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Chapter 1

Introduction

In this chapter, we introduce three concepts that are essential in the dissertation:
liquid crystals, light emission and photonic bandgap materials. We give an outline of the
dissertation at the end.

1.1 Liquid Crystal Phases
Liquid crystal (LC) phases are meso-phases between the conventional solid
crystals and the isotropic liquid [1-3]. Microscopically, LC phases consist of rod or diskshaped molecules in which a symmetry axis of each individual molecule can be defined.
As a result of anisotropic molecular interactions, these molecules form meso-phases with
orientational order which is a function of the material constituents, external fields and
temperature.
In nematic LCs, the translational movement of the molecules is free and the
centers of mass of molecules are random in space, having no long-range positional order.
However, on the average, the symmetry axes of the molecules point in a certain direction,
thus having an orientational order. The complete description of such orientational order
needs a tensor representation. Simply, for uniaxial nematic LCs, the average direction is
described by a unit vector called director n̂ . Physically, n̂ and - n̂ are equivalent. The
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degree of the orientational order is characterized by a microscopic scalar order parameter
S which is defined as:

S=

1
3cos 2 θ − 1
2

(1.1)

where θ is the angle between the symmetry axis of each individual molecule and the
director n̂ , and the bracket

denotes the statistical average. S = 1 if all the molecules

are perfectly aligned, S = 0 if they are randomly oriented as in an isotropic liquid and
S = −1/ 2 if they are perfectly aligned perpendicular to n̂ . Fig. 1 shows the orientational

order in nematic LCs.
In addition to the orientational order, LCs can have one-dimensional positional
order in a smectic LC phase or two-dimensional positional order in a columnar LC phase,
shown schematically in Fig. 1.2. The smectic LC phase has a layered structure. The
molecules still have orientational order and free translational movement within the layer.
But on the average the center of mass is located in the middle of each layer, exhibiting a
one-dimensional ordering in the direction perpendicular to the layers. The columnar
phases are usually formed by disk-shaped molecules. The molecular interaction tends to
keep the molecules in the same column. The center of mass on the average is along the
centerline of the column. These columns organize themselves in a hexagonal or
rectangular geometry in the plane perpendicular to the column, thus exhibit a twodimensional ordering.
Nematic LCs containing chiral constituents are called chiral nematic LCs. They
are either pure chiral LCs or nematic LCs mixed with chiral dopants. Many cholesterol
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derivatives have chiral nematic phases. For this reason, chiral nematic liquid crystals are
also referred to as cholesteric liquid crystals (CLCs). Locally, CLCs have the nematic
orientational order. However, the presence of chiral molecules induces a twisted helical
structure as shown in Fig. 1.3. Here, in the direction along the helical axis ( z direction),
the local director rotates clockwise or counter-clockwise depending on the molecular
chirality. The interactions between chiral molecules with their surrounding molecules can
cause chiral distortions of the local director. Since the LC has the long range orientational
order, these local distortions can be added up, thus “amplified” to a macroscopic level in
these materials. No simple description for a structure-response relation yet exists [4].

n̂

θ

Fig. 1.1 Schematic of the nematic phase and the orientational order.
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a

b

Fig. 1.2 Schematics of a) The smectic phase, b) The columnar phase.

An important parameter to characterize a helical cholesteric phase is the pitch p ,
which is defined as the distance along the helical axis required for the local director to
rotate an angle of 2π. A positive pitch corresponds to a right-handed helix, in which
viewing along the helical axis, the director rotates clockwise in the direction that
molecules are away from the viewer (Fig. 1.3). A negative pitch corresponds to a lefthanded helix with counter-clockwise rotation of the director. The pitch can be adjusted by
adding different concentrations of chiral dopants to nematic LCs. In a mixture,

p = 1/( HTP ⋅ c ) , where c is the weight concentration and HTP is the helical twisting
power of the chiral addictives. The sign and value of HTP depend on the detailed
molecular structures of the chiral dopants, the interaction with the host nematic LC and
temperature. To date, no universal relationship has been found [4].
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z

Helical Axis

Local Director n̂

P/2

Fig. 1.3 Schematic of the CLC phase.

Among the three types of CLC textures, namely planar, focal conic and
homeotropic, the planar texture is unique optically. In this structure, molecules at the
surface are aligned parallel to the substrate and twisting into the bulk along the helical
axis, which is perpendicular to the substrate (Fig. 1.4). Because the LC molecules are
rod-shaped, the molecular polarizibilities parallel and perpendicular to the molecular
symmetry axes are different. Along the direction of the helical axis, the dielectric
constant has a periodic modulation, between ε and ε ⊥ with the twist of LC molecules.
Light propagation in such medium exhibits Bragg reflection [5]. Within a certain
wavelength range, one circularly polarized mode, whose handedness is the same as that
of CLCs, is reflected. If the reflected wavelengths are in visible range, CLCs exhibit
brilliant colors and have found various applications in reflective displays [6, 7].
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LC materials have interesting properties, such as the ability to self-assemble,
optical anisotropy and sensitivity to external fields. Research in these materials has
played an important role in soft matter physics, and LCD technology has changed the
modern display industry. Today, the research of LC polymers, whose main or side chains
contain liquid crystalline mesogens, and the research of lyotropic LCs, whose phase
depends on the concentrations of the constituents are expanding into the material and
biological science. This dissertation will study the CLCs in photonics.

Helical axis

Fig. 1.4 Schematic of the CLC planar structure and the Bragg reflection.

1.2 Light Emission

We now turn to another topic and give an introduction to light emission. When a
molecule or an atom is excited to a higher energy level E2 by absorption of a photon,
electron impact or chemical reaction, it can release energy in the form of a photon and
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decay to a lower energy level E1 . In general, the emitted photon energy is hν 21 = E2 − E1 .
The emission can be spontaneous or stimulated (Fig. 1.6). In the latter, an external
radiation field is present. The photon emitted by the excited molecule will have the same
energy, polarization and emission direction as the external stimulating photon (Fig. 1.6b).
For organic dye molecules in solutions, the transition involves electronic, vibrational and
rotational energy levels due to molecular interactions, so the emission spectrum is broad.
In a dye system, the emission from the first singlet state to the ground state is called
fluorescence, and the decay lifetime is in the nanoseconds range. The emission from first
triplet state to the ground state is called phosphorescence, and the decay lifetime is in the
range from micro- to milli-seconds. Fluorescence is spin allowed while phosphorescence
is spin forbidden.

E2 − E1 = hν 21
E2

E2

hν 21
E1

hν 21

hν 21

hν 21

E1

a

b

Fig. 1.5 Schematics of a) Spontaneous emission, b) Stimulated emission.
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Amplifying medium
Laser
emission

mirror

mirror

Fig. 1.6 Schematic of a laser.

The acronym LASER stands for Light Amplification by Stimulated Emission of
Radiation. A laser typically consists of an amplifying medium in which light intensity is

amplified by stimulated emission, and a resonator which provides feedback and selects
amplifying wavelength. In a conventional dye laser, the amplifying media are optically
pumped dye molecules that fluoresce. The simplest case of a resonator is constructed
with two concave mirrors (Fig. 1.7).
Classically, the emission of light originates from the oscillation of an electric
dipole or other multipole. In the quantum mechanical description, the electronic energy
levels are quantized. The energy levels correspond to stable solutions of the Schrödinger
equation that describe the electronic states according to [8]:
Ĥ Ψ = E Ψ

(1.2)

where Ĥ is the Hamiltonian of the system, E is an energy eigenvalue and Ψ is the
wavefunction. If the excited states were truly stationary, which means they do not evolve
with time, the molecules would stay in the excited states without decay forever. In reality,
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all excited states have finite lifetimes and decay to ground states because of perturbations
from the environment. The perturbation may come from molecular collisions, dipole
interactions or external fields. The perturbation mixes the wavefunctions of the excited
and ground states, and results in a radiating electric dipole that is responsible for the
emission.
If an excited state molecule is placed in an electromagnetic vacuum where no
perturbations exist, the molecule will still emit light. The understanding of this
phenomenon goes beyond quantum chemistry where the radiation field is treated as
continuous. In quantum electrodynamics (QED), both the energy and radiation field are
quantized [9]. The origin of spontaneous emission is the so-called vacuum field
fluctuation. Even when there is no measurable light field in the free space surrounding
the molecule under consideration, there always exists the quantum fluctuation of the
electromagnetic field in space, as required by the uncertainty principle. This fluctuating
vacuum field can be thought to be composed of continuously distributed field modes,
where a mode can be described by its frequency ν , the wave vector k and polarization.
Each mode of the vacuum fluctuation has energy hν / 2 , and can stimulate the molecule
to emit light [10].
Purcell was the first to recognize that spontaneous emission rate was not simply a
property of an isolated molecule [11]. Rather, it is a function of the density of states ρ ,
which is the density of the optical modes available for the emission by the excited
molecules. The spontaneous emission rate W for an excited state molecule is given by
Fermi’s golden rule [9, 10, 12]:
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W∝

2π

V ρ
2

(1.3)

where V is the expectation value of the perturbing Hamiltonian Hˆ ' , V = ψ f Hˆ ' ψ i ,

ψ i and ψ f are wavefunctions of the initial and final states of the molecule. Depending
on the ρ , the spontaneous emission rate can be either enhanced or inhibited. Specifically,
if there are no optical modes available to the excited molecules, spontaneous emission
will be prohibited. If ρ is only available at one certain wavelength, then spontaneous
emission will occur only at that particular wavelength.
If the emitting molecule is in a cavity, the reflection of the emission from the
cavity wall will cause interference. The effectiveness of the interference depends on the
cavity size and the coherence length of the emission. If they are comparable, the effective
interference gives rise to standing waves in the cavity. These standing waves are called
cavity modes, different from continuously distributed modes in free space. One example
is a Fabry-Perot resonant cavity, in which only certain modes survive. Thus, the control
of spontaneous emission can be realized by cavity engineering. Recently, this subject has
been advanced greatly with the invention of photonic bandgap materials.

1.3 Photonic Bandgap Materials

Photonic bandgap (PBG) materials are periodic dielectric structures with
periodicity in one, two or three dimensions in optical bandgap materials. The periodicity
is of the order of an optical wavelength. Light propagation in such materials exhibits a
photonic bandgap, a frequency range in which classical light propagation is forbidden
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(Fig. 1.7). Mathematically, this is the result of Floquet’s theorem [13], which states that
in certain regions of parameter space, there are no stable solutions to second-order
differential equations with periodic coefficients. In the case of photons, the relevant
equations are the classical Maxwell’s wave equations and the periodic coefficients are the
matrix elements of the dielectric tensor. In a complete bandgap, light propagation is
forbidden in all directions and for all polarizations; whereas in an incomplete bandgap,

Frequency ω

light propagation is forbidden only in certain directions and polarizations.

Band gap

Wave vector k

Fig. 1.7 Schematics of the photonic bandgap. When ω is in the bandgap, there is no
allowed propagation.

PBG materials were proposed by Yablonovitch [14] and John [15] to realize
spontaneous emission control and light localization. Both principles involve the ρ in the
PBG materials. These materials can be made in macroscopic sizes, and the reflection is
caused by the periodic material structures instead of cavity walls. The virtual cavities in
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PGB materials span in all directions and are small in size, offering the potential of light
confinement and control.
There has been tremendous progress in the research of PBG materials recently [12,
16]. A wide variety of methods have been developed to make PBG structures, such as
deposition, sedimentation, photo-lithography and holographic lithography, chemical
etching, two-photon polymerization and electrochemical patterning [17]. Theories of
fluorescence and lasing in PBG materials have been proposed [18-20]. Low threshold
lasing [21, 22] and holey photonic fibers are two maturing applications.
Helical CLCs can be regarded as one-dimensional photonic bandgap materials
because the dielectric tensor varies periodically along the helical axis. The bandgap can
be tuned by changing the pitch, either statically, by material composition, or dynamically,
by external fields. The bandgap only exists in CLC planar structure. Applying a voltage
across the LC cell would switch the planar structure to homeotropic structure, which
relax to planar structure or focal conic structure when the voltage is off, depending on the
dynamics of the relaxation. Thus the bandgap can be switched on and off between these
two CLC structures. These materials can be doped with dyes, polymer stabilized or made
as polymeric thin films. They are the focus of this dissertation.

1.4 Dissertation Outline

This dissertation studies fluorescence and lasing in dye-doped CLCs and
cholesteric blue phases. They are one and three-dimensional photonic bandgap materials.
The approach is mainly experimental, with some comparisons of the experimental results
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with the results of ρ calculations in the materials. The dissertation is organized as
follows:
In Chap. 2, the analytical solutions of optical normal modes propagating in a thin
CLC film are obtained and discussed.
In Chap. 3, the general definition and calculation method of DOS are presented.
The DOS calculations in bulk CLCs, in a Fabry-Perot cavity and in a CLC film are
given.
In Chap. 4, the experimental measurements of fluorescence spectra and lifetimes
in dye-doped CLC films are presented. They are compared with the results in isotropic
states, and with the predictions of ρ calculations in a CLC film. The fluorescence
quenching at high dye concentration is also studied.
In Chap. 5, experimental results of lasing in dye-doped CLC films are presented.
The lasing wavelength, laser polarization, lasing threshold, temporal and the spatial
coherence of the laser emission are studied. The experimental lasing wavelengths and
thresholds are compared with the calculated values from the density of states ρ .
In Chap. 6, experimental results of lasing in dye-doped cholesteric blue phase
(BPs) are presented. The BP structures are reviewed, and the textures and the reflection in
BPs are studied. Experimental results of stimulated emission in BP I and lasing in blue
phase II are presented.
In Chap. 7, the major conclusions of the study are drawn. Some perspectives of
liquid crystalline photonic bandgap materials are given.
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Chapter 2

Normal Modes of Light Propagation in a Cholesteric Liquid Crystal Film

The problem of light propagation along the helical axis in bulk CLCs has been
analytically solved. Here bulk means that the CLC sample is infinitely thick and has no
boundaries; in this case analytical solutions are available [23-28]. Numerical methods
also have been developed to describe light propagation in CLC thin films with substrates
and alignment layers [29-31]; and with oblique incidence [32, 33]. In this chapter, the
analytical solutions of normal modes propagating along the helical axes in a thin CLC
film are given. The analytical normal modes in bulk CLC are matched with the boundary
conditions of a CLC film, and the transmitted and reflected fields in terms of incident
field are obtained in matrix form. The approach is similar to that of Nityananda and Kini
[34]. We further discuss the definitions of normal modes and the methods of obtaining
them based our approach.

2.1 Analytical Solutions of Normal Modes in Bulk Cholesteric Liquid Crystals

We consider light propagation in bulk CLC along the helical axis, following the
representation given by Palffy-Muhoray [35]. The Maxwell’s equations are:
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∇i D = 0
∇i B = 0
∂Β
∂t
∂D
∇×Η =
∂t
∇×Ε = −

(2.1)

and the constitutive relations are
D = ε oε r E

(2.2)

B = μo H

where ε r is the relative dielectric tensor. By writing these equations in the above form,
we have assumed that the medium has no free charges, is nonconductive and the
magnetic susceptibility is that of free space. We also assume the ε r is independent of
time. Combining Eqs. 2.1 and 2.2, the wave equation describing the electric field in the
material is:
∇ E − ∇(∇iE) =
2

ε r ∂ 2E
c 2 ∂t 2

(2.3)

We choose a director configuration of CLC in lab coordinates x, y , z as follows:
⎧ nx = cos( qz )
⎪
⎨ n y = sin( qz )
⎪n = 0
⎩ z

(2.4)

where q = 2π / p , and p is the cholesteric pitch. The helical axis is along the z direction,
and the director traces out a right-handed helix (Fig. 2.1). We also choose a rotating
coordinate system η , ξ , z which follows the rotation of the director. The relationship
between the basis vectors of the two coordinate systems is:
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x
η
z
η

ξ

ξ
y

Fig. 2.1 The CLC director configuration, lab coordinates x, y , z and rotating coordinates
η, ξ , z .

