on whether ¢’ is greater or smaller than cos? ¢/r2. This
result turns out to be particularly challenging, if we consider that in Cladis-Kléman’s
escape in the third dimension the tilt angle ¢ is given by

m r

= — — 2arctan — . 3.52

o(r) 5 arctan (3.52)

A simple calculation allows us to show that (3.52) implies ¢”> = cos? ¢/r2. Thus,

the third-dimension escape turns out to be one of the few spatially-varying director

fields which do not induce any biaxiality. The elastic free-energy density in Cladis-
Kleman’s third-dimension escape is given by

1 8R? 52 4(R* + r) b?
\1181:L<§\V8\2+\Vb\2+ > e +r) )

(r2+ R2)2 ' r2(r2 + R2)2 (3.53)
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3.5 SURFACE BIAXIALITY

In this Section we estimate the degree of biaxiality induced by an external surface on
which strong anchoring is enforced. We consider separately the cases of homeotropic
and planar anchoring.

3.5.1 Preliminary geometric tools

We first recall some results on differential forms and moving frames that will be
useful in the following (see [26, 44, 66] for details). Since we are only interested in
two dimensional manifolds embedded in R3, we will always assume that a Riemann
structure (i.e., a scalar product) on the surface is induced by R3. We will denote
the dimension of a manifold with a superscript number, i.e., M? for a surface.

Let {e;}, i = 1...n be a frame for the manifold M", that is, each e; is a vector field
such that at every point of M" the {e;} are n independent tangent vectors.

A connection is then defined by assigning the vectors Vxe;, being X an arbitrary

vector field. The derivative Vxe; can be decomposed with respect to the frame {e;}:
k

Vxe; = e, w"(X). Here, w¥(X) assigns to each vector X the component of Vxe;

along ey.

k
i
Therefore wki are differential 1-forms and are called connection forms.

By the defining properties of connections, the functions X — w"(X) are linear.

By the arbitrariness of X, we can write
Ve, = e, @ Wk, (3.54)

Let us now introduce the dual frame of 1-forms, or co-frame, {67}, j = 1...n. This is
the set of 1-forms such that 6 (e;) = 55 . Since {#7} are a base for the space of the
1-forms, the connection forms can be written as a linear combination of the {67}.
We will denote by w;?i the components of the connection forms with respect to 67:

Wb = wh 67, (3.55)

7

On Riemannian manifolds, the metric tensor g is by definition symmetric and pos-
itive definite. Therefore, we can always find an orthonormal frame field such that
e;-e; = 0;; , where the scalar (dot) product is inherited by the euclidean ambient
space. Equivalently, we can write the metric tensor using the dual language

g=> 0x0" (3.56)
=1
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We are now able to state what is the basic theorem for our purposes [26].

Theorem 3.4. Suppose (M",g) is a Riemann manifold and {e;}, i = 1...n is an
orthonormal frame field (a set of tangent vectors on a neighborhood U C M which
is linearly independent everywhere) with dual frame {67}, j = 1...n.

Then there exists a unique set of n? differential 1-forms w’ i on U such that

do? = 0F AW, (3.57)
W+ Wk = 0. (3.58)

Here “d” stands for the exterior derivative of forms and “A” means the exterior
product of forms. Equation (3.58) guarantees that the connection forms are “skew
symmetric” and therefore there are only n(n —1)/2 independent forms. The connec-
tion o’ i is completely identified by this theorem and when {e;} is a coordinate frame,
it corresponds to the usual Levi-Civita connection (which is metric compatible and
torsion free). Equation (3.57) is usually called first structure equation.

Remark 3.5. Usually in continuum mechanics the ambient space is R3 and a slightly
different language is used. We write, as usually done in previous Sections, the gradient Vxe
as (Ve)X.