⎧⎪ ηˆ = cos qzˆi + sin qzˆj
⎨
⎪⎩ξˆ = − sin qzˆi + cos qzˆj

(2.5)

In η , ξ , z coordinates, the director configuration is
⎧ nη = 1
⎪
⎨ nξ = 0
⎪n = 0
⎩ z

(2.6)

ˆ ˆ as in uniaxial nematic LCs:
and ε r is diagonal, calculated by ε r = ε ⊥ I + (ε − ε ⊥ )nn
⎡ε
ε r = ⎢⎢ 0
⎣⎢ 0

0

ε⊥
0

0⎤
0⎥
⎥
ε ⊥ ⎦⎥

(2.7)

To solve Eq. 2.3, we try a plane wave solution in the rotating coordinates, assuming

E( z ) is in the x − y plane,
E = E( z )ei (ω t − kz )
and note ∇iE = 0 . Substitution of Eq. 2.8 into Eq. 2.3 gives
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E "( z ) − 2ikE '( z ) − k 2 E( z ) = −

ω2
c2

ε r E( z )

(2.9)

we try a solution

E( z ) = E ηˆ + E⊥ ξˆ

(2.10)

where E and E⊥ are constants. We have ηˆ ' = qξˆ and ξˆ ' = − qηˆ . Substitution of Eq. 2.10

into Eq. 2.9 gives
(α 2 − ε + n 2 ) E = i (2nα ) E⊥

(2.11)

(α 2 − ε ⊥ + n 2 ) E⊥ = −i (2nα ) E

(2.12)

Here we have defined the reduced wavelength α = λo / p , ε = (ε + ε ⊥ ) / 2 ,

δ = (ε − ε ⊥ ) / 2 , where λo is the light wavelength in vacuum, k = 2π n / λo is the wave
number and n is the refractive index. Combining Eqs. 2.11 and 2.12 gives the expression
for n 2 :
n 2 = ε + α 2 ± δ 2 + 4εα 2

(2.13)

There exist four modes, their refractive indices are:
n1± = ± ε + α 2 + δ 2 + 4εα 2

(2.14)

n2± = ± ε + α 2 − δ 2 + 4εα 2

(2.15)

The negative sign indicates that light propagates in the − z direction. From Eq. 2.7, 2.92.11, the fields inside the CLC are:
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⎡iB ⎤
E2± = E⊥ ⎢ ⎥ ei (ω t − k2 z )
⎣1⎦

(2.17)

with
A=

n12 + α 2 − ε

,

2n1α

k1 =

2π n1

λo

,

B=

n22 + α 2 − ε ⊥
2n2α

k2 =

2π n2

λo

(2.18)

(2.19)

These four modes are normal modes in the rotating frame, elliptically polarized in general.
Here, we propose that they are normal modes, and the reason will be given in a detailed
account of normal modes in Section 2.2.3. The two modes propagating in the + z
direction with refractive index n1+ , n2+ are designated as mode 1 ( E1 ) and mode 2 ( E2 ).
According to Eq. 2.12, when no < α < ne , n22 is negative (Fig. 2.2), n2 and k2 are
imaginary. Light with wavelength in the bandgap no < α < ne cannot propagate. This
band is also called the CLC stop band or reflection band. This feature exists only for
mode 2; mode 1 is always propagating.
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16

Mode 1

n1

2

12
8
4
1.2
Bandgap

n2

2

0.8
0.4

Mode 2

0.0
ne

no

-0.4
0.5

1.0

1.5

2.0

2.5

α = λo / p

Fig. 2.2 n 2 as a function of wavelength for two normal modes in bulk CLCs. The dotted
line in mode 2 is negative.

We need to clarify the handedness of circular or elliptically polarized light before
discussing the polarization. In this dissertation, the electric field of an optical wave
propagating in + z direction is written as: E = Eo cos(ω t − kz ) or in complex form
E = Eo ei (ω t − kz ) . Suppose there is a circularly polarized light propagating in + z direction,

the electric field is written as:
E = Eo cos(ω t − kz )ˆi − Eo sin(ω t − kz )ˆj

(2.20)

in lab coordinates. According to Eq. 2.20, at a given time ( t = 0, for example ), the field
vectors E trace out a right-handed spiral in space with increasing of z coordinate (Fig.
2.3a). The handedness is associated with the electric fields in space. This circularly
polarized light is right-handed. At a given position ( z = 0, for example ), the field vector
E rotates clockwise with increasing of time, when viewed against the k direction (Fig.
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2.3b). This is the right circularly polarized light. According to this definition, a right
circularly polarized light is right-handed. When the Jones matrix representation is used, it
is represented by [1, i ] and left circularly polarized light is represented by [1, -i ] .

y
E

y
E

x

ωt

E

x
Z=0

z

b

a

Fig. 2.3 Schematics of a right-handed circular polarized light. a) The configuration of
electric field at a given time in space. b) The configuration of electric field at a given
position in time.
Normal modes E1 and E2 can be expressed as:
⎡1⎤
E1 = E ⎢ ⎥ ei (ωt −k1z )
⎣ie1 ⎦

(2.21)

⎡1⎤
E 2 = E ⊥ ⎢ ⎥ e i ( ωt − k 2 z )
⎣ie2 ⎦

(2.22)

where e1 = − A, e2 = (−1/ B) are ellipticities for normal modes E1 and E2 respectively.
The plots of e1 and e2 are shown in Fig. 2.4. In general E1 is left elliptically polarized
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and E2 is right elliptically polarized. In the limit of α = 0 as in nematic LCs, e1 = 0 , E1 is
linearly polarized, parallel to the LC director η̂ ; e2 = +∞ , E 2 is also linearly polarized,
but perpendicular to the LC director. In the limit of α

1 , e1 = −1 , E1 is left circularly

polarized; e2 = +1 , E 2 is right circularly polarized. In the vicinity of the band edges, the
polarization of E2 changes drastically. At the exact band edges, E 2 is a linearly polarized
standing wave; its polarization direction is parallel to the director at long-wavelength
edge while perpendicular to the director at short-wavelength edge. Inside the stop band,
E2 represents a linearly polarized evanescent standing wave.

0.0
-0.2

Mode 1

e1

-0.4
-0.6
-0.8
-1.0
12
10
8
6
4
2
0

Bandgap

e2

Mode 2

0.0

0.5

1.0

1.5

2.0

2.5

3.0

α = λo / p

Fig. 2.4 Ellipticities of two normal modes in bulk CLCs.
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We transform these four normal modes to lab coordinates:
⎧
⎫
⎡1⎤
⎡1⎤
E1+ = E1+ eiω t ⎨(1 − A) ⎢ ⎥ ei ( − k1 z − qz ) + (1 + A) ⎢ ⎥ ei ( − k1 z + qz ) ⎬
⎣i ⎦
⎣ −i ⎦
⎩
⎭

(2.23)

⎧
⎫
⎡1⎤
⎡1⎤
E1− = E1− eiω t ⎨(1 + A) ⎢ ⎥ ei ( k1 z − qz ) + (1 − A) ⎢ ⎥ ei ( k1z + qz ) ⎬
⎣i ⎦
⎣ −i ⎦
⎩
⎭

(2.24)

⎧
⎫
⎡ −i ⎤
⎡i ⎤
E +2 = E2+ eiω t ⎨(1 − B) ⎢ ⎥ ei ( − k2 z − qz ) + (1 + B) ⎢ ⎥ ei ( − k2 z + qz ) ⎬
⎣1⎦
⎣1⎦
⎩
⎭

(2.25)

⎧
⎫
⎡ −i ⎤
⎡i ⎤
E 2− = E2− eiω t ⎨(1 + B) ⎢ ⎥ ei ( k2 z − qz ) + (1 − B) ⎢ ⎥ ei ( k2 z + qz ) ⎬
⎣1⎦
⎣1⎦
⎩
⎭

(2.26)

where E1+ , E1− , E2+ , E2− are constants. In lab coordinates, each normal mode is a linear
combination of left and right circularly-polarized light which have different amplitudes
and wave numbers.

2.2 Analytical Solutions of Normal Modes in a Cholesteric Liquid Crystal Film

2.2.1 Derivation of Transfer Matrices

We consider a CLC film with thickness dp , sandwiched by substrates with
refractive index ns . The helical axis is along the z direction, and at position z = 0 , the
director is along the x direction as shown in Fig. 2.5. In lab coordinates, the magnetic
field H = ∇ × E /(−iωμ o ) , thus we write the fields of the incident light Ei , H i , the
reflected light E r , H r and the transmitted light Et , H t in the following forms:
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⎡ Eix ⎤
E i = ⎢ ⎥ e i (ω t − k s z ) ,
⎣ Eiy ⎦

Hi =

ns ⎡ − Eiy ⎤ i (ωt − ks z )
e
zo ⎢⎣ Eix ⎥⎦

(2.27)

⎡ Erx ⎤
E r = ⎢ ⎥ e i (ω t + k s z ) ,
⎣ Ery ⎦

Hr =

ns
zo

⎡ Ery ⎤ i (ω t + ks z )
⎢− E ⎥ e
⎣ rx ⎦

(2.28)

⎡ Etx ⎤
Et = ⎢ ⎥ ei[ω t − ks ( z − dp )] ,
⎣ Ety ⎦

Ht =

ns ⎡ − Ety ⎤ i[ω t − ks ( z − dp )]
e
zo ⎢⎣ Etx ⎥⎦

(2.29)

S u bstrate
ns

CLC
n

S u b strate
ns

E 1+

Ei

E 2+

Et

E 1-

Er

E2
Z=0

x

-

y

z

Z=dp

Fig. 2.5 The director configuration and fields of a CLC film in lab coordinates.

where zo = μ o / ε o is the impedance of vacuum. The electric fields of the bulk normal
modes inside the film are given by Eqs 2.23-2.26, and the corresponding magnetic fields
are:
+
1

H =

⎫
⎡ −i ⎤
⎡i ⎤
E1+ iω t ⎧
e ⎨(1 − A)( n1 + α ) ⎢ ⎥ ei ( − k1z − qz ) + (1 + A)( n1 − α ) ⎢ ⎥ ei ( − k1z + qz ) ⎬
zo
⎣1⎦
⎣1⎦
⎩
⎭

(2.30)

H1− =

⎫
⎡i ⎤
⎡ −i ⎤
E1− iω t ⎧
e ⎨(1 + A)(n1 − α ) ⎢ ⎥ ei ( k1 z − qz ) + (1 − A)( n1 + α ) ⎢ ⎥ ei ( k1z + qz ) ⎬
zo
⎣ −1⎦
⎣ −1⎦
⎩
⎭

(2.31)
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H 2+ =

⎫
⎡ −1⎤
⎡ −1⎤
E2+ iω t ⎧
e ⎨(1 − B)(n2 + α ) ⎢ ⎥ ei ( − k2 z − qz ) + (1 + B)(n2 − α ) ⎢ ⎥ ei ( − k2 z + qz ) ⎬ (2.32)
zo
⎣ −i ⎦
⎣i ⎦
⎩
⎭

H −2 =

⎫
⎡1⎤
⎡1⎤
E2+ iω t ⎧
e ⎨(1 + B)(n2 − α ) ⎢ ⎥ ei ( k2 z − qz ) + (1 − B )( n2 + α ) ⎢ ⎥ ei ( k2 z + qz ) ⎬
zo
⎣i ⎦
⎣ −i ⎦
⎩
⎭

(2.33)

Boundaries conditions require that at each boundary, the tangential components of
E and H are continuous. At the boundary z = 0 , we have
+
−
+
−
⎪⎧Ei (0) + Er (0) = E1 (0) + E1 (0) + E2 (0) + E2 (0)
⎨
+
−
+
−
⎪⎩Hi (0) + H r (0) = H1 (0) + H1 (0) + H 2 (0) + H 2 (0)

(2.34)

The solutions of Ei and Er in terms of E1+ , E1− , E2+ , E2− , in matrix form, are:

⎡ E1+ ⎤
⎡ Eix ⎤
⎢ −⎥
⎢E ⎥
⎢ iy ⎥ = M ⎢ E1 ⎥
⎢ Erx ⎥
⎢ E2+ ⎥
⎢ −⎥
⎢ ⎥
⎣ Ery ⎦
⎣ E2 ⎦

(2.35)

(1 − N1 + γ A) i ( B + N 2 B − γ ) −i ( B − N 2 B + γ ) ⎤
⎡ (1 + N1 − γ A)
⎢ −i ( A + N A − γ ) i ( A − N A + γ ) (1 + N − γ B )
(1 − N 2 + γ B ) ⎥
1
1
2
⎢
⎥ (2.36)
M=
⎢ (1 − N1 + γ A)
(1 + N1 − γ A) i ( B − N 2 B + γ ) −i ( B + N 2 B − γ ) ⎥
⎢
⎥
(1 + N 2 − γ B ) ⎦
⎣ −i ( A − N1 A + γ ) i ( A + N1 A − γ ) (1 − N 2 + γ B )

where N1 = n1 / ns , N 2 = n2 / ns , γ = α / ns . Similarly, at the boundary z = dp , we have:
+
−
+
−
⎪⎧Et ( dp ) = E1 ( dp ) + E1 ( dp ) + E2 (dp ) + E2 (dp )
⎨
+
−
+
−
⎪⎩H t ( dp ) = H1 ( dp ) + H1 ( dp ) + H 2 ( dp ) + H 2 (dp )

The solutions for Et in terms of E1+ , E1− , E2+ , E2− , in matrix form, are:
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⎡ Etx ⎤
⎡ E1+ ⎤
⎢ −⎥
⎢E ⎥
⎢ ty ⎥ = N ⎢ E1 ⎥
⎢ Etx ⎥
⎢ E2+ ⎥
⎢ ⎥
⎢ −⎥
⎣ Ety ⎦
⎣ E2 ⎦

(2.38)

(1 − A) x / φ1 + (1 + A) / xφ1
⎡
⎢
i (1 − A) x / φ1 − i (1 + A) / xφ1
N=⎢
⎢ ( N1 + γ )(1 − A) x / φ1 + ( N1 − γ )(1 + A) / xφ1
⎢
⎣i ( N1 + γ )(1 − A) x / φ1 − i ( N1 − γ )(1 + A) / xφ1
(1 + A) xφ1 + (1 − A)φ1 / x
i (1 + A) xφ1 − i (1 − A)φ1 / x
−( N1 − γ )(1 + A) xφ1 − ( N1 + γ )(1 − A)φ1 / x
−i ( N1 − γ )(1 + A) xφ1 + i ( N1 + γ )(1 − A)φ1 / x
−i (1 − B ) x / φ2 + i (1 + B ) / xφ2
(1 − B ) x / φ2 + (1 + B ) / xφ2
−i ( N 2 + γ )(1 − B ) x / φ2 + i ( N 2 − γ )(1 + B ) / xφ2
( N 2 + γ )(1 − B ) x / φ2 + ( N 2 − γ )(1 + B ) / xφ2
−i (1 + B ) xφ2 + i (1 − B )φ2 / x
⎤
⎥
(1 + B ) xφ2 + (1 − B )φ2 / x
⎥
i ( N 2 − γ )(1 + B ) xφ2 − i ( N 2 + γ )(1 − B )φ2 / x ⎥
⎥
−( N 2 − γ )(1 + B ) xφ2 − ( N 2 + γ )(1 − B )φ2 / x ⎦

(2.39)

where φ1 = eiδ1 , δ1 = 2π n1d / α , φ2 = eiδ 2 , δ 2 = 2π n2 d / α , x = e− i 2π d . By eliminating the
constants E1+ , E1− , E2+ , E2− , we have the relationship between Ei , Er and Et :
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⎡ Eix ⎤
⎡ E1+ ⎤
⎡ Etx ⎤
⎡ Etx ⎤
⎢E ⎥
⎢ −⎥
⎢E ⎥
⎢ ⎥
⎢ iy ⎥ = M ⎢ E1 ⎥ = MN −1 ⎢ ty ⎥ = 1 ⎡ P 0⎤ ⎢ Ety ⎥
⎢ Erx ⎥
⎢ E2+ ⎥
⎢ Etx ⎥ 8 x ⎢⎣Q 0⎥⎦ ⎢ 0 ⎥
⎢ ⎥
⎢ −⎥
⎢ ⎥
⎢ ⎥
⎣0⎦
⎣ Ery ⎦
⎣ Ety ⎦
⎣ E2 ⎦

(2.40)
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E
⎡ Etx ⎤
−1 ⎡ ix ⎤
⎢ E ⎥ = 8 xP ⎢ E ⎥
⎣ ty ⎦
⎣ iy ⎦

(2.41)

E
⎡ Erx ⎤
−1 ⎡ ix ⎤
⎢ E ⎥ = QP ⎢ E ⎥
⎣ ry ⎦
⎣ iy ⎦

(2.42)

where Q, P are 2 by 2 matrices. Explicitly, the matrices elements are:
q11 = (1 − N1 + γ A)C1 + (1 + N1 − γ A) D1 − ( B − N 2 B + γ ) E1 − ( B + N 2 B − γ ) F1
q21 = −i ( A − N1 A + γ )C1 + i ( A + N1 A − γ ) D1 + i (1 − N 2 + γ B ) E1 − i (1 + N 2 − γ B ) F1
q12 = −i (1 − N1 + γ A)C2 + i (1 + N1 − γ A) D2 + i ( B − N 2 B + γ ) E2 − i ( B + N 2 B − γ ) F2

(2.43)

q22 = −( A − N1 A + γ )C2 − ( A + N1 A − γ ) D2 + (1 − N 2 + γ B ) E2 + (1 + N 2 − γ B ) F2
p11 = (1 + N1 − γ A)C1 + (1 − N1 + γ A) D1 − ( B + N 2 B − γ ) E1 − ( B − N 2 B + γ ) F1
p21 = −i ( A + N1 A − γ )C1 + i ( A − N1 A + γ ) D1 + i (1 + N 2 − γ B) E1 − i(1 − N 2 + γ B) F1
p12 = −i (1 + N1 − γ A)C2 + i (1 − N1 + γ A) D2 + i ( B + N 2 B − γ ) E2 − i( B − N 2 B + γ ) F2

(2.44)

p22 = −( A + N1 A − γ )C2 − ( A − N1 A + γ ) D2 + (1 + N 2 − γ B ) E2 + (1 − N 2 + γ B) F2
where
C1 = {( x 2 − 1) [ ( N 2 B − γ ) X + BY ] + ( x 2 + 1) [ (γ B − N 2 )Y − X ]} eiδ1
D1 = {( x 2 − 1) [ (γ − N 2 B) X + BY ] + ( x 2 + 1) [ (γ B − N 2 )Y + X ]} e− iδ1
E1 = {( x 2 − 1) [ ( N1 − γ A) X + Y ] + ( x 2 + 1) [ (γ − N1 A)Y − AX ]} eiδ 2

(2.45)

F1 = {( x 2 − 1) [ (γ A − N1 ) X + Y ] + ( x 2 + 1) [ (γ − N1 A)Y + AX ]} e − iδ 2

and
C2 = {( x 2 − 1) [ ( N 2 − γ B )Y + X ] + ( x 2 + 1) [ (γ − N 2 B) X − BY ]} eiδ1
D2 = {( x 2 − 1) [ (γ B − N 2 )Y + X ] + ( x 2 + 1) [ (γ − N 2 B ) X + BY ]} e− iδ1
E2 = {( x 2 − 1) [ ( N1 A − γ )Y + AX ] + ( x 2 + 1) [ (γ A − N1 ) X − Y ]} eiδ 2

(2.46)

F2 = {( x 2 − 1) [ (γ − N1 A)Y + AX ] + ( x 2 + 1) [ (γ A − N1 ) X + Y ]} e − iδ 2

and
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X = 1/( N 2 AB − N1 )
Y = 1/( N1 AB − N 2 )

(2.47)

electronic-Liquid Crystal Dissertations - February 09, 2006

27

2.2.2 Reflectance and Transmittance
Before we derive the normal modes, we calculate the reflectance R and
transmittance T of a CLC film as a test of our calculation above. R and T are defined as:
R=

T=

I reflected

(2.48)

I incident

I transmitted
I incident

(2.49)

According to Eqs. 2.41 and 2.42, we can calculate the reflected and transmitted fields for
arbitrary incident light. R and T are calculated according to:

Erx + Ery

2

Eix + Eiy

2

Etx + Ety

2

Eix + Eiy

2

2

R=

2

2

T=

2

(2.50)

(2.51)

Figs. 2.6 and 2.7 show the numerical results for R and T for different polarization of the
incident light and different CLC film thicknesses. The refractive indices chosen are:

ne = 1.7 , no = 1.5 , ns = 1.6 . For every case, energy conservation is satisfied; R + T = 1 .
The features of the results are identical to those calculated by other methods [31].
Because the solutions are analytical, the numerical implementation is easy and fast.
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Fig. 2.6 Reflection and transmission spectra of a CLC film with linearly polarized light.
The polarization is parallel to the CLC director at the entrance plane, and the CLC is
right-handed. P is the pitch of the CLC materials.
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Fig. 2.7 Reflection spectra as a function of CLC film thickness. The incident light and the
CLC are both right-handed.
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2.2.3 Normal Modes
An optical normal mode is a wave that does not change its polarization, but
changes the field amplitude and phase, when it propagates in an optical medium [36]. In
Jones representation, the polarization state and the optical medium are represented by a
vector E and a propagation matrix M respectively. After passing the medium, the
polarization changes to E ' , which can be expressed as:

E ' = ME

(2.52)

If E is a normal mode, according to the definition, E ' also can be written as:
E ' = aE

(2.53)

where a is a complex scalar that contains the information of amplitude and phase change.
Combining Eqs. 2.52 and 2.53 gives:

ME = aE

(2.54)

This is an eigenvalue equation. The normal modes E are just the eigenvectors of the
matrix M , and a are the eigenvalues.
The normal modes of light propagation in bulk CLC are described by Eqs. 2.162.18. Writing Eqs. 2.11 and 2.12 in matrix form gives:
⎡ ε
⎢ −i 2nα
⎣

i 2nα ⎤ ⎡ E ⎤
E ⎤
2
2 ⎡
(
α
n
)
=
+
⎢E ⎥
ε ⊥ ⎥⎦ ⎢⎣ E⊥ ⎥⎦
⎣ ⊥⎦

(2.55)

This is also an eigenvalue equation. The modes with polarization ⎡⎣ E , E⊥ ⎤⎦ are normal
modes according to Eq. 2.10. Since E and E⊥ are constants, and A and B in Eqs. 2.18
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and 2.19 only depend on material properties and wavelength in vacuum, these modes do
not change their polarizations when they propagate.
In a CLC film, we expect the transmitted light Et and the incident light Ei to be
related as:
⎡ Etx ⎤
⎡ Eix ⎤
⎢E ⎥ = t ' ⎢E ⎥
⎣ ty ⎦
⎣ iy ⎦

(2.56)

where Ei is the mode that satisfies Eq. 2.56 and t ' is the complex transmission
coefficient. Combining with Eqs. 2.41 and 2.56, we have:
⎡ Eix ⎤ ⎡ Eix ⎤
P −1 ⎢ ⎥ = t ⎢ ⎥
⎣ Eiy ⎦ ⎣ Eiy ⎦

(2.57)

where t has absorbed the factor of 1/ 8 x . This is again an eigenvalue equation. We call
the matrix P −1 the Jones transmission matrix. The normal modes defined in Eq. 2.57 are
designated as normal modes of transmission. Their calculations and detailed properties
will be discussed in Section 2.2.4.
It is interesting to consider the normal modes of reflection. If the incident light is

Ei ei (ωt − kz ) , then the reflected light is Er ei (ωt + kz ) , propagating in the opposite direction. The
polarization of a normal mode is not expected to change upon reflection. A reflection
may be considered as a time reversal operation of incidence. For a complex wave, the
operation of time reversal τˆ corresponds to taking complex conjugate of the wave;

τˆ(E) = E* [37]. The reflected light Er and the incident light Ei are related as:
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⎛ ⎡ Eix ⎤ ⎞
⎡ Erx ⎤
⎡ Eix ⎤
⎢ E ⎥ = rτˆ ⎜⎜ ⎢ E ⎥ ⎟⎟ = r ⎢ E ⎥
⎣ ry ⎦
⎣ iy ⎦
⎝ ⎣ iy ⎦ ⎠

*

(2.58)
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where r is the complex reflection coefficient. Combining Eqs. 2.42 and 2.58, we have
⎡ Eix ⎤
⎡ Eix ⎤
QP ⎢ ⎥ = r ⎢ ⎥
⎣ Eiy ⎦
⎣ Eiy ⎦

*

−1

(2.59)

which is not an eigenvalue equation. It transforms as
*

E ⎞
E
⎛
−1 ⎡ ix ⎤
* ⎡ ix ⎤
⎜⎜ QP ⎢ ⎥ ⎟⎟ = r ⎢ ⎥
⎣ Eiy ⎦ ⎠
⎣ Eiy ⎦
⎝
*

((

⎡ Eix ⎤
−1
⎢ E ⎥ = QP
⎣ iy ⎦

))

* −1

(2.60)

⎡ Eix ⎤
r* ⎢ ⎥
⎣ Eiy ⎦

(2.61)

Substituting Eq. 2.61 into Eq. 2.59, and writing the reflectance as R = rr * , we have
⎡ Eix ⎤
⎡ Eix ⎤
=
R
⎥
⎢E ⎥
⎣ iy ⎦
⎣ iy ⎦

(2.62)

(

) ( QP ) the modified

( QP ) ( QP ) ⎢ E
−1

*

−1

Eq. 2.62 is an eigenvalue equation. We call the matrix QP −1

*

−1

Jones reflection matrix. The normal modes of reflection are the eigenvectors of the matrix,
and the values of the reflectance R are the corresponding eigenvalues. Their calculation
will be discussed in Section 2.2.5.

2.2.4 Normal Modes of Transmission

From Section 2.2.3, the normal modes of transmission are the eigenvectors of the
matrix P −1 , and the transmission coefficients t are the corresponding eigenvalues. They
can be calculated by diagonalizing the matrix P −1 .
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t1,2 =

1
( p11 + p22 ± p112 + p22 2 − 2 p11 p22 + 4 p12 p21 )
2( p11 p22 − p12 p21 )

E1,2

⎡
⎢
=⎢
⎢ ( p11 − p22 ∓
⎣

⎤
⎥
2 p21
⎥
p112 + p22 2 − 2 p11 p22 + 4 p12 p21 ) ⎥⎦

(2.63)

1

(2.64)

t1,2 can be expressed as:
t1,2 = t1,2 e

iψ 1,2

ψ 1,2 = tan −1 ⎡⎣ Im(t1,2 ) / Re(t1,2 ) ⎤⎦

(2.65)
(2.66)

ψ 1,2 is the phase change when a normal mode passes through a CLC film. The
transmittance of the normal modes T1,2 is
2

T1,2 = t1,2 .

(2.67)

To calculate the reflectance R1,2 of the normal modes, the normal modes Ei are first
calculated according to Eq. 2.64; then the reflected fields Er are calculated according to
Eq. 2.42; the R1,2 are thus obtained from Eq. 2.50. Figs. 2.8 and 2.9 show the calculated
T and R for a CLC film with a thickness of 10 p and material parameters
ne = 1.7, no = 1.5, ns = 1.6 . As expected, only one mode, designated as normal mode 2,

has the reflection band. The T and R of normal mode 1 have very small oscillations in
the entire wavelength range; and R + T = 1 is always true.
A plane wave with arbitrary polarization can be written in complex form as:
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E = Ex ei (ωt − kz ) ˆi + E y ei (ωt − kz +θ ) ˆj

(2.68)
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Fig. 2.8 Reflectance and transmittance of normal mode 1 of transmission.
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Fig. 2.9 Reflectance and transmittance of normal mode 2 of transmission.
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or
⎡ 1 ⎤
E = E x ⎢ iθ ⎥ ei (ωt −kz )
⎣ ae ⎦

(2.69)

where a = E y / Ex is the ellipticity, θ is the phase difference between the y component
of the electric field relative to that of the x component, which is set to zero, and
−π < θ ≤ π . The parameters a and θ describe a polarization state completely, such as

linearly polarized (θ = 0, π ) , circularly polarized (a = 1 and θ = ± π /2) or elliptically
polarized ( a , θ elsewhere). A positive θ corresponds to a right circularly or right
elliptically polarized wave. In this notation, the normal modes of transmission in a CLC
film are (Eq. 2.63):
⎡ 1 ⎤ i (ωt − k1,2 z )
E1,2 = ⎢
iθ1,2 ⎥ e
⎢⎣ a1,2 e ⎥⎦

β1,2 =

2 p21
( p11 − p22 ∓

p11 + p22 2 − 2 p11 p22 + 4 p12 p21 )
2

a1,2 = β1,2
⎡ Im( β1,2 ) ⎤
⎥
⎢⎣ Re( β1,2 ) ⎥⎦

θ1,2 = tan −1 ⎢

k1,2 =

2π n1,2

λo

(2.70)

(2.71)

(2.72)

(2.73)

(2.74)

Figs. 2.10 and 2.11 show the calculated a1,2 and θ1,2 , with the same parameters in the
calculation of T and R . Normal mode 1 is left elliptically polarized ( θ1 = −π / 2 ); the
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ellipticity increases with the increasing of wavelength. Normal mode 2 is right elliptically
polarized ( θ 2 = +π / 2 ); the ellipticity decreases with the increasing of wavelength.
0.96

Phase Difference θ

-0.8

a1
0.95

-1.2
Ellipticity a

θ1

0.94

-1.6
Thickness:10p 0.93
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0.92
ns=1.6

-2.0
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1.6
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Fig. 2.10 Polarization of normal mode 1 of transmission.
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Fig. 2.11 Polarization of normal mode 2 of transmission.
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If the normal mode 1 is orthogonal to normal mode 2, then from Eq. 2.70,
E1 iE*2 = [1 + a1a2 cos(θ1 − θ 2 )] = 0 . The plot of [1 + a1a2 cos(θ1 − θ 2 ) ] as a function of

wavelength is shown in Fig. 2.12.

It has a very small oscillation in the range of

±0.00005 .

1+a1a2cos(θ1-θ2)
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1.6

1.8
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Fig. 2.12 Orthogonality of normal modes of transmission.

The above results of T , R , polarization and orthogonality are obtained when the
refractive index of the substrate ns equals to 1.6, which is very close, but not exactly
matched the average refractive index of the CLC material n , n = ( ne2 + no2 ) / 2 = 1.603 .
When ns = n = 1.603 , T = 1 , R = 0 for normal mode 1 (Fig. 2.8) and E1 iE*2 = 0 (Fig.
2.12) are exactly true. There are no big changes for other quantities.
In order to study the optical properties of CLC alone, the effects of cell substrates
[30] have to be removed by matching the ns to n of CLC. The refractive index

http://www.e-lc.org/dissertations/docs/2006_02_09_00_14_38

electronic-Liquid Crystal Dissertations - February 09, 2006

37

mismatch at the boundary causes Fresnel reflection, which mixes with the CLC reflection.
These two types of reflections are fundamentally different. The reflectance of Fresnel
reflection is R = (n1 − n2 ) 2 /(n1 + n2 ) 2 at normal incidence, where n1 and n2 are the
refractive indices at the boundary. The reflectance of CLC reflection equals to 1 in the
bandgap for one normal mode, caused by the imaginary reflective index. Upon CLC
reflection, the handedness of circular polarized light does not change; while it changes to
opposite handedness of rotation upon Fresnel reflection, if the incidence is from low
refractive medium to high refractive medium.
To estimate the significance of the substrate effects, the T , R , polarization and
orthogonality of normal modes are calculated again, taking ns to low limit ns = 1 . As
shown in Figs. 2.13-2.17 and compared to Figs. 2.8-2.12, the difference are the bigger
oscillations of T , R and polarization, especially in the vicinity of the stop band.
However, the orthogonal relation is significantly deviated from E1 iE*2 = 0 .