Let {e;}, i = 1,2,3 be an orthonormal moving frame. For every two orthogonal vectors a

and b we have
V(a-b) = 0 = (Va)'b + (Vb)Ta. (3.59)

Moreover, by (3.54), we have (Ve;)e; = e, w".(e;). Orthonormality then assures that
wki(ej) = e; - (Ve))e;.
When we employ the dual base and the decomposition (3.55), we also obtain

wi(e)) = wp; 0"(ej) = wp; 5;7' = Wfl (3.60)
It is now easy to show that the skew symmetry of the connection forms, as stated in (3.58),
is a consequence of the orthonormality condition

w;ﬂ =ey - (Vei)ej = (Vei)Tek -ej

= —(Ver)'e;-e; = —e;- (Vep)e; = —wék. (3.61)

Parallel surfaces

Let M3, p € M3, be a Riemann manifold with a coordinate chart (u!,u?,7) around
p. Take the metric tensor

g = gndu1 @ dut + gggdu2 @ du? + dr @ dr. (3.62)

The orthonormal dual frame is therefore

o' = Vondu',  0* = Jgmdu®, 63 = dr, (3.63)
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and the vector frame is

e = ! a €9 ! 8 €3 — 2 (364)

V311 %’ - \/ 922 W’ 87’

Taking the exterior derivative of (3.63) we obtain

(40 = 212 qu2 ndut + 210 dr pdut = T g2 5 g1 | ams g3 g

2,/911 2,/911 V911922 2911
2 _ ge21 1 2, 9223 2 _ ( 922),1 1 2 | 9223 3 A p2
do® = 5 deu A du® + 5 deT/\du = s 0+ N6O° + 29229 NGO
de3 = o.

\

(3.65)

The connection forms can now be calculated simply by comparing (3.65) with the
first structure equations d¢’ = 6% A w’ - Explicitly these are

dot = 02 Awly 4+ 03 AWy
d6? = ' Aw? + 63 AW (3.66)
do® = ' AW + 0% A WP,

After some algebra, we obtain

w - —w o (\/911)!2 91 _ (‘/922),1 92
2 - 17 Vo11g22 V911922
1 _ 3 _ 911,83 gl 3.67
wiy = —w = ;=0 (3.67)
2 _ .3 __ 9223 p2
W3 = TW2 T 9y,

In particular, we note that Ves have the simple expression

Ves = er 0wl +er 0wl = e gl + 923 ¢, 002 (3.68)
2911 2922

Using the vector relation, commonly adopted in continuum mechanics for an or-

thonormal frame of reference in R3, (a®b)c = a(b-c), we can thus write the
gradient in the familiar form

Ves = 9113 e ®e; + 9223 € ® es. (369)

2911 2922
Remark 3.6. One may wonder whether it is possible to introduce new coordinates
(vl, 1)2) such that the unit vectors e; and ey are coordinate vectors with respect to the new
system. Dually, the requirement is that (v!,v?) satisfy ' = dv! and 6> = dv?. By the
property of the exterior derivative d> = 0 (i.e., taking the derivative twice yields zero), we
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Figure 3.1: Geometric setting for the surface parametrization introduced in the text.

locally have that (v!,v?) are the sought coordinates if and only if d§' = 0 and d§? = 0. In
our case, this translates into

dg*
dg’

(Vo) , du* Adu' = 0 = gnz2=20 (3.70)
(v922) 1 du' Adu® =0 = g221 = 0. (3.71)

Hence, the connection forms in this particular case reduce to

1 _ 2 _

wy = —wy =0

1 _ 3 _ 9113 1

wly = —w’ = F2du (3.72)
2 3 — 9223 1,2

wy = —wh = 5o dot

Let now ¥ be the smooth surface (embedded in R?), which bounds the system we
are interested in. Let v be the unit normal, everywhere pointing in the direction of
the bulk. In a neighbourhood of a point Ps € X, with local coordinates (u', u?), we
parameterize points in the bulk through a coordinate set (u',u?, 7) such that

P(ul,UZ,T) = Pg(ul,uQ) + Tu(ul,u2) ) (3.73)

where Py is the projection of P onto X, and 7 is the distance of P from the same
surface. Of course such a parametrization is in general well-defined only in a neigh-
bourhood of the point Px.

For every fixed value of 7, (3.73) defines a parallel surface ¥, at a distance 7 from

Y. Locally in R?, these parallel surfaces give a regular change of variable between

2

the Cartesian coordinates (x,%, z) in R and (u!,u?, 7). Otherwise stated, when we

consider only those points where the transformation is regular, (u!,u?, 1) are a local

coordinate chart for the manifold M? given by the union of the parallel surfaces.
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. 0P
Suppose that the coordinate vectors ry = —= and rp, = 8—2 are such that
U

ry-rg = E, ry-ro = 0, ro-Iro = G. (374)

Furthermore, since the normal vector v is a unit vector, we know that

0 ov

o VY =W

so that the derivatives of v are tangent vectors. Therefore, we can make the further

0 (3.75)

assumption that

ov ov
= —man o = ) (3.76)

where k1 and ko are the principal curvatures of the surface. Hence, (u!,u?) form

what is called an orthogonal patch adapted to the surface, so that the coordinate
vectors are along the principal directions.

Remark 3.7. The above conditions are not restrictive. In fact, it is well known that
everywhere outside umbilic points the first and second fundamental forms can be diagonal-
ized simultaneously [66] providing the two orthogonal principal directions. Thus choosing
the curvature lines as the coordinate lines, one can easily verify that (3.74) and (3.76) hold.
There is also an elegant and easy proof of this fact that employs the Frobenius’ theorem
in its dual form [82, 44]. The easiest way to enunciate it in a form suitable for our purposes is

Theorem 3.8. Let 6% (a = 1,...,7) a set of 1-forms on an open set V.€ M"™ (r < n),
linearly independent at every point p € V. The following statements are equivalent:

(i) There exist local coordinates (V;u') at every point p € V, such that 6% = A¢ du®
b=1,...,7).

(i) dO* AO*A...AO" = 0.

We now want to apply this theorem to find if the frame {ej, ez} define integral curves
that can be used as coordinates curves on the surface. Consider the 1-form 62, dual of es.
Condition 3.8(ii) is

do* A 6% = 0. (3.77)
This is trivially satisfied since all the p-forms with p > 2 are null on a 2-dimensional manifold.
By Frobenius’ theorem, there are local coordinates (u',u?) on the surface and a scalar
function A (usually called an integrating factor), such that #* = Adu?. The 1—dimensional
submanifold .4 defined by u? = const. has the tangent space spanned by 6%1. Since

(527,0%) = (52, Adu?) =0 (3.78)

and by definition (eq, 02> = 0, the vector fields e; and % are everywhere parallel. Therefore
A is the integral line of the field e;.
Analogous argument applies when ' is considered, instead of §2.
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We can now calculate the metric tensor of the 3-dimensional manifold M?3 associated

oP . OP

with the change of variable (3.73): gi; = 55 - 5.5, i.e.

g=1-rm7)?Edu! @du + (1 — kor)? Gdu? @ du? + dr @ dr, (3.79)

which is of the particular form considered in (3.62).

Let us introduce the orthonormal frame {e;,ez,v} = {ri;/\/g11,r2/\/g22, v} and
the respective dual frame {#',62 6%}. The theory described above in the Section
can then applied to this special case. It must be noted that the vector field v
is now to be interpreted as an extension of the unit normal to the surface. In-
deed, v is no longer to be thought of as defined only on the surface ¥ but it is
v(P(u',u? 7)) = vs(Po(u',v?)), where vy, has been used here to identify the unit
normal to X.

We obtain from (3.67)

- ((17517)\/E)’2 917((17n27)\/§) 62

,1

Wa T W (1—k17)(1—kK2T)VEG
1 3 _ k1 pl 3.80
w3 = —WwWyp = — 1—r1T 0 ( )
2 _ _ .3 _ _ K2 2
wy = —whH = -2 0%

Using Ve; = e, ® wkl-, we finally have the gradients

((1 — mT)\/E) , e e — ((1 — /@27)\/§> . e ® ey

Ve, = — : ’
! (1 - k17)(1 — kor)VEG
M yee (3.81)
1— k17
((1 — HlT)\/E> ) e e — ((1 — HgT)\/@) . e; ¥ es
Vey = : :
? (1 — k17)(1 — kor)VEG
K2
.82
1—&27V®e2 (3.82)
V=-—"1 e e — e2®e (3.83)
B 1-— R1T ! ! 1— RoT 2 Z '
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For completeness, we also report the gradient of a scalar function h(P)

Vh =hidut + hodu® + hdr
h
— 71 91 _|_ h72
(1 —r7)WE (1 — koT)VG
ha h.o

B (1 - rk17)WE et (1 — koT)VG

0%+ h 36

e+ hsv, (3.84)

where, again, with an abuse of notation, we have identified the orthonormal frame
{e1,es, v} with its dual {6,602 63}.