2.2.5 Normal Modes of Reflection
The calculation of normal modes of reflection uses the same procedures as that in

(

Section 2.2.4, starting by diagonalizing the matrix QP −1

) ( QP ) . When n
*

−1

s

= 1.6 , the

calculated results are exactly the same as that in Figs. 2.8-2.12, thus the normal modes of
reflection are the same as normal modes of transmission. When ns = 1.0 , the results are
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Fig. 2.13 Reflectance and transmittance of normal mode 1 of transmission with refractive
index mismatch.

1.0
0.8
T2

Thickness:
0.6
10p
ne=1.7
0.4 n =1.5
o
ns=1.0

R2

0.2
0.0
1.2

1.4

1.6

1.8

2.0

Wavelength (p)

Fig. 2.14 Reflectance and transmittance of normal mode 2 of transmission with refractive
index mismatch.
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Fig. 2.15 Polarization of normal mode 1 of transmission with refractive index mismatch.
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Fig. 2.16 Polarization of normal mode 2 of transmission with refractive index mismatch.
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Fig. 2.17 Orthogonality of normal modes of transmission with refractive index mismatch.

difficult to understand at this time, as shown in Figs. 2.17-2.20. In the calculation, mode
switching between normal mode 1 and normal mode 2 at certain wavelengths is
encountered; and the calculation is carried out by keeping θ continuous. One possible
explanation for the results is that the Fresnel reflection changes the handedness of the
circularly polarized light, while the CLC reflection keeps the handedness. By definition,
the normal modes do not change the polarization upon reflection, thus cannot meet the
requirements of both reflections.
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Fig. 2.18 Reflectance and transmittance of normal mode 1 of reflection with refractive
index mismatch.
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Fig. 2.19 Reflectance and transmittance of normal mode 2 of reflection with refractive
index mismatch.
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Fig. 2.20 Polarization of normal mode 1 of reflection with refractive index mismatch.
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Fig. 2.21 Polarization of normal mode 2 of reflection with refractive index mismatch.
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Chapter 3

The Calculation of Density of States

In this chapter, we define the density of states ρ and describe the methods of its
calculation. The calculated ρ in bulk CLC, in a Fabry-Perot (F-P) cavity and in CLC
films are given, together with the implication of ρ to light emission.

3.1 The Definition of Density of States
An optical state or mode can be characterized by its wave vector k , frequency ν
and polarization. We consider a plane wave confined in a one-dimensional cavity whose
length is d (Fig. 3.1a). In order to satisfy the boundary conditions, the allowed modes
must have the relation:
2k N d = N 2π

(3.1)

where N is an integer and k N is the wave number of the N th mode. In k − space , the
allowed modes k N are represented by a series of points on one-dimensional k axis (Fig.
3.1b). The separation of the adjacent modes is π / d .
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ei (ωt − kx )

k

d

π/d

a

b

Fig. 3.1 a) A one-dimensional cavity with length d ; b) Allowed modes in k − space .

The total number of modes in a frequency interval Δν is Δk /(π / d ) = Δkd / π . The mode
density (number of modes per unit frequency) is Δkd / Δω . This approach can be
extended to continuous modes with the use of the δ − function . In this dissertation, the
phrase density of states ρ is used instead of density of modes, although they have the
same meaning.
In general, the ρ per unit length (or area or volume) can be defined as:

ρ≡

dk
dω

(3.2)

This definition has a natural interpretation that ρ is the number of modes per unit
frequency. It also has been derived from the dipole emission rate in a cavity by
Bendickson and Dowling [37]. Other definitions of ρ in current literature involve the
local density of states [38, 39] and spatially averaged electromagnetic energy density
stored in the medium [40]. The discussion of the DOS definitions and calculations can
be found in the literature [38-46]. This dissertation will use the definition in Eq. 3.2,
because of its clear physical meaning and mathematical simplicity.
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3.2 The Calculation of Density of States
For an infinitely thick and homogeneous optical medium, the dispersion relation
k = k (ω ) is obtained by solving Maxwell’s equations, k = nω / c , where n is the

refractive index of the medium. The ρ is:

ρ≡

dk d ( nω / c ) 1 ⎛
dn ⎞
=
= ⎜n +ω
⎟
dω
dω
c⎝
dω ⎠

(3.3)

dn
dn d λ
dn
= n +ω
= n−λ
dω
d λ dω
dλ

(3.4)

It follows
n +ω

and
1⎛

dn ⎞

⎝

⎠

ρ = ⎜n − λ
⎟
c
dλ

(3.5)

where λ is the wavelength in vacuum. The ρ described by Eq. 3.6 is determined by the
properties of the medium. For wavelengths far away from a resonant wavelength,
dn / d λo is small, and ρ is largely determined by n .

In an optical medium with finite thickness d (Fig. 3.2), the fields inside the
medium have to satisfy the boundary conditions. The dispersion relation k = k (ω ) is not
always available. For a normal mode, the transmitted light has the same polarization as
that of incident light, and can be written as:
Et = tEi .

(3.6)

Here t is the complex transmission coefficient, which can be expressed as:
t = t eiϕ ,

(3.7)

where t is the magnitude of t , and ϕ is the phase change when the wave passes through
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Ei

Et

d

Fig. 3.2 Schematic of an optical medium with thickness d .

the medium. The effective wave number in the medium keff is related to ϕ as:

ϕ = keff d

(3.8)

The ρ in the medium is

ρ=

dk eff
dω

=

1 dϕ
d dω

(3.9)

So the calculation of ρ is to find the phase change of a normal mode when it passes
through the medium. The ρ calculated with this method is for the entire sample
thickness d .

3.3 Density of States in Bulk Cholesteric Liquid Crystals
In a bulk CLC medium, we have defined the reduce wavelength α = λo / p , where

p is the pitch of CLC. Eq. 3.5 becomes:
1⎛
⎝

dn ⎞
⎠

ρ = ⎜n −α
⎟
c
dα
2
= ε + α 2 ± δ 2 + 4εα 2 , Thus
From Eq. 2.13, n1,2
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dn1,2
dα

=

⎞
1 ⎛
2εα
⎜α ±
⎟
n1,2 ⎝
δ 2 + 4εα 2 ⎠

(3.11)

and

ρ1,2

⎛
2εα 2
2
2
ε
δ
4
εα
±
+
∓
⎜
1
δ 2 + 4εα 2
= ⎜
c⎜
ε + α 2 ± δ 2 + 4εα 2
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎠

(3.12)

The ρ only depends on material properties ε , δ and p . The plots of ρ ic for two
normal modes are shown in Fig. 3.1, with material parameters ε = 3 , ε ⊥ = 2 , ε = 2.5 ,

δ = 0.5 . The ρ of normal mode 1, which is always propagating, is nearly constant over
the entire wavelength range. The ρ of normal mode 2, which has a forbidden band in the
range of

ε < α < ε ⊥ , diverge at the band edges.

8
Band edge

mode1
mode2

ρ.c

6

4

2

0.0

0.5

1.0

1.5

2.0

2.5

3.0

α = λo / p

Fig. 3.3 The ρ of two normal modes in bulk CLCs. The band edges are at α = 2 and

α = 3.
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3.4 Density of States in a Fabry-Perot Cavity

A Fabry-Perot (F-P) cavity is a simple device which confines light by two
reflecting mirrors. The field configuration is shown in Fig. 3.3. The incident, reflected
and transmitted fields outside the F-P cavity are Ei eik1 z , Er e − ik1 z and Et eik1 ( z − d ) . Inside the
cavity, the right-propagating and left-propagating fields are E + eik2 z and E − e −ik2 z . Without
loss of generality, we have omitted eiωt terms and assumed the polarization of the fields
are in x direction.
n1

n1

n2

Ei
Et

E+
E¯

Er

x
y
Z=0

z

Z=d

Fig. 3.4 Configuration of fields in a F-P cavity.

Applying boundary conditions at z = 0 gives
⎧ Ei + Er = E + + E −
⎪
n2 +
⎨
−
⎪ Ei − Er = n ( E − E )
1
⎩

(3.13)

Solving for Ei , Er in terms of E + and E − , and writing them in matrix form:
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⎛ Ei ⎞ 1 ⎛ n1 + n2
⎜ ⎟=
⎜
⎝ Er ⎠ 2n1 ⎝ n1 − n2

n1 − n2 ⎞ ⎛ E + ⎞
⎟⎜ ⎟
n1 + n2 ⎠ ⎝ E − ⎠

(3.14)
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The same approach at z = d gives
− ik d
⎛ E+ ⎞
1 ⎛ ( n1 + n2 )e 2
=
⎜
⎜ −⎟
0
⎝ E ⎠ 2n2 ⎝

⎞ ⎛ Et ⎞
0
⎟
ik2 d ⎟ ⎜
( n2 − n1 )e ⎠ ⎝ Et ⎠

(3.15)

Combining Eqs. 3.14 and 3.15 to obtain
−( n2 − n1 )2 eik2 d ⎞ ⎛ Et ⎞
⎟⎜ ⎟
( n1 + n2 )( n2 − n1 )eik2 d ⎠ ⎝ Et ⎠

( n1 + n2 )2 e − ik2 d
⎛ Ei ⎞
1 ⎛
⎜
⎜E ⎟ =
− ik d
⎝ r ⎠ 4n1n2 ⎝ −( n1 + n2 )( n2 − n1 )e 2

(3.16)

The inside reflection coefficient is
n2 − n1
n2 + n1

(3.17)

(1 − r 2 )eik2 d
Ei
1 − r 2 ei 2 k 2 d

(3.18)

r=
Solving for Et in terms of Ei , we have:
Et =
Writing the denominator as

1 − r 2 ei 2 k2 d = 1 − 2r 2 cos x + r 4 e − iϕ

(3.19)

x = 2k 2 d

(3.20)

r 2 sin x
tan ϕ =
1 − r 2 cos x

(3.21)

where

and

Eq. 3.18 becomes
Et =

1 − r2
1 − 2r cos x + r
2

4

ei ( k2 d +ϕ ) Ei

The total phase change is k2l + ϕ , and the effective wave number k eff is
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1
(k2d + ϕ )
d

(3.23)

⎛ r 2 sin x ⎞
x 1
+ tan −1 ⎜
⎟
2
2d d
⎝ 1 − r cos x ⎠

(3.24)

k eff =

k eff =

The ρ in a F-P cavity is

ρ=

dk eff dk eff dx
=
dω
dx dω

(3.25)

From Eq. 3.20, x = 2k 2 d = 2n2ω d / c . For simplicity, we assume dn2 / dω = 0 . It follows:
⎡
⎤
⎢
⎥
⎛ r 2 cos x (1 − r 2 cos x ) − r 4 sin 2 x ⎞ ⎥
2n2 ⎢ 1
1
ρ=
+
⎟⎥
2 ⎜
c ⎢2
(1 − r 2 cos x )2
⎛ r 2 sin x ⎞ ⎝
⎠⎥
⎢
1+ ⎜
⎟
2
⎝ 1 − r cos x ⎠
⎣⎢
⎦⎥

ρ=

2n2
c

⎡1
r 2 cos x − r 4 ⎤
+
⎢ 2 1 − 2r 2 cos x + r 4 ⎥
⎣
⎦

n2
1− r4
ρ=
c 1 − 2r 2 cos x + r 4

(3.26)

(3.27)

(3.28)

When x = 2mπ , cos x = 1 , the ρ has maxima

ρ max =

n2 1 + r 2
c 1− r2

(3.29)

From Eq. 3.22, the total transmittance of a F-P cavity is:
T=

⎞
I t Et Et* ⎛
(1 − r 2 )2
(1 − R)2
=
=
=
⎟
⎜
I i Ei Ei* ⎝ 1 − 2r 2 cos x + r 4 ⎠ 1 + R 2 − 2 R cos x

where R = r 2 is the inside reflectance of the cavity. The DOS in terms of R is:
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ρ=

n2
1 − R2
c 1 + R 2 − 2 R cos x

and

ρ max =

(3.31)

n2 1 + R
c 1− R

(3.32)

Fig. 3.4 shows the plots of transmittance T and ρ i(c / n2 ) as a function of phase
x = 2k 2 d and R . The ρ and T have peaks at the same phase conditions. The ρ not
only depends on the refractive index of the medium in the cavity, but also on the cavity
length and critically on the reflectance of the cavity mirror. With the increasing of R ,

Transmittance T

The peaks of ρ and T become sharper.

1.0

R
0.5
0.7
0.9

0.8
0.6
0.4
0.2
0.0

ρ.(c / n2 )

20

10

0
5

10

15

20

25

x

Fig. 3.5 Transmittance and ρ of a F-P cavity with different reflectance R of cavity
mirror. x = 2k 2 d = 2n2ω d / c .
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3.5 Density of States in Cholesteric Liquid Crystal Films

The calculation of ρ in CLC films is straightforward based on the results of Chap.
2. There, we write the fields in Eei (ω t − kz ) form. When a wave propagates from z = 0 to

z = dp (Fig. 2.5), the phase change ψ defined in Eq. 2.66 is ψ = − k eff dp . Thus the ρ is:

ρ=

dk eff
dω

=−

1 dψ dα
dp dα dω

(3.33)

Since α = λo / p, ωλo = 2π c , then α = 2π c /( pω ) ,

ρ =−

1 dψ ⎛ α 2 p ⎞
α 2 dψ
−
=
⎟
⎜
dp dα ⎝ 2π c ⎠ 2π cd dα

(3.34)

In principle, we can calculate ρ analytically from Eqs. 2.63, 2.66 and 3.34.
Since ψ is a rather complicated function of α , we instead numerically differentiate ψ
w.r.t. α to calculate the ρ . The parameters used in the calculation are ne , no of the
CLC film, ns of the substrate that is set equal to ns = (ne2 + no2 ) / 2 and the dimensionless
CLC film thickness d . Figs. 3.5 and 3.6 show the calculated ρ i2π c of two normal
modes in CLC films as a function of wavelength and film thickness. The ρ of normal
mode 1 ( ρ1 ) is constant over the entire wavelength range, with less than 1% oscillation
(Fig. 3.5). The ρ of normal mode 2 ( ρ 2 ) has large peaks and valleys outside the stop
band (Fig. 3.6). The peak positions are close to the transmittance peaks (Fig. 3.7). The ρ 2
is small inside the forbidden band. With the increasing of CLC film thickness, ρ 2 at the
middle of the stop band approaches zero (Fig. 3.8), while the peaks outside the stop band
become sharper.

http://www.e-lc.org/dissertations/docs/2006_02_09_00_14_38

electronic-Liquid Crystal Dissertations - February 09, 2006

53

1.62

ne=1.7, no=1.5

d=16

1.61

ρ1.(2πc)

1.60
1.62

d=12

1.61
1.60
1.62

Bandgap

d=8

1.61
1.60
1.0

1.2

1.4

1.6

1.8

2.0

2.2

α = λo / p

Fig. 3.6 Calculated ρ 1 as a function of wavelength α and CLC film thickness d .
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Fig. 3.7 Calculated ρ 2 as a function of wavelength α and CLC film thickness d .
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Fig. 3.8 Calculated ρ 2 and transmittance T .
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Fig. 3.9 Calculated ρ 2 at the middle of the forbidden gap as a function of CLC film
thickness d .
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The first ρ 2 peak just outside the long-wavelength band edge is of special interest.
It gives the largest ρ 2 value, which is a function of CLC film thickness as shown in Fig.
3.9. The ρ 2 value scales with thickness d as

ρ 2 = ad 2

(3.35)

where a is a constant. This result is similar to that of Dowling [37], who analytically
calculated the ρ as a function of sample thickness in a periodic dielectric medium with
refractive indices n1 , n2 . The peak wavelength approaches the long-wavelength band
edge with increasing of thickness (Fig. 3.10). The dependence of the ρ 2 on CLC film
thickness is important in understanding lasing wavelengths and thresholds in CLC films,
as shown in Chap. 5.