Remark 3.9. It is perhaps convenient to rewrite (3.81)-(3.84) in matrix form with respect
to the basis {e1, ez, v}. For shortness, define

A1 = (1 — HlT)\/E A2 = (1 — HQT)\/@ (385)
K1 K2
L R1T 2T 1o KoT (3.86)
Hence, we have
A Ao,
g AO 0 A11A22 _A121A12 O
Ver = | 2% 14 O Ve, = 0 0 0 (3.87)
Bl 0 0 0 B2 0
-B 0 O
h h
Vv=| 0 =By 0 Vh = (-2 22 hy). (3.88)
0O 0 0 A Az

3.5.2 Homeotropic anchoring

In this Section, we assume that the surface director is parallel to the unit normal v
to a given (smooth) surface . We also assume that the director keeps its normal
direction, at least in a thin surface slab. Then, Vn turns out to be closely related
to the curvature tensor. Using (3.83), we can write

K1
Vn=—-——"-¢e; ®e —

- " e 2e, (3.89)
1— k17

1— kot

where {k1, K2} and {e1,e2} denote respectively the principal curvatures and princi-
pal directions at Ps.

From (3.89) we obtain curln = 0, G = Vn, and

_ M K3
S—mel®el+meg®82. (390)
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Equation (3.90) shows that biaxiality arises naturally close to an external surface
where homeotropic anchoring is enforced. This effect is triggered by the difference
between the principal curvatures. More precisely, the tangent direction preferred by
the order tensor is the one along which the surface curves more rapidly. Close to
a symmetric saddle, where k1 = —kg2, the denominator of (3.90) induces biaxiality
along the direction which is convex towards the side occupied by the liquid crystal.

3.5.3 Planar anchoring

When planar anchoring is enforced on a curved surface, it is natural to assume that
the chosen direction coincides with one of the principal directions along ». We
then keep the same notations as above and assume, for instance, n(P(ul, u?, T)) =
n(Ps(ut,u?)) = er(ut,u?).

When this is the case, by (3.81) we obtain

Vn — — ((1 — HlT)\/E) 5 e ®e; — ((1 - HQT)\/@)J ey ® ey
(1 — k17)(1 — ko7)VEG

v®e; (3.91)

R1

1—/<.117'

According to (3.88), the matrix expression of S = (Vn)(Vn)7 is

0 0 0
2 2
s=1lo (A“L;jig“) ~Bibaa | (3.92)
B1A
0 —Zar Bi

From expression (3.92) it is not immediately clear whether or not biaxiality is induced
and under which conditions. We can try to identify the uniaxial states, i.e., states
where S has two equal eigenvalues.

The matrix (3.92) is of the form

0 00
S=10 a b, (3.93)
0 b ¢

whose non-trivial eigenvalues are

(a+ci \/m>. (3.94)

N =

pt =



electronic-Liquid Crystal Dissertations - June 01, 2007

84 3. INDUCED BIAXIALITY

Uniaxial phase is given when the condition pu4 = p— is fulfilled, i.e., when
4b? + (a — ¢)* = 0. Therefore, we have

b

a

Il
o

uniaxial state < { (3.95)

(A12)* + (Ag1)? = BIAZAZ

Il
Q

{BlALg =0

The only possible solutions are

{Bl =0 {AL2 =0 (3.96)
(A12)° + (A21)* =0 (As1)® = BIAIAZ .

Taking into account expressions (3.85-3.86), we have that biaxiality is not naturally
induced whenever the geometric parameters of the limiting surface ¥ satisfy one of
the two systems

k1 =0 Kig = 0

E,Q = 00 7 E72 =0 . (397)
= 2

RQ’I ((1 — KQT)\/@) = /£12(1 — K2 7')2 EG

G1 = ,1

A plane or a cylindrical surface are examples of (3.97);. An example of (3.97)2
is less trivial to produce . It is interesting however to notice that both solutions
require that the principal curvature s; is constant along direction 2 and Fo = 0.
Therefore, in the case n = e, the coefficient (1,1) of the surface metric tensor
must be independent of the second variable, i.e., lengths along the direction e;
are measured in the same way when we move parallel to es. Conditions (3.97) are
rather special. Generally speaking, we can say that biaxiality “almost always” arises
when a planar anchoring is enforced. In particular, we have biaxiality whenever the
curvature along the prescribed direction is different from zero.

Example 3.10. Consider a 2 dimensional sphere in R? with radius R. A possible
parametrization employing the azimuthal angle ¢ € [0, 27) and polar angle 9 € [0, 7], is

P(¥,¢) = Rsinvcosgpi+ Rsindsingj+ RcosdKk, (3.98)

where as usual i, j and k are the unit vectors in a Cartesian frame of reference.
The coordinate frame is orthogonal and when the vectors are normalized the following or-
thonormal moving frame is gathered

e = ey = cost cospi+ cosd singj—sintk
e = €4, = —sind singi+sinv cosj (3.99)
v = sind cos @i+ sind singj+ cosd k.
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S
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Figure 3.2: Biaxiality axes when the planar anchoring n = e,, is enforced.

The metric tensor on the sphere is
g = R?(dY ®dY +sin® ¥ d¢ ® dg) . (3.100)

Of course, it is not possible to identify two principal directions since every point of the
sphere is umbilic. Nevertheless, we identify k; e ko with the normal curvatures along the
(orthogonal) coordinate lines ¢ =constant and ¥ =constant and therefore k1 = k3 = —1/R.

A parallel surface at a distance 7 from the sphere will be again a sphere with radius R + 7.
The formulas for the gradients of the frame basis (ey, €4, ) can be calculated from the well
known expressions for spherical coordinates found in vector analysis textbooks. We can as
well use (3.81)-(3.83) to get to the same result

1

Vey = — - (r®ey —cotde, @ ey) (3.101)
1

Vey = — R+T(V®e¢+cotz9e19®e¢). (3.102)

Suppose now that a liquid crystal is in contact with the outside of the sphere and a planar
strong anchoring is enforced such that n = ey. The tensor S is

1
S = (Vey)(Vey)T = e (cot?’ Ve, @ey+v® v). (3.103)

(R+7

So the directions of induced biaxiality are given by the coordinate direction e and the
normal vector v. The biaxiality is maximum where the eigenvalues most differ. Since cot v
diverges at ¥ = 0, 7 we have the maximum biaxiality at the north and south poles, as it was
to be expected since these are defects points.

A more interesting scenario is gained when the planar anchoring is imposed along the par-
allels of the sphere n = ey4. The tensor S is

S =(Vey)(Vey)"

1
= me (cot?Vey @ey+cotd(eg@v+v@ey) +r@v). (3.104)
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which is not diagonal and therefore it is not immediately clear along which directions the
biaxiality is going to arise. It is a matter of simple computation to find the eigenvectors and
the eigenvalues of (3.104)

ey = —sindey +cosdv = k (3.105)
n = ey (3.106)
e_ = costey +sindv, (3.107)

and {py,p_} = {0, (R+7) sinﬁ)%}.

We want to stress the fact that the vector e is parallel to the fixed unit vector k and
therefore is always parallel to the z-axis. This gives a simple picture of how the biaxiality
axes rotates when moving from one pole to the equator along a meridian (see Fig. 3.2).
Again, the maximum biaxiality is obtained at the north and south pole since these are
defects points and the eigenvalue p_ is infinite.

When the planar anchoring is not assumed to be along a principal direction, the
same decomposition of §3.4.1 can be used

n = cosve; +sindey, n;, = —sinde; +cosdesy, (3.108)

where ¥ is the tilt angle between n and e;.
We find,

Vn = —sintde; ® V¥ + cos?es ® V¥ + cos ! Ve + sin¥ Ve,
=n,; ® Vi + cos¥ Ve; +sind Vey, (3.109)

and

S =(Vn)(Vn)T
=|VIPn, @n, + cos?d (Ver)(Ve)T + sin? 9 (Vey)(Vey)T. (3.110)

to be compared with (3.44) and (3.45). A direct dependence on geometric parameters
can be obtained by using (3.81-3.84).