Calculation
Fit

ρ2.(2πc) (First peak)

800
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y=0.1464x
R^2=0.997
ne=1.7
no=1.5

400

0
0

20
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d

Fig. 3.10 The calculated ρ 2 of the first peak outside the long-wavelength band edge as a
function of CLC film thickness d .
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Fig. 3.11 The calculated wavelength α of the highest ρ 2 peak outside the longwavelength band edge as a function of CLC film thickness d .
3.6 Density of States and Light Emission

The ρ is related to the spontaneous emission rate Wω of an oscillating dipole by
Fermi’s golden rule:
W (ω ) =

2π

ρ (ω ) f μ iE(ω , r ) i

2

(3.36)

where ω is the emission frequency, i and f are the wavefunctions of the initial and
final states, μ̂ is the dipole moment operator, r is the position of the dipole and E is the
electric field of the normal modes. Eq. 3.37 can be simplified to [47]
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2π
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= C ρ (ω ) μ iE(ω , r )
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where C is a constant and μ is the dipole moment. Since the power spectrum is an
integral of Wω over time, it should have the same form as in Eq. 3.38 [45, 48]. Thus the
emission rate and intensity is expected to be proportional to the ρ .
By definition, the ρ is the reciprocal of group velocity υ g , which is defined as
[49]:

υg ≡

dω 1
=
dk ρ

(3.38)

υ g is the propagation speed of a wave pack through a medium. If the ρ is large, then υ g
is small, and a quasi-standing wave forms in the medium. This implies that the emission
from a source embedded in a cavity dissipates energy slowly out of the cavity. Thus the
cavity has a high quality factor (Q-factor) and low threshold lasing is expected to occur.
In the following chapters, these phenomena will be studied experimentally in dye-doped
CLC films, and the major results will be understood in terms of the ρ in the medium.
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Chapter 4

Fluorescence in Dye-doped Cholesteric Liquid Crystal Films

In the next three chapters, we will describe experimental results of light emission
by fluorescent dyes in CLC films and cholesteric BPs, and compare with the predictions
of the ρ calculation. We describe the general experimental conditions in details first.

4.1 Materials, Instruments, Experimental Setup and Methods
The LCs used were E7, E48, CB15 and BLO61. They are commercial mixtures
whose compositions are not known, except for CB15. They were used as received from
EM Industry Inc. without further purification. Some of the physical properties are listed
in Table 4.1. E7 was doped with BLO61 to form CLCs, and E48 was doped with CB15 to
form BPs. Right-handed helical structures were formed in these mixtures, and the pitch
could be adjusted by changing the concentrations of the composites.
A typical LC cell is illustrated in Fig. 4.1. The ITO (Indium Tin Oxide) coating is
a transparent and conductive layer; in our studies we used ITO coated glass plates for
glass quality reasons and for weak anchoring effects by the ITO layer. The polyimide
layer provides surface alignment and anchoring for bulk LCs. Nissan I2555 polyimide
was spin-coated onto the glass surface and baked in an oven at 275 oC for 1.5 hours. The
polyimide layer was mechanically rubbed in one direction using a piece of velvet cloth.
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This simple rubbing provided good and uniform alignment of LCs. The cell thickness
was determined by two pieces of Mylar films. The cell was sealed by epoxy glue after the
CLCs were filled by capillary force. The cell was heated to the isotropic state, and cooled
down slowly (<0.2 oC/min) to the cholesteric phase to avoid defect formation. Most
experiments were performed at room temperature.

Table 4.1 Physical Properties of Liquid Crystals Used in Experiments

Materials
Chemical name

E7

E48

CB15

Unknown

Unknown

(s)-(+)-4’-(2-Methyl

mixtures

mixtures

butyl)-4-biphenylcarbonitrile

Phase sequence

Cr-10N60.5Is

Cr-19N87Is

Cr4A-54Ch-30Is

Optical

Δn = 0.225

Δn = 0.231

NA at T = 20°

birefringence

(T = 20°)

( T = 20° )

Helical twist power

NA

NA

9.6 μm-1

Phase abbreviations: Cr: Crystal, A: Smectic A, N: Nematic, Ch: Cholesteric, Is: isotropic
* The data for pure BLO61 is not available.
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Fig. 4.1 Construction of a typical LC cell.
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Fig. 4.2 Molecular structure of the dye DCM.

Throughout the work described in this dissertation, the laser dye DCM (Fig. 4.2)
was used. Its chemical name is: 4-Dicyanomethylene-2-methyl-6-(p-dimethylaminostyryl)-4H-pyran. Its chemical formula is C19H17N3 and its molecular weight is 303.36. It
is a red crystalline solid, and can be dissolved in the LC mixtures mentioned above up to
3.2 wt%. The DCM molecule is polar, due to the electron-acceptor (-CN) and the
electron-donor (-N) groups attached to the conjugated structure. The molecular dipole
moment is 6.1D for the ground state and 26.3D for the first excited singlet state [50]. The
molecule also has a roughly rod-like shape, and hence can be expected to align with the

http://www.e-lc.org/dissertations/docs/2006_02_09_00_14_38

electronic-Liquid Crystal Dissertations - February 09, 2006

61

LC director. The measured absorption and emission spectra of DCM are broad in
methanol, with peaks at 465 nm (Fig. 4.3) and 610 nm (Fig. 4.4) respectively. These
peaks shift to longer wavelengths when solvents are more polar.

In methanol
-5
c=2.0X10 [M]

0.8

Absorbance

0.6

0.4

0.2

0.0
300

400

500

600

700

Wavelength (nm)

Fig. 4.3 The absorption spectrum of the dye DCM in methanol.
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Fig. 4.4 The emission spectrum of the dye DCM in methanol.
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Instruments used in the experiments are listed in Table 4.2. Among them, a streak
camera is a powerful instrument to record time-resolved fluorescence spectra with subpicosecond temporal resolution. The streak camera system includes a trigger unit, delay
line, spectrometer and streakscope. The operational principle of a streak scope is
illustrated in Fig. 4.5. When a pulse of light enters the photocathode, photoelectrons are
generated, whose number is proportional to the number of incident photons. The ratio is
the quantum efficiency of the photocathode. After being accelerated by the accelerating
electrode, these photoelectrons pass through a pair of deflection plates. A rapidly
increasing voltage is applied to the deflection plates; causing the photoelectrons to
change their original trajectories and to be deflected. Since the deflection voltage
increases with time, the degree of deflection is determined by the time the photoelectrons
enter the deflection plate. These photoelectrons are then amplified by a microchannel
plate, and the signals are displayed on a phosphor screen.
Trigger signal
Sweep voltage

v
t

Photocathode

Deflection electrode
Microchannel plate
Phosphor
screen

λ2
t

λ1
λ
Accelerating
electrode

Incident light

Deflection direction

Fig. 4.5 The operational principle of the streakscope.
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Table 4.2 Major Instruments

Instrument
Nanosecond laser

Manufacturer and Type
Continuum YG682S-10

Main Features
Q-switched Nd:YAG laser
1.064 mm, 532 nm and 355 nm
7-7.5 ns pulsewidth
Output power: up to 20 mW

Picosecond laser

Continuum PY61C

Mode-locked Nd:YAG laser
1.064 mm, 532 nm and 355 nm
40 ps to 70 ps pulsewidth
Output power up to 10 mW

Spectrometer

Streak Scope

SpectrumOne Triax 550

Spectral resolution: 0.03 nm

Chromex

Spectral resolution: 0.05 nm

Ocean Optics PC1000

Spectral resolution: 0.14 nm

Hamamatsu C4334

Acquisition software:
Fitting software: TA-Fit

Oscilloscope

Joule meter

Tektronix TDS640

500M HZ

HP 54111D

300M HZ

Molectron Optimum 4001

Lowest energy range: 100
pico-joules

White light source

Ocean Optics LS-1

Tungsten halogen lamp

Temperature

Instec

mK temperature control

controller
Microscope

Software MK2
Nikon OPTIPHOT-POL

Polarizing microscope
Transmission and reflection
modes

Digital camera
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In the study of DCM fluorescence spectra and lasing, we used pulsed lasers to
excite dye molecules as shown in Fig. 4.6. A Q-switched Nd-YAG laser delivering 7.5 ns
pulses at 532 nm was used as a pump. Two polarizers and a quarter-wave plate were used
to control the pump intensity. The beam was truncated by an iris of diameter di = 5 mm,
resulting in a top-hat intensity profile. The top-hat beam was focused by a lens that had a
focal length of f = 120 mm. In this configuration, the beam diameter at the focal plane
was db = 2λ f / di = 25.5 μm, and the Rayleigh range was π d b2 / 4λ = 0.96 mm [51]. The
dye-doped CLC sample was placed at the focal plane, with its normal at an angle of 30°
or 0° to the pump beam. In the latter case, a filter was used behind the sample to remove
the strong pump light. The emitted light was collected by an optical fiber, and sent to a
detector and the spectrometer.

Nd:YAG Laser, 532 nm 7.5 ns
Polarizer
Spectrometer

λ / 2 plate

Detector

Dye-doped
CLC sample

Polarizer

Lens

Iris

Fig. 4.6 Experimental setup for fluorescence spectra and lasing study.
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In the study of the DCM fluorescence lifetime, we used the mode-locked NdYAG pulsed laser. The setup is shown in Fig. 4.7. The laser delivered 40 ps pulses at 532
nm. Part of the laser beam was sent to a photodiode to trigger the streak camera. The rest
of the beam, after passing a delay line about 9 m, was truncated by a 5 mm diameter iris,
and focused by an f = 120 mm lens, on the CLC sample. A filter behind the sample was
used to remove the pump light. An iris with an adjustable diameter was placed 10 mm
away from the sample, to select the emission angle. The emitted light was then steered by
a lens onto the entrance slit of the spectrometer.

YAG laser: 532 nm, 40 ps

Trigger

Photodiode

Streak camera
Filter

Lens

Spectrometer
Dye-doped
CLC sample

Iris

Delay line

Fig. 4.7 Experimental setup of the streak camera system for fluorescence lifetime
measurements.
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To measure the thickness of an empty LC cell, white light was normally incident
onto the cell. The reflected light from the top and bottom surface at wavelength λm
caused interference (Fig. 4.8 left) if
2π

λm

(2d ) = 2mπ

(4.1)

where d is the cell thickness and m is an integer. The interference caused the
enhancement of the reflection at λm , thus an intensity valley on the transmission
spectrum at λm . The λm were obtained at consecutive valleys. Plotting 1/ λm versus m ,
the thickness d was calculated as d = 1/(2 × slope) .

Interference
Incidence

I

Reflection

d

λ
Empty cell

λm

λm+1

Fig. 4.8 Schematic illustrating the measurement of the thickness of a LC cell.

The Cano wedge method was used to measure the pitch of the CLC. The variation
of the cell thickness in a wedge cell caused the formation of domains of different twist,
with 180° twist between the domains. This is shown as parallel disclination lines along
the alignment directions (Fig. 4.9a). The pitch can be obtained by measuring the distance
across a given number of twist regions. Suppose the wedge cell has the wedge angle θ .

http://www.e-lc.org/dissertations/docs/2006_02_09_00_14_38

electronic-Liquid Crystal Dissertations - February 09, 2006

67

The position of the starting disclination line is xo , and the position of the n th disclination
line is xn , (Fig. 4.9b). Then
1
yn = np = tan θ ( xn − xo )
2
xn =

(4.2)

p
n + xo
2 tan θ

(4.3)

Plotting xn versus n , and the pitch p is calculated as p = 2 tan θ × slope .

100 μm
yn
θ
xo
a

xn
b

Fig. 4.9 The Cano wedge method to measure the CLC pitch. a) The texture of a Cano
wedge cell. b) Schematics of the method to measure the CLC pitch.

The photon-counting method is a way that the streak camera records the positions
of the photoelectrons onto a two-dimensional CCD imaging plane. In the method, the
density of the photoelectrons is controlled so low that only one photoelectron arrives at
every imaging pixel; thus the data from the method have a very high signal-to-noise ratio.
The vertical positions are determined by the degree of the deflection of photoelectrons,
which is determined by the time of the photoelectrons entering the streak scope (Fig. 4.5).
The horizontal positions are determined by the wavelengths of the photons that generate
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the photoelectrons. A two-dimensional streak image is obtained after the accumulation of
a large number of incoming light pulses. The intensity of the streak image is proportional
to the incoming light intensity. The streak image of the DCM fluorescence in methanol is
shown in Fig. 4.10 as an example. From the image, the fluorescence spectrum is extracted
horizontally (Fig. 4.11a) and the fluorescence intensity at a certain wavelength as a
function of time is extracted vertically (Fig. 4.11b). The temporal intensity profile can be
fit by single- or multi-exponential equations, from which the lifetimes are extracted. Fig.
4.11b also shows the fit of the intensity profile of the DCM fluorescence at λ = 612 nm
by a single exponential equation. The exacted lifetime is 1.32 ns, in good agreement with
that obtained by other methods [50]. The indications of a good fit include that the
numerical value of χ

N

2
N

should be close to 1, where χ = (1/ N )∑ ( M i − Ci )2 / M i , M i
2
N

i =1

are data points and Ci are the fitting points; and that the fitting residue curve and the
autocorrelation curve should vary randomly with high frequency around zero (Fig. 4.11c).
0.0

Time (ns)

0.5

1.0

1.5

2.0
580

600

620

640

660

W avelength (nm)

Fig. 4.10 Streak image of the DCM fluorescence in methanol obtained by photoncounting method. c = 2 ×10−5 [ M ] .
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Fig. 4.11 Information extracted from the streak image in Fig. 4.22. a) Fluorescence
spectrum. b) Temporal profile of the intensity at 612 nm. c) The fitting residue and
autocorrelation data from the fitting.

4.2 Reflection of Cholesteric Liquid Crystal Films at Normal Incidence
In a well-aligned CLC sample, the texture is uniform without any defects as
shown in Fig. 4.12. However, over a large area, the texture shows color variation that is
the result of the cell thickness variation. This phenomenon is most prominent in a wedge
cell (Fig. 4.9) and is used to measure the CLC pitch. In reflection spectra measurements,
the incident light needs to be focused to a small area in which the texture and thickness
are uniform.
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A typical reflection spectrum of CLC at normal incidence is shown in Fig. 4.13a.
Within a certain wavelength range, the reflected intensity is large and nearly independent
of wavelength. The reflected intensity outside the reflection band oscillates, with higher
oscillating frequency near the short-wavelength band edge. The reflected light is nearly
left-circularly polarized, with the same handedness as that of CLC. Fig. 4.13b shows the
method to determine the wavelength of the band edge. The reflected intensity has a sharp
decrease in the wavelength range II, which is about 5 nm. The wavelength ranges I and II
are chosen about 10 nm before and after the intensity drop. The reflected intensities are
fit linearly in the three ranges. The three fit straight lines have two intersections at
wavelengths λ ' and λ " . The wavelength of the band edge is determined as

λ = (λ '+ λ ") / 2 . Once λ is available, one can calculate the refractive indices according
to no = λ1 p, ne = λ2 p , where p is the pitch, independently measured say, by the Cano
wedge method, and λ1 , λ2 are the wavelengths at the band edges. These quantities,
together with the cell thickness, characterize the CLC samples.

100 μ m

Fig. 4.12 CLC textures of a well-aligned CLC cell.
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Fig. 4.13 The reflection spectrum of a well aligned CLC cell. a) The reflection spectrum.
b) The method to determine the wavelength of the reflection band edge.