3.6 DISCUSSION

We have shown that any spatially-varying director distribution may induce the onset
in biaxial domains even in nematic liquid crystals whose ground state is strictly
uniaxial. In particular, in Section 3.3 we have stressed the crucial role played by
S = (Vn)(Vn)T. The tensor S, which is symmetric and positive semidefinite by
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construction, always possesses one null eigenvalue, with eigenvector n. Equation
(3.22) shows that biaxiality arises naturally whenever the other two eigenvalues of
S are different. Then, equation (3.40) shows that such eventuality is closely related
to the vector curln and the eigenvalues entering in the decomposition (3.7) of the
director gradient.

In Section 3.4 we have applied the considerations above to some model cases. As
it could be easily predicted the pure splay, bend, and twist fields, being all pla-
nar, exhibit some degree of biaxiality which privileges the director plane over the
orthogonal direction. A less trivial result is that there are spatially-varying direc-
tor configurations that do not induce biaxiality at all. Cladis-Kléman’s escape in
the third dimension yields a unexpected example of this phenomenon. Section 3.5
analyzes the onset of surface biaxiality both in the case of homeotropic and pla-
nar alignment. In the former case, biaxiality is ruled by the difference between the
principal curvatures along the surface.

To conclude our analysis we want to give a numerical estimate of the magnitude of
the biaxiality phenomena we are predicting. In all nontrivial cases, the free-energy
density will contain a O(b)-term, which triggers the biaxiality onset. To obtain a
rough estimate, we can neglect the O(b*)-term in Wrqg, and the O(b?)-term in U,
both with respect to the dominant O(b?)-term, appearing in Urqq. When this is the
case, the (local) preferred value of b may be obtained by minimizing the function

g(b) = % (6082 +9Bs + 9A) v’ — 2Lsb(py — p1)
~2(2+ a)ngrb2 — 2Lspeb(py — p)

2Ls
= P (82 - €2 (s — o)) (3.111)
&i
where we have replaced s =~ s, and introduced the nematic coherence length
L
2
= 3.112
é.n CSpr(Q + a) ( )
The (local) optimal value of the degree of biaxiality is then
bopt ~ %6121 (qu - :U'*) : (3113)

Though bypt may vary from point to point, we have to keep in mind that in general
the equilibrium configuration will not coincide with bepe because of the |Vb|*-term,
and the boundary conditions. To make an explicit example, let us consider a nematic
cylindric capillary of radius R, with homeotropic conditions enforced at the surface.
Then, the difference between the eigenvalues of S at the surface is R~2 and the
surface biaxiality is of the order of (£,/R)?. Since the nematic coherence length
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hardly exceeds the tenths of a um, we obtain bopy < 1072 for a um-capillary. The
scenario changes completely close to a nematic defect, where at least one of the
eigenvalues of S diverges. Both the pure-splay and the pure-bend examples above
yield (pu4 — p—) = r~2, which implies bopt ~ (£,/7)%. The biaxiality cloud cannot

be neglected if we come too close to the defect.
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Equilibrium configurations close to a
biturcation point

We want to study the extrema of a functional .%, depending on a real function u(z),
its first derivative u/(z) and a positive real parameter A,

b
Flu, |\ = / L(u,d'|]N)dz + W f (u(a)) + W f(u(d)), (A.1)

where W are two positive constants and f is a smooth even function of u with a local
minimum for v identically zero and strictly convex around this point. Furthermore,
let the integrand be of the form

ZL(u,u'|\) = %g(u)u/2 — Ah(u), (A.2)

where g and h are smooth even functions of u; g is strictly positive and h is strictly
convex around u = 0. The functional (A.1) is the prototype of many energy func-
tionals encountered in physics.

In order to obtain the Euler-Lagrange equation for (A.1), we introduce the first
variation, defined as

AFuuNg = S Flutepl +egl| (A3)
€ e=0
whence
broy Aoy 0L of
/ _ et +ZJ
dF lu, v’ _/a <8u dx 8u/>¢d$+ [(81/ W 8u> @]x:b
0L _of
_ K W %> 90] . (A1)

Without loss of generality we suppose = € [—1/2,1/2]. Furthermore, we introduce
the following notation: plus and/or minus superscripts denote function values in
x =1/2and/or z = —1/2. From (A.4) and by the arbitrariness of ¢, the equilibrium
equation

1
gu'+ 5wt AR =0 z€(=1/2,1/2) (4.5)
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follows together with the related boundary conditions
+otuF+WEfE=0 oz =+1/2 (A.6)

We remark that Dirichlet (u* = 0) or Neumann ((u')* = 0) boundary conditions
can be reached in the limiting cases g&/W* — 0 or W* /g™ — 0, respectively.

By construction, the equilibrium equation (A.5) together with the boundary con-
ditions (A.6), admits the trivial solution u = 0. We consider a slightly perturbed
solution, with respect to u = 0. Assume the perturbation expansion

u(x) = euy(x) + o(e). (A.7)
The parameter ¢ is defined by € = \/\/A\g — 1 < 1, whence it follows easily
A= Ao(1+ &%), (A.8)

where the parameter \g will be determined within the linear analysis. By replacing
(A.7) and (A.8) into (A.5) and (A.6) we obtain, up to first order,

P + Nohd up = 0, r € (—1/2,1/2), (A.9)

+0uEFWER WE =0, z=+1/2, (A.10)

where the superscript zero denotes functions evaluated in v = 0. The general solution
of (A.9) is
ui(x) = Ajcos(z)+ By sin(Qz), (A.11)

where Q2 = \h?, /g and A; and B; are constants to be determined. Boundary
conditions (A.10) yield a linear homogeneous system in the unknowns A; and B;

—QgY sin% + W= o cos% —QgY cos% - W0 sin% A 0
M = (A.12)
B 0

—Qg¢"sin % + WTHf9, cos % Qg° cos % + WHfD, sin %

whose solution is trivial unless the two equations are linearly dependent. Let M be
the 2 x 2 matrix at left side member of (A.12). Existence of nontrivial solutions
above the bifurcation point, impose det(M) = 0 which gives an implicit equation for
Q) (and therefore for \g)

(W= +WH)Qg° £, cosQ + (W—W+ (00— 02 (90)2) snQ=0  (A.13)

u

and allows to calculate the ratio between the constants By and A;



electronic-Liquid Crystal Dissertations - June 01, 2007

91

K:&:—Qg sin QLW cosg. (A.14)
Ay Qg0 cos§+W f sm

Note that (A.13) admits a countable infinity of solutions. The solution in the inter-
val [—m, 7] determines the critical parameter .. and correspondingly A, and K.
Finally, we can put the linear solution in the form

ur(z) = Ap(cos(Qer z) + Ko sin(Qep 2)). (A.15)
It is easy to check that K # 0 only in the case of asymmetric boundary conditions,

W+ £W-.

The amplitude A; still remains undetermined. This indetermination given by the
first approximation can be rendered definite by using compatibility conditions at
higher orders in ¢.

Let us expand the solution as power series of €
u = euy + 2uy + 3uz + ... (A.16)

By replacing this expression into (A.5) and (A.6) and keeping the 2 terms we arrive
at
P ulf 4+ AephO up = 0

and the boundary conditions
+¢° (u'l)i + W Suuli = 0.

The equation for uo as well as its boundary conditions, are identical to the ones
obtained for u;. As before, they do not allow the evaluation of the amplitude A;.

Pushing the perturbation algorithm to O (53) we obtain the equation for ug
1
90 ug + )\crhguUB = —iggu (u%u/{ + ulu& 2) — )\crul <huu + 6u1h2uuu> 5 (Al?)
and the associated boundary conditions
+\3
(up)”. (A.18)

:I:gu +Wi0u3_:F guu(i) __W:to

uuUU

Equation (A.17) can be solved taking into account (A.15). Its general solution is of
the form

usg(z) = Az cos(Qer ) + Bssin(Qer ) + uf (), (A.19)
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where uf(z) is a particular solution. After some algebra, it can be shown that

1
uh(z) = au(z) + (5 +ﬂA%> zu)(z), (A.20)
where
hou U gg 2 ho gO
— uwwuwu _ Juu = (1+ K wuuy _ Juu |
CTRR, 8y b= (+Ks) 1673,  8g°

Substitution in the boundary conditions (A.18), gives a linear system in the unknown
Az and Bjz of the form Mx = b where x = (43, B3)?, b = (b=,b")7 with

1 2 1 3
+ 0 + + £0 + 0 + + + £0 +
b= = +9 ug, -W fuuug :Figuu (ul) ull _EW UUUU (ul) .
Let m; and my be the column vectors composing M. In order to solve this system
we must have b € span{m;, my} = span{m;} = span{my} since m; and mjy are
linearly dependent (det(M) = 0). Therefore, we gather a third order algebraic
equation in A; from one of the two determinants det(mj|b) = 0 or det(mgz|b) = 0.