With increasing of cell thickness, the frequency of oscillations of the reflected
intensity increases. The measured cell thicknesses are compared with that deduced from
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the intensity oscillations. Cell thicknesses are measured first at different spots with an
empty wedge cell. After the CLC materials are filled in, the reflection spectra are
measured at the same spots (Fig. 4.14). The reflection spectra are calculated, using Eqs.
2.41 and 2.49, with slightly different thicknesses that are close to the measured ones. The
calculated spectra that best fit the measured spectra are shown in Fig. 4.14, together with
the corresponding thicknesses. The thicknesses measured from the empty wedge cell
agree well with that deduced from the reflection spectra, within 10% difference. The
difference likely originates in the slight shift of the measurement spots between the two
measurements in the empty cell and the CLC cell. The reduced fringe visibility in
measured CLC reflection may come from the short coherence length of the white light
source [52].

4.3 Alteration of Fluorescence Spectra in Cholesteric Liquid Crystal Films

4.3.1 Measured Fluorescence Spectra in the direction along the Cell Normal
The CLC material used in this study was a mixture of BLO61/E7 (60/40 wt%),
doped with 1.0 wt% of dye DCM. The LC cell was 18 μm thick. The sample had uniform
planar texture and the reflection band edges were at 540 nm and 605 nm. In the
fluorescence measurement, an iris was placed between the CLC sample and the detector,
with the cell normal passing its center. The distance from the iris to the cell surface was
20.0 mm and the diameter of the iris was 2.0 mm. A lens behind the iris was used to
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collect all emission that passed the iris. Thus the measured fluorescence was in an
emission cone of 5.7° in the direction of the cell normal.
10000
d e (Thickness measured
with an empty cell)
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d r (Thickness deduced
from reflection spectra)
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Fig. 4.14 Measured and calculated reflection spectra at different CLC cell thickness.
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When the CLC reflection band had wavelength overlap with the DCM
fluorescence spectrum, a great alteration of the fluorescence spectrum was observed. The
measured fluorescence spectra of DCM in the isotropic state and in a CLC helical state
are plotted in Fig. 4.15, together with part of the CLC reflection spectrum. Compared to
that in the isotropic state, the fluorescence in a CLC helical state is suppressed in the
reflection band, and is enhanced at the band edge with characteristic oscillations. The
peaks of the oscillations of fluorescence intensity coincide with the valleys of the
oscillations of the reflected intensity.
16000

Fluorescence
intensity
in helical
CLC phase

Reflected intensity
Intensity (a.u.)

12000

8000 Fluorescence intensity
in isotropic phase
4000

0
560

580

600

620

640

Wavelength (nm)

Fig. 4.15 Alterations of fluorescence spectra by the CLC host. The sample had a pitch of
p = 354 μm and a thickness of d = 18 μm; the sample was pumped by τ l = 7.5 ns laser
pulse at λ = 532 nm with low pump energy.

The two normal modes of light propagation in CLC films are nearly circularly
polarized (Chap. 2). The RCP is short for the right circularly polarized light and the LCP
is short for the left circularly polarized light in this dissertation. The total altered
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fluorescence spectrum is decomposed into RCP and LCP spectra (Fig. 4.16) by placing
RCP and LCP polarizers in front of the detector. The LCP spectrum is similar to that in
the isotropic state. The cause of the small peaks in the LCP spectrum will be discussed
later. It is clear that the RCP is responsible for the great alteration of the fluorescence
spectra. The difference spectrum of RCP and LCP, which is obtained by the subtraction
of the LCP intensity from the RCP intensity, is shown in Fig. 4.16 inset. The negative
values of ΔI indicate intensity suppressions, and the positive values of ΔI indicate
intensity enhancements. Integration of the positive and the negative ΔI over the
wavelength gives A+ and A− . The absolute values of A+ and A− are expected to be
proportional to the radiation energy. The ratio of A+ to A− is 0.93. This suggests that the
suppressed radiation energy in the reflection band is transferred to the band edge with
high efficiency. An optical filter, which absorbs the fluorescence, can also alter the
fluorescence spectrum. But the total fluorescence energy is transformed to heat in the
case.

4.3.2 Calculation of Fluorescence Spectra in the Direction along the Cell Normal
The mechanism of the alteration of fluorescence spectra can be understood using
the ρ in the CLC films. The fluorescence emission rate of an excited molecule,
according to Fermi’s golden rule (Eq. 3.37), is:
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Fig. 4.16 Fluorescence spectra of LCP and RCP modes. The inset is the difference
spectrum of RCP and LCP; A− and A+ are the integrated area of ΔI RCP − LCP over
wavelength.
The ρ and normal modes E depend on the cavity structure. The magnitude of the
transition dipole moment μ depends on the molecular structure, and its direction depends
on the molecular orientation in space. In CLC, the dye molecules are uniformly
distributed, and the excited molecules fluoresce with either of the normal modes. Since
the ρ , μ and E are expected to be independent on time, the fluorescence intensity has
the same form as Eq. 4.1 after the integration of the emission rate over time:
t

I (λ ) = ∫ C ρ (λ ) μ iE(λ ) dt
2

0

ˆ (λ )
= (Ct μ E ) ρ (λ ) μˆ iE

2

(4.5)

The orientational factor O (λ ) is defined as:
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Thus the ratio of the fluorescence intensity in CLC helical phase to that in isotropic phase
is:
I CLC (λ ) ρCLC (λ )OCLC (λ )
=
I iso (λ )
ρiso (λ )Oiso (λ )

(4.7)

From Eq. 3.5, ρiso = ( n − λ dn / d λ ) / c . As a good approximation, the refractive index of
the medium n is a constant, thus dn / d λ = 0 and the ρiso is a constant. Since the
orientation of μ̂ is random in isotropic phase, the Oiso is also expected to be a constant
after the averaging over all the orientations of μ̂ . The broad shape of a fluorescence
spectrum in isotropic phase is caused by the involvement of vibrational and rotational
energy levels in the transition, besides electronic levels, and is governed by the FranckCondon principle [53]. Thus I CLC (λ ) is simplified to
I CLC (λ ) = C ' ρCLC (λ )OCLC (λ ) I iso (λ ) .

(4.8)

Thus the fluorescence spectra alteration in CLC is caused by the ρ CLC (λ ) and the
OCLC (λ ) . The effects of these two factors are considered separately in the following.
The fluorescence spectra in the CLC films are calculated according to Eq. 4.6 to
include the ρ effect.
i
i
(λ ) = ρCLC
(λ ) I iso (λ )
I CLC

(4.9)

where i represents different normal modes, i = 1 for normal mode 1, which is nearly
i
RCP, and i = 2 for normal mode 2, which is nearly LCP. The calculation of ρ CLC
has

been described in Chap. 3. Here, the parameters used in the calculation are those of the
CLC sample from which the fluorescence spectra are measured, p = 354 nm, d = 18 μm,
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ne = 1.71 , no = 1.53 . As shown in Figs. 4.17 and 4.18, the calculated fluorescence spectra
of the two normal modes have the same features as those measured experimentally.
The difference between the experimental and calculated results may come from several
sources. Firstly, the calculated spectra are for normal modes, which are elliptically
polarized, while measured spectra are circularly polarized. While a LCP polarizer will
totally block the RCP light, part of the intensity of the right elliptically polarized light
will be transmitted through the LCP polarizer. We call this the intensity leak through a
circular polarizer. The leaked intensity depends on the ellipticity and the intensity of the
incoming light. Since the ellipticity of the two normal modes is in the range of 0.92-1.08
(Figs. 2.9, 2.10), the leaked intensity is not significant when the incoming intensity is not
high. At the band edge, however, the right elliptically polarized intensity is very high; the
intensity leaks through a LCP polarizer and causes small peaks on the LCP fluorescence
spectra (Fig. 4.17 experimental curve). Another cause of the small peak is the reflection
of the RCP at the CLC-glass interface. The reflection changes the RCP to LCP, which
passes through the LCP polarizer. Secondly, the calculation is for the direction along the
helical axis, while measured fluorescence is in a solid cone of 6° . At oblique angles, the
reflection band shifts and the fluorescence spectrum changes accordingly. At the angle of
6° , the edge of the reflection band shifts 1.4 nm towards shorter wavelengths (Fig. 4.23).

This broadens the peaks in the measurement (Fig. 4.18 experimental curve). Thirdly, the

ρ is calculated at each single wavelength, which implies an infinite coherence length.
For the fluorescent emission with a peak at λ = 600 nm and a line width of Δλ = 80 nm,
the coherence length is lc = λ 2 / Δλ = 4.5 μm. The short coherence length of the emission
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causes the low fringe visibility of the measured intensity (Fig. 4.18 experimental curve)

Emission Intensity (a.u.)

[52].
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Fig. 4.17 Experimental and calculated fluorescence spectra of normal mode 1 in a CLC
film. The experimental spectra were measured with a LCP polarizer in front of the
detector.
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Fig. 4.18 Experimental and calculated fluorescence spectra of normal mode 2 in a CLC
film. The experimental spectra were measured with a RCP polarizer in front of the
detector.
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The orientational factor O (λ ) describes the projection of the transition dipole
ˆ (λ ) of the normal modes. The effect of the O (λ ) on
moment μ̂ onto the electric field E
the emission is easier to understand in nematic LCs. Here, the two normal modes are
linearly polarized, with the direction of polarization parallel ( ne mode) or perpendicular
( no mode) to the director. If the dye molecules are perfectly aligned with the director, and
ˆ = 1 for the n
presumably the μ̂ is along the long axis of the dye molecule, then μˆ iE
e
ˆ = 0 for the n mode. This causes the emission anisotropy in the directions
mode and μˆ iE
o
parallel or perpendicular to the director. In reality, the orientation of dye molecules, thus
the μ̂ , has a distribution w.r.t. the LC director. The O(λ ) has to be averaged according
to the orientational distribution of the μ̂ . To characterize the orientational order of the μ̂
w.r.t. the director, one can define a dye order parameter S d as:
Sd =

3
1
cos 2 θ − ,
2
2

(4.10)

where θ is the angle between μ̂ and the local director. This is in analogy to the definition
of the order parameter of nematic LCs (Chap. 1). Schmidkte showed that the relation
between the averaged O (λ ) and the S d is [53]:

ˆ (λ )
O (λ ) = μˆ iE

2

1⎞
⎛ 2
−
(
)
f
λ
⎜
2
2 ⎟S + 1
= ⎜ 2
⎟ d
3 ⎜ f (λ ) + 1 ⎟
3
⎝
⎠

(4.11)

where f (λ ) is the ellipticity of a normal mode. In the isotropic phase, S d = 0 and
O (λ ) contributes a factor of 1/ 3 to each normal mode. In perfectly aligned nematic
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LCs, S d = 1 , f = ∞ or 0 , so O (λ ) contributes a factor of 1 to the ne mode, and 0 to the
no mode.
The two normal modes in CLC films are elliptically polarized, and their
ellipticities have been calculated in Chap. 2 (Figs. 2.9 and 2.10). The O (λ ) in CLC
films are calculated according to Eq. 4.8 with different order parameters S , as shown in
Figs. 4.19 and 4.20. The calculations use the same parameters as that in the calculations
of ρ . With each S , the O (λ ) smoothly increases for normal mode 1 and decreases for
normal mode 2 as a function of wavelength. The changes of the O (λ ) values over the
wavelength range are less than 1.0%, for both modes and all the S . Thus the
orientational factor O (λ ) does not contribute to the alteration of the fluorescence
spectra. The sum of the O (λ ) for two normal modes is 1 at all wavelengths when S = 1 ,
and decreases to 0.86 when S = 0.6 . The total fluorescence intensity is reduced in the
direction along the helical axis. Then part of fluorescence has emitted into other
directions.
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Fig. 4.19 The averaged orientational factor O of normal mode 1 in CLC films.
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Fig. 4.20 The averaged orientational factor O of normal mode 2 in CLC films.
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4.3.3 Measured Fluorescence Spectra and Intensity at Oblique Angles

The dependence of the fluorescence spectrum on the incident/emission angle is
studied in the following. Fig. 4.21 shows the experimental configuration, in which the
incident angle and the emission angle are the same θ , where θ is the angle between the
cell normal and the pump beam. The distance between the pump spot and the detector is
about 10 mm. The pump spot is on the rotational axis of the sample, so that the rotation
of the sample does not change the distance.
The fluorescence spectra as a function of the incident angle θ are shown in Fig.
4.22. With the increasing of θ , the fluorescence edge, defined similarly as the reflection
band edge in Section 4.2, progressively shifts to shorter wavelengths. The shift agrees
quite well with the shift of the long-wavelength edge of the reflection band, as shown in
Fig. 4.23. When θ > 24° , the alteration of the fluorescence spectra is negligible and the
intensity is weak.

Incident / Emission angle
θ
Emission

Pump

Detector
Sample

Fig. 4.21 Experimental configuration of fluorescence at different incident / emission
angle θ .
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Fig. 4.22 Fluorescence spectra at different angles θ .
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Fig. 4.23 The shift of the fluorescence edge and the long-wavelength edge of the
reflection band as function of the angle θ .
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The light propagation in CLCs with oblique incidence is rather complicated [54],
and the normal modes and ρ are not clear. As an approximation, the central wavelength

λc' of the reflection band is [55]
λc' = λc cos[sin −1 (

sin θ i
)]
n

(4.12)

for small Δn and small oblique incident angle θ i , where n = (ne + no ) / 2 , λc is the
central wavelength of the reflection band at normal incidence. Eq. 4.9 predicts a blue
shift of the reflection band with the increasing of incident angle, in agreement with our
experimental results. The fluorescence spectra are thus altered by the shifted reflection
bands accordingly (Fig. 4.22).
From θ = 6° to θ = 18° , the short-wavelength edge of the reflection band shifts 9
nm towards shorter wavelengths, and the total fluorescence intensity decreases sharply by
a factor of 2.6, as shown in Fig. 4.24. In the mean time, the pump wavelength at λ = 532
nm shifts from outside the reflection band to inside of the reflection band. The reflection
of the LCP mode of the pump light decreases the pump energy by half, in agreement with
the decreasing of the fluorescence intensity from θ = 6° to θ = 18° (Fig. 4.24). The
decreasing of the fluorescence intensity is possibly caused by the increasing of the
reflectance of the pump beam at the air-glass interface, and the increasing of reflectance
of fluorescence at the glass-air interface. However, a calculation shows these effects only
cause the intensity to decrease by less than 7%, even at θ = 30o .
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Fig. 4.24 Total fluorescence intensity and the short-wavelength edge of the reflection
band as function of the angle θ . The total fluorescence intensity is the area under each
fluorescence spectrum.
4.4 Fluorescence Lifetimes in Cholesteric Liquid Crystal Films

The CLC sample in this study had a long-wavelength reflection band edge at

λ = 585.5 nm and the dye concentration was 0.5 wt%. The pump pulse was at λ = 532
nm and the pulsewidth was 40 ps. The streak images of the DCM fluorescence were
measured in the direction of the cell normal, using photon-counting method. The
lifetimes were obtained by fitting the temporal intensity profiles.
The streak images of the LCP and RCP of the DCM fluorescence in CLC films
are shown in Figs. 4.25 and 4.26. The extracted spectra and lifetimes are shown in Figs.
4.27-4.29. As expected, the RCP fluorescence spectrum shows significant alteration and
the LCP florescence spectrum shows no change, compared with that in isotropic phase.
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Fig. 4.25 The streak image of the LCP fluorescence in a CLC film.
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Fig. 4.26 The streak image of the RCP fluorescence of in a CLC film.
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Fig. 4.27 The spectrum and lifetimes of the LCP fluorescence in a CLC film.
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Fig. 4.28 The spectrum and lifetimes of the RCP fluorescence in a CLC film.
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Fig. 4.29 The spectrum and lifetimes of the RCP fluorescence in a CLC film with higher
resolution.
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Fig. 4.30 Fluorescence lifetimes as a function of wavelength and CLC film thickness.
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However, the fluorescence lifetimes of the RCP and LCP fluorescence show little
difference (Figs. 4.27 and 4.28). The LCP lifetimes increase slowly about 10% with the
increasing of the wavelength from 570 nm to 620 nm (Fig. 4.27). In the stop band, the
RCP fluorescence intensity is so low that there are not enough data points to obtain a
good fit. In Fig. 4.29, the wavelengths of the RCP temporal intensity profiles are chosen
at the peaks or valleys of the fluorescence spectrum; and a narrower Δλ is chosen to
avoid the averaging effect of the lifetime in a wider wavelength range. Compared to that
in Fig. 4.28, the lifetimes decrease by 6% at the most, within the 10% experimental error.
The lifetimes of the RCP and LCP fluorescence in CLC films with different thickness are
compared in Fig. 4.30. Again, the results show no difference of lifetimes in CLC films
with different thicknesses. It is concluded that the fluorescence lifetimes do not have a
significant difference w.r.t. the different normal modes, wavelength and film thicknesses.
The lifetimes increase slightly with the increasing of wavelength (Figs. 4.27-4.30).
An important difference between the fluorescence emission rate and the measured
fluorescence lifetime must be made clear. The emission rate k rad is the radiative decay
rate of the excited state, and the lifetime of such decay τ rad is:

τ rad =

1
k rad

(4.13)

The measured lifetime τ accounts for the total decay rate k of the excited state,
k = k rad + k nonrad , where k nonrad is the total nonradiative rate of the excited state. Thus
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The nonradiative processes that decrease the excited population include the internal
conversion to ground state, intersystem crossing to triplet state, bimolecular quenching,
energy or electron transfer and so on. If k rad

k nonrad , τ = 1/ k rad , then the measured

fluorescence lifetime can be used to describe the emission rate directly. If k rad

k nonrad ,

then the measured fluorescence lifetime cannot give any information of the emission rate.
The studies of the excited state dynamics of DCM in methanol showed that the
k nonrad was mainly caused by internal conversion, by which the electronic energy is
transformed to the kinetic energy of the molecules [50]. The relative values of the k rad
and k nonrad of DCM can be compared through the quantum efficiency of the fluorescence
Φ f , which is defined as:
Φf =

k rad

k rad
+ k nonrad

(4.15)

Experimental results showed that Φ DCM
= 0.43 in methanol [56] and Φ DCM
= 0.76 in
f
f
is
PMMA (polymethylmethacrylate) polymer matrix [57]. The increasing of the Φ DCM
f
in CLC is expected to be
due to the inefficient internal conversion in polymer. The Φ DCM
f
higher than that in methanol, due to less efficient molecular conformation change which
leads to the internal conversion. The Φ DCM
= 0.6 is estimated in CLC, and
f
k nonrad / k rad = 2 / 3 (Eq. 4.12). From Eq. 4.11, the k rad is
k rad =

3
5τ

which is inversely proportional to the measured lifetime.
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According to Fermi’s golden rule (Eq. 3.37), the emission rate k rad is proportional
to the ρ . Since the ρ in CLC depends on the normal modes and wavelength, the k rad
and τ are expected to have a similar dependence. However, our experimental results
have shown no such dependence. Similar results, namely, significant alteration of the
fluorescence spectra with no difference of the fluorescence lifetimes, were also observed
in colloidal photonic crystals [58]. Besides, few experimental results of the emission
lifetimes in PBG materials have been reported [59].
Theoretical efforts have been made to understand the emission rate in photonic
crystals, based on the concept of local density of states [18, 60-64]. Some calculations
predicted a dependence of emission rate on the position and orientation of the emitting
dipole [61, 62]. Other calculations predicted that the lifetime variation was less than 5 %
in a three-dimensional colloidal photonic crystal [63]; and the lifetimes had a distribution
depending on the dye configurations in the PBG crystals [64]. The question remains open
for further research.

4.5 Quenching of the Fluorescence Intensity at High Dye Concentration

In this study, the samples were 23 μm thick, and the dye concentrations were in
the range of 0.5 wt% to 2.5 wt%. The long-wavelength reflection band edges were at 607
nm. The pump area was kept large with a diameter d = 2 mm, to have low pump energy
per area and high total fluorescence intensity. When the fluorescence spectra were
measured, the experimental conditions, such as pump energy, pump spot, acquisition slit
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and time, were kept the same. Thus a direct comparison of the fluorescence intensity was
valid.
The fluorescence intensity is enhanced at the band edge, as shown in Fig. 4. 31.
The oscillation of the fluorescence intensity vanishes, probably due to the large pump
area, where the variation of the cell thickness shifts the wavelengths of the oscillation
peaks and valleys. The averaged effect is the cancellation of the oscillation. With the
increasing of dye concentration from 0.5 wt% to 2.5 wt%, the fluorescence peak shifts
from 609 nm to 616 nm; and the total fluorescence intensity, which is calculated by
integrating the intensity over the entire wavelength, decreases by 56%.

Fluorescence Intensity (a.u.)

60000
Dye concentration (wt%)
6
0.5 A=1.4x10
6
1.5 A=1.1x10
5
2.5 A=6.2x10

40000

20000

0
590

600

610

620

630

640

650

Wavelength (nm)

Fig. 4.31 Quenching of the fluorescence intensity with increasing dye concentration. A
is the area under each intensity curve. The measurements were at the same experimental
conditions.
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The excited-state dynamics of DCM in methanol were studied, and showed that
the quantum yield of the formation of triplet states was less than 0.003, and the quantum
yield of the cis-trans photoisomerization of the double bond was 0.007 [50]. The
quenching of the fluorescence intensity with the increasing of dye concentration suggests
a bimolecular quenching mechanism. The dye concentration in our CLC samples is in the
order of 10-2 [M]. At such high concentration, excited state photophysical processes
involving two dye molecules, are likely to happen. The shift of the fluorescence peak to
longer wavelengths further suggests the formation of an excited-state dimer, the excimer;
since the electronic energy of the excimer is usually lower than the singlet state [65]. The
excimer formation is very probable considering the DCM molecular structure at the
excited state. The intramolecular charge transfer occurs from the donor, the
dimethylamino group to the acceptor, the dicyanomethylene group. The excimer is a
complex, formed between an excited state DCM molecule and a ground-state DCM
molecule, through intermolecular charge transfer as shown in Fig. 4.32. The excitation is
delocalized over the entire complex [65].

CN
-

CN

NR2
+

NR2

Fig. 4.32 Schematics of the formation of a DCM excimer. The top DCM molecule is in
the excited state with intramolecular charge transfer. The bottom DCM molecule is in the
ground state.

http://www.e-lc.org/dissertations/docs/2006_02_09_00_14_38

electronic-Liquid Crystal Dissertations - February 09, 2006

95

The excimer can decay in one of the following three ways: returning back to an
excited-state molecule and a ground-state molecule, returning to ground state with the
emission of a photon, and returning to ground state by dissociation (Fig. 4.33). By the
latter two decay mechanisms, the excited state population of DCM, and thus the
fluorescence intensity, is quenched. The fluorescence decays at 608 nm are shown in Fig.
4.34. For dye concentration c = 0.5 wt%, the curve is fit well by a single exponential
decay, with a lifetime of 1.25 ns (Fig. 4.34a). For dye concentration c = 2.5 wt%, the
curve is fit well by a double exponential decay with lifetimes of 1.20 ns and 0.32 ns (Fig.
4.34b). The much short-lived excited-state species, with a lifetime 0.32 ns, is assigned to
the DCM excimer. The fluorescence quenching results and mechanism will be used to
understand the lasing threshold dependence on dye concentration in Chap. 5.

DCM diffusion
DCM*

(DCM-DCM)*
hυ’

hυ

• Dissociation
DCM

• Emission

2DCM+heat
2DCM+hυ”

Fig. 4.33 Photophysical processes involving excited DCM and DCM excimer. DCM*:
excited DCM, (DCM-DCM)*: DCM excimer. The dotted frame shows the process when
DCM concentration is low.
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Fig. 4.34 Decay of the fluorescence intensity at 608 nm for different DCM concentrations:
a) c = 0.5 wt%, b) c = 2.5 wt%. Pump: τ l = 40 ps at λ = 532 nm.
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Chapter 5

Lasing in Dye-doped Cholesteric Liquid Crystal Films

5.1 The Principle of a Cholesteric Liquid Crystal Laser

A CLC laser is simply a dye-doped CLC film between two glass plates. It takes
the advantages of the one-dimensional PBG properties of the CLC. The gain of the
emission is greatly enhanced at the band edges, caused by the large ρ . The feedback is
distributed through the material by the intrinsic CLC reflection; no external mirrors are
needed. The distributed feedback causes a long optical path length in an amplifying
medium, even if the physical thickness of the CLC film is short.
Lasing in a F-P cavity and in a CLC film are compared as follows. The quality
factor ( Q -factor) of a cavity is defined as [66]:
Q=

ω × stored energy
rate at which energy is lost

,

(5.1)

A higher Q results in a lower lasing threshold. For a F-P cavity, QF − P = ω nl / c(1 − R)
[66], where ω is the angular frequency, n is the refractive index of the material in the
cavity, l is the cavity length and R is the reflectance of the cavity mirrors. Assuming
R ≈ 1 , from Eq. 3.32, the QF − P can be expressed as:
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F −P
which is proportional to ρ max
. This is expected, since the energy loss is the result of the

light propagation out of the cavity, and the group velocity of such propagation is

υ g = 1/ ρ . The Q of a CLC film can be expected to have the same form as in Eq. 5.2.
F −P
occurs (Fig. 3.4). Lasing
Lasing in a F-P cavity occurs at many cavity modes where ρ max
CLC
occurs. The Q of a
in a CLC film, however, only occurs at the band edges where ρ max

F-P cavity is proportional to the cavity length l , while the Q of a CLC film, from Eq.
3.35, scales with the CLC film thickness d as QCLC ∼ d 2 . The lasing thresholds in a F-P
cavity and in a CLC film thus have different dependences on the cavity size.
Lasing in CLC films was first proposed by Goldberg and Schnur [67], and the
laser-like fluorescent emission was studied by Il’chishin et al. [68]. The first
unambiguous demonstrations of lasing in CLC films were carried out by Kopp and
Genack et al. [69], Taheri and Palffy-Muhoray et al. [70]; both proposed the importance
of the ρ in understanding of the lasing. Since then, lasing has been demonstrated in a
variety of LC materials, including pure CLC films [71], CLC elastomers [72], CLC
polymer films [73], ferroelectric LCs [74, 75], lyotropic LCs [76] and cholesteric BPs
[77]. Lasing at CLC defect modes also has been proposed [78] and observed [79].
A CLC laser is emerging as a new type of laser technology. The advantages of a
CLC laser include the simple construction, small size, tunable lasing wavelength, low
threshold and high efficiency of energy conversion. Recently, a CLC fiber laser has been
demonstrated [80]. In the following sections, we systematically study the properties of a
CLC laser.
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5.2 Lasing Wavelength

5.2.1 Lasing at the Long-wavelength Edge of the Reflection Band

The CLCs used in the lasing study consisted of 70-78 wt% of BLO61 and 22-30
wt% of E7. The wavelengths of the reflection band edges were shifted as needed by
adjusting the material concentrations. The DCM dye concentrations were 0.1-3.0 wt% of
the CLCs.
In the following experiments, CLC sample 1 was used. It was 25 μm thick and
had a reflection band from 516 nm to 589 nm. The DCM fluorescence was altered by the
CLC reflection band at low pump energy, as studied in Chap. 4. With increasing of pump
energy, the fluorescence at wavelengths longer than the band edge is also suppressed and
enhanced further at the band edge, as shown in Fig. 5.1. When the pump energy exceeds
a certain value, the emission peak at 588.64 nm becomes very sharp, with a line-width of
FWHM=0.24 nm (Fig. 5.1 inset). At higher pump energy, another lasing peak emerges at
589.30 nm (Fig. 5.2). Both lasing peaks are at the long-wavelength band edge (Fig. 5.2),
with a Lorentzian line-shape (Fig. 5.3 inset). The lasing threshold, determined from the
intersection of the two straight lines linearly fit to the intensity below and above the
threshold, is 0.44 μJ for the mode at 588.64 nm and 0.53 μJ for the mode at 590.30 nm
(Fig. 5.3). At much higher pump energy, no more lasing modes appear.
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Fig. 5.1 Fluorescence spectrum narrowing as function of pump energy.
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Fig. 5.2 Lasing spectra of the two modes at the long-wavelength band edge as a function
of pump energy.

http://www.e-lc.org/dissertations/docs/2006_02_09_00_14_38

electronic-Liquid Crystal Dissertations - February 09, 2006

101

Data
Lorentzian fit

300

200

Emission Intensity (a.u.)

Emission Intensity (a.u.)

25

588.64 nm
20
FWHM=0.24 nm
15

10

588

589

590

Wavelength (nm)

100

589.30 nm

0
0.2

0.4

0.6

0.8

1.0

Pump Energy ( μJ / pulse )

Fig. 5.3 Lasing thresholds of the two cavity modes. The inset shows the lasing spectrum
of the mode at 588.6 nm and its Lorentzian fit.
The mode separation Δλ of the two lasing modes in Fig. 5.2 is 0.66 nm. The ρ
calculation shows the Δλ between the first and second ρ peak is 2.5 nm. Thus the
lasing modes are corresponding to the first ρ peak. The Δλ of the adjacent cavity
modes can be calculated as Δλ = λ 2 / 2nl , where λ is the average wavelength, n is the
refractive index of the material and l is the cavity length. The Δλ = 0.66 nm in a CLC
laser corresponds to a virtual cavity length of 164 μm, an increase of 6.56 times the
physical thickness of the CLC cell. While a smaller cavity can support few lasing modes,
the shorter gain length causes the threshold to go up, as in a F-P cavity laser. In a CLC
laser, few lasing modes and a low threshold are realized because the high gain is mainly
caused by the high ρ at the band edge.
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The CLC sample 2 was a wedge cell with thickness from 4.8 μm to 50 μm, filled
with dye-doped CLC which had a pitch of 354.2 nm and a reflection band from 528.9 nm
to 602.1 nm. A series of lasing experiments was performed at different thicknesses with
the sample. The wavelength of the lasing mode with the lowest threshold was recorded at
each thickness, and compared to the calculated wavelength of the highest ρ peak. As
shown in Fig. 5.4, the experimental wavelengths fit quite well with the calculated
wavelengths. They both approach to the reflection band edge of bulk CLC with the
increasing of thickness. This demonstrates that the lasing wavelength is mainly
determined by the wavelength of the highest ρ peak, and exactly, by the cavity modes.

606
Measured lasing wavelength
Calculated wavelength of the ρmax
Wavelength (nm)

605
calculation
Parameters:
ns=1.5
ne=1.70
no=1.49
p=354.2 nm

604

603
Band edge

602
10

20

30

40

Cell Thickness (p)

Fig. 5.4 Measured and calculated lasing wavelengths as function of CLC film thickness.
The measured wavelengths were at the long-wavelength edge of the stop band. The lasing
modes were stable and with the lowest threshold.
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5.2.2 Lasing at Both Edges of the Reflection Band

The CLC sample 3 was prepared in order to have a reflection band so that it
overlapped with the fluorescence spectrum at both reflection band edges, as shown in Fig.
5.5a. The fluorescence intensities at both edges are enhanced (Fig. 5.5b). With a single
pump pulse, lasing at λ1 and λ2 , which correspond to the reflection band edges, has been
observed (Fig. 5.5a). It is not clear whether lasing occurs simultaneously at both edges or
if there is a mode competition within the time of the pump pulse. The lasing threshold at

λ1 is about 1.5 times as high as that at λ2 . The altered fluorescence intensities at λ1 and
λ2 are comparable (Fig.5.5a); the threshold difference may come from the threshold
dependence on wavelength, which will be discussed in detail in Section 5.4.1.
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Fig. 5.5 Reflection, fluorescence and lasing in the CLC sample 3. a) Reflection and lasing
spectra. b) Fluorescence spectrum.
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5.2.3 Lasing at Photonic Defect Modes

A photonic defect mode inside the forbidden band is caused by a local structural
defect in the periodic structure, which results in a phase change due to the different
dielectric constants of the defect medium and the periodic medium [81]. The defect mode
localizes photons effectively, and low threshold lasing has been reported at the mode in
PBG materials [82-84]. A calculation shows that the introduction of a thin isotropic layer
( d = 0.1 p ) into the middle of a CLC helical structure causes a sharp dip in the reflection
band [78, 85], as schematically shown in Fig. 5.6a. The sharp dip splits the original
reflection band into two bands, and the defect mode is at both the long-wavelength edge
of the left band and the short-wavelength edge of the right band. The ρ at the defect
mode is expected to be larger than the mode at one band edge. The stacking of two sheets
of CLC polymer films also can causes a defect, either because of a thin layer of air
between the films (Fig. 5.6a) or the discontinuation of the CLC director when it crosses
the boundary (Fig. 5.6b). Lasing at a defect mode in the structure has been reported very
recently [79].
The CLC sample 4 was used to study lasing at defect modes. It consists of two
layers of CLC (23 μm thick) and a layer of glass plate (150 μm thick) between them.
These three layers were sandwiched by two glass plates. The CLC material was the same
as that in the sample 3, and no change of reflection band was observed in the sample 4.
As shown in Fig. 5.7, lasing occurs at both edges of the reflection band. Besides, at some
pump spots, lasing modes occur in the middle of the reflection band (Figs. 5.7, 5.8).
These lasing modes correspond to defect modes. Their wavelengths are unpredictable at

http://www.e-lc.org/dissertations/docs/2006_02_09_00_14_38

electronic-Liquid Crystal Dissertations - February 09, 2006

105

Defect

a
R

Defect m ode

λ

b

CLC polym er film s

Tw ist de fect

Fig. 5.6 Photonic defect structures in CLCs. a) A defect caused by a thin isotropic layer. b)
A twist defect caused by the mismatching of the director across the boundary.
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Fig. 5.7 Lasing at edge modes and defect modes in the CLC sample 4.
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Fig. 5.8 Lasing at defect modes in the CLC sample 4.

different pump spots. Overall, they exhibit a multi-peak pattern between 635 nm and 648
nm. These defect modes are unstable, vanishing after several minutes of pump at the rate
of 2 Hz. The lasing phenomenon is not due to the etalon effect, caused by the 150 μm
thick glass plate. The refractive index difference between CLC and glass is also too small
to give noticeable reflection at the glass-CLC interface. When dye-doped E7 was used
instead of CLC, no lasing effect was observed. We speculate that since there is no
alignment layer on the glass surface, the director is free to orient in any direction. The
director may have an abrupt change of orientation at two sides of the glass surface,
similar to the twist defect in Fig. 5.6b. Since there is no anchoring at the glass surface, the
defect configuration of the director may be easily changed by laser heating.
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The CLC sample 5 was another CLC composite structure, in which the glass plate
in sample 4 was substituted by a 23 μm thick, DuPont Teijin D92 polyester film. The
film was birefringent, no = 1.64 , ne = 1.67 . One optical axis of the film was made to
orient parallel to the polyimide rubbing direction. The reflection spectra of the CLC
sample 5 are shown in Fig. 5.9. The typical reflection band of a CLC film is modified by
reflectance oscillations in the middle of the band. The total reflection is decomposed into
RCP and LCP components. While the RCP reflection is usual for a CLC film, the LCP
reflection, not existing for the CLC material, has the reflectance oscillation inside the
band.
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Fig. 5.9 Reflection spectra of a CLC/polymer film composite structure in the CLC sample
5.
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In this sample, lasing has been observed at wavelengths close to the LCP
reflection peaks, which is either at the edge of the RCP reflection band (Fig. 5.10 peak a),
or are inside the RCP reflection band (Fig. 5.10 peak b, c). The polarization of the laser
emission is mainly LCP (Fig. 5.10 inset), suggesting the feedback is caused by the
reflection of LCP. The lasing mechanism and the ρ in the structure are not clear at this
time.
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Fig. 5.10 Reflection and lasing spectra of a CLC/polymer film composite structure in the
CLC sample 5. The inset shows the polarization of laser emission of peak b.

5.3 The Polarization and Pulsewidth of the CLC Laser Emission

The lasing mechanism can be studied by the polarization of the laser emission. A
right-circular polarizer only allows RCP light to pass; and so does a left-circular polarizer
for LCP light. Inserting these polarizers in front of a detector decomposes the intensity of
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the laser emission into RCP and LCP components. These circular polarizers and a linear
polarizer were used to determine the polarization of the CLC laser emission in the
experiments. As shown in Fig. 5.11a, the rotation of the optical axis of a linear polarizer
changes the intensity of the linearly polarized pump light as expected. However, it has no
effect on the CLC laser emission (Fig. 5.11b). Except in the CLC sample 5, the
polarization of the CLC laser emission is RCP, as clearly shown in Fig. 5.12. This
polarization has the same handedness as that of CLC twist. This demonstrates that the
feedback for lasing action is provided by the reflection of RCP light in CLCs. This is also
consistent with the ρ calculation, which predicts only the ρ of the RCP mode has peaks
at the band edges. The small LCP lasing peak in Fig. 5.12 is due to the slightly elliptical
polarization of the laser emission.

18000
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A CLC laser
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12000
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240

Rotation Angle of a Linear Polarizer (θ)

Fig. 5.11 Effects of the rotation of a linear polarizer on the light intensity of the pump
laser and the CLC laser.
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Fig. 5.12 The polarization of the laser emission in CLCs.

In all experiments, pulsed lasers were used to excite the CLC samples. Since the
excited state decay must be finished after the emission pulse, the pulsewidth can be used
to study the dynamics of fluorescence and lasing qualitatively. In experiments with
nanosecond pump, the temporal profiles of the pulses are shown in Fig. 5.13. The
pulsewidth of the fluorescence is 8.3 ns, while the pulsewidth of the CLC laser emission
is 4.3 ns. The difference of the pulsewidth is consistent with the spontaneous and
stimulated emission. The temporal profiles of the pump pulse and the CLC laser emission
in picosecond experiments are shown in Fig. 5.14. In both time scales, the pulsewidths of
the CLC laser emission are always narrower than that of the pump laser. Since the pump
energy has a temporal distribution, lasing does not start until the pump energy reaches the
threshold, as seen in the unsymmetrical CLC laser pulse (Fig. 5.14 right).
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Fig. 5.13 Nanosecond temporal pulse profiles of the pump laser, fluorescence and CLC
laser.
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Fig. 5.14 Picosecond temporal profiles of the pump laser pulse (left) and the CLC laser
pulse (right). The insets are streak images of the pulses. The temporal profiles are taken
horizontally from the images.
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5.4 Lasing Threshold

The threshold of a CLC laser is studied in this section. The concepts of gain
profile, population inversion and gain constant are introduced first, followed by the
derivation of the threshold of a F-P cavity laser. The threshold of a CLC laser is derived,
including the effects of ρ . The experimental results are in good agreement with the
theoretical predictions.

5.4.1 Introduction

In a condensed matter, the transition frequency between two electronic energy
levels is broadened. The probability distribution of the transition frequency is described
by the Lorentzian lineshape function g (ν ) [86]:
g (ν ) N =

(2 / πΔν )
1 + [2(ν − ν o ) / Δν ]2

(5.3)

where the subscript N means normalization, ν o is the center frequency and
Δν = FWHM . The light intensity distribution I (ν ) is:

I (ν ) = I o g (ν )

(5.4)

where I o is the total intensity. The function g (ν ) is referred to as the gain profile. For
the transitions involving vibrational and rotational energy levels and many atoms, the
gain profile consists of many individual g (ν ) at different ν o , and weighted by the
number of the atoms whose transition frequency are at ν o .
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When atoms are excited to a high-energy level, they can stay at the level for a
definite period of time before decaying to a low-energy level. If the excitation rate is
higher than the decay rate, the population N 2 of the high-energy level becomes larger
than the population N1 of the low-energy. This is the population inversion.
Suppose there is a monochromatic light with frequency ν and intensity Iν ,
interacting with a collection of atoms whose transition frequency is ν o and broadened
according to Eq.5.3. In traveling a small distance dz , the intensity change of the wave at
frequency ν is [86]:
I
I
⎡
dIν = ⎢ N 2 B21 g (ν ) ν − N1B12 g (ν ) ν
c
c
⎣

⎤
⎥⎦ hν dz

(5.5)

where Iν / c is the energy density of the light, B21 is the Einstein stimulated emission
coefficient and B12 is the Einstein stimulated absorption coefficient. The first term
accounts for the stimulated emission, and the second term accounts for the stimulated
absorption. Using Einstein’s relation B21 = B12 = c 3 A21 / 8π hν 3 , where A21 is the Einstein
spontaneous emission coefficient, Eq. 5.5 simplifies to
dIν
c 2 A21
g (ν ) I v
= ( N 2 − N1 )
dz
8πν 2

(5.6)

Iν = Iν (0)eγ (ν ) z

(5.7)

Eq. 5.6 has the solution:

where
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γ (ν ) is the gain constant. If the medium is population inverted, N 2 > N1 , γ (ν ) is positive
and the wave is amplified as it propagates. Otherwise, N 2 < N1 , γ (ν ) is negative and the
wave is absorbed.

5.4.2 The Lasing Threshold of a F-P Cavity Laser

The field configuration of a wave E propagating inside a F-P cavity is shown in
Fig. 5.15. The absorption constant α accounts for the intensity loss caused by the
mechanisms other than the stimulated absorption, such as scattering by the medium. The
field is En at a starting point. After a round trip in the cavity, the wave returns to the
original point, and the field is En +1 . At threshold, En +1 / En = 1 must be satisfied. Under
this condition, a wave has the same amplitude and phase (or phase+2π) after a round trip
inside the cavity (Fig. 5.15). Thus explicitly,

En
rE n e (γ − α ) e i 2 kl

E n e (γ −α ) / 2 e ikl

rE n e ( γ −α ) / 2 e ikl

E n +1 = r 2 E n e ( γ −α ) e i 2 kl

r

r

Fig. 5.15 Field configurations of a wave inside a F-P cavity with amplifying medium. γ :
gain constant, α : absorption constant, d : cavity length, r : reflection coefficient at the
boundaries, k : wave number.
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En +1
= r 2 e( γ th −α ) ei 2 kd = 1
En

(5.9)

ei 2 kd = 1

(5.10)

r 2 e(γ th −α ) d = 1

(5.11)

or

and

Eq. 5.10 is the phase condition of lasing. From Eq. 5.10, the cavity modes can be derived
at λ = 2nd / m , where n is the refractive index of the medium inside the cavity and m is
an integer. From Eq. 5.11, the threshold gain constant is:

γ th = α −

ln r 2
d

(5.12)

Physically, the gain at the threshold must compensate for absorption loss (Eq. 5.12 first
term) and cavity loss (Eq. 5.12 second term) to sustain lasing. From Eq. 3.29,
ln r 2 = ln
−

1 − ρ max
1 + ρ max
2n

(5.13)

c ρ max

for large ρ max . Eq. 5.12 can be written to show explicit dependence of γ th on the ρ max :

γ th = α +

2n
cd ρ max

(5.14)

The γ th only depends on the cavity structure and materials inside. It should not be
confused with the gain constant γ .
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The experimentally measurable quantity, the threshold energy Eth , is derived as
follows. After the excitation by an intense laser pulse, N 2

N1 is usually satisfied, due

to the definite lifetime of the excited state. From Eq. 5.8, the threshold population of N 2
needs to be:
N2 =

8πν 2
γ th (ν )
c 2 A21 g (ν )

(5.15)

In order to sustain the laser action, N 2 must be maintained in time. Taking account of the
spontaneous emission, it must satisfy
dN 2
= R pump − A21 N 2 = 0
dt

(5.16)

where R pump is the pump rate (number of photons per unit volume per second), A21 N 2 is
the spontaneous emission rate. Here, we have neglected other photophysical processes,
such as triplet formation. This approximation is valid for DCM dye from the study in
Section 4.4. Thus,
R pump = A21 N 2 =

8πν 2
γ th (ν )
c 2 g (ν )

(5.17)

If the pump frequency is ν p , the pulsewidth is Δt , the beam diameter at the pump spot is
d b , the cavity length is d and the total energy per pulse is E , then R pump is
R pump =

E
π d 2d
( hν p )( b )Δt
4

Combining Eqs. 5.17 and 5.18 to give the threshold energy Eth :
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Eth = Cγ th d

(5.19)

where
C=

2π 2ν 2 hν p d b2 Δt
c 2 g (ν )

(5.20)

For a homogeneously broadened fluorescence spectrum, g (ν ) = 2 / πΔν , where Δν is the
FWHM of the frequency [86]. Eth has an explicit dependence on the lasing frequency as
Eth ∝ ν 2 .

5.4.3 The Lasing Threshold of a Cholesteric Liquid Crystals Laser

In analogy with a F-P laser, the threshold gain constant of a CLC laser γ thCLC can
be written as:

γ thCLC = α +

β'
CLC
d ρ max

(5.21)

where d is the CLC film thickness, α is the absorption constant and β ' is a constant.
CLC
From Eq. 3.45, ρ max
= ad 2 , then

γ thCLC = α +

β
d3

(5.22)

where β is a constant. Kogelnik and Shank had modeled a distributed feedback laser
using two counter-propagating waves that feed back to each other. In the situation of no
absorption loss and weak index coupling, the calculated threshold gain constant was

γ th ≈ c / d 3 , where c was a constant related to material and lasing wavelength, and d
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was the cavity length [87]. Thus their result agrees with Eq. 5.22. Combining Eqs. 5.19
and 5.22, the threshold energy EthCLC of a CLC laser is
EthCLC = Cγ thCLC d
= C (α +

β

d3
b
= ad + 2
d

)d

(5.23)

where a , b are constants. The EthCLC has an explicit dependence on CLC film thickness
d . This dependence is tested experimentally in the next section.

5.4.4 Dependence of Threshold Energy on the Thickness of Cholesteric Liquid
Crystal Films

The sample used in the experiments was the CLC sample 2, described in Section
5.2.2. The thickness range was from 4.8 μm to 50 μm, and the dye concentration was
fixed at 0.5 wt%. The pump pulsewidths were 7.5 ns and 40 ps. The net pump energy was
obtained by subtracting the transmitted and reflected energies from the total pump energy.
At each thickness, the CLC laser intensity was measured as a function of net pump
energy. The threshold energy was determined from the intersection of the two straight
lines that fit to the intensity below and above the threshold (Fig. 5.3). The laser intensity
was averaged by 10 pulses.
The threshold energy as a function of CLC thickness is shown in Fig. 5.16. The
error bars mainly come from the pump energy fluctuation from pulse to pulse. The
threshold energy has the same behavior for nanosecond and picosecond pump pulses:
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with the increasing of cell thickness, the threshold energy decreases to reach a minimum,
and then gradually increases. The result suggests there is a competition between
processes with opposite thickness dependence. The experimental data of both nanosecond
and picosecond pump are fit to Eq. 5.23 with good agreement (Fig. 5.16). The lowest
threshold energy occurs at d = 22.6 μm for nanosecond pump, and d = 21.6 μm for
picosecond pump.
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Fig. 5.16 Threshold energy as a function of CLC film thickness. a) Nanosecond pump, b)
Picosecond pump.
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5.4.5 Dependence of Threshold Energy on Dye Concentration

The samples used in the experiments were 23.0 mm thick with dye concentrations
varying from 0.1 wt% to 3.0 wt%. The CLC materials were the same as in CLC sample 2.
With the increasing of dye concentration to 3.0 wt%, the reflection band shifted to longer
wavelength by 5 nm. The measured threshold energy dependence on dye concentration is
shown in Fig. 5.17. The threshold exhibits similar behavior with both nanosecond and
picosecond pump. At both low (0.1 wt%) and high (3.0 wt%) ends of the concentration
range, thresholds are significantly higher. We propose the following explanation. In order
to lase, the medium has to provide gain