By introducing the notations v = u* /A1, v = /Q2.(¢°)2 + (W*)2 (£9,)2,

w = yTuy (V) 2W g f] oy [( )P 2wt fL] (A.21)

n= 12a go Su + Bf'gu ggu - go Suuuv (A'22)

a tedious but easy computation yields the equation for the amplitude
Al (68w + 2(W T (u])> + Why™ (uf)?) n] + 341 =0. (A.23)

Equation (A.23) admits the trivial solution A; = 0 and other two real opposite
solution. The former corresponds to the trivial solution which can be showed to be
unstable. Due to the symmetry of the problem the other two represent the amplitude
of nontrivial solutions with the same energy.

The procedure described above is fairly standard but rather involved. We now give
an easier way to gather the first order expansion and then resolve its amplitude
degeneracy. Consider a direct expansion of the functional (A.1) in power of €, under
the assumptions u(z) = euy (), x € [-1/2,1/2] and A = Ag(1+¢2). We remark the
fact that we are only considering the first order expansion of the solution. On the
contrary, we expand the functional up to any desired order. Thus, up to the second
order we obtain
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b
Fleur,euf [N = f° (W™ + W) — b + 52/

a

1 1
<§gou/12 — §A0h2uu% — tho) dz

+2 10 (W () 4+ W (uf)”). (A.24)
It is easy to check that the O (1) term of the functional is constant, while the O (52)
is minimized by the linear problem (A.9)-(A.10). Therefore, u; is still of the form
(A.15).

To remove the amplitude indetermination we push the expansion of .# to higher
orders. The O (54) term of the functional expansion is the first non-trivial term. It
reads

b
1 1 1
[ (Gobut? = Gttt = gt ) do

e P (W () W (uf)) (A.25)
Once again, we stress the fact that in (A.25), only the O (¢) term of solution ex-
pansion has been taken into account. Note that the form of u; is now known and
a direct integration of (A.25) can be performed, to yield a polynomial expression in
the amplitude A; only. Therefore, minimization of the functional (A.25) reduces to
calculate the minima of a polynomial function.

By using the identity u} 2+ Q2. u? = A2 (1+ K2) Q2 and integrating by parts, the
following representations of the integrals involved in (A.25) are obtained

/

1
/2 wtdy = %A%(lJrKf,,) /

1 _1
2 2

1
1 1 2
uldr = 5 [A%(l + K2)x — Q—irul u’l} ,

1
2

N|=

1
2

1 2
2 3,
dz — .
uj dx [49%7,%”1}_1
2
By the use of the boundary conditions for u; and differentiating with respect to the

amplitude, we finally gather the equation for A;

Az{) |:12-g'2u h?m (1+ Kgr) O + gO (4 hgu Suuu - h?wuu fgu) F4] (A.26)
—64,; hgu (290 + ggu) 0 =0,

where we have set

Py =W () 4 WH(uf)’ T =W () W ()
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0 = (1+K5)2.9" + fuul2.

If A; has to realize the minimum, the derivative of this expression must be zero.
In this way, we arrive at an algebraic equation in A; and A? which gives the same
results of equation (A.23).

A quick check of the usefulness of these techniques may be the buckling of Euler’s
beam clamped at one end under an external axial load. In this case it can be shown
that the functional takes the form

1/2 1
F 9\ = / (5(19')2 + A cos 19) dz, (A.27)
~1/2

which has to be minimized with the boundary conditions ¥(—1/2) = 0 and ¥/(1/2) =
0. The first order approximation is the well known

Yy (z) = £2 [cos (gaz> + sin (gazﬂ . (A.28)
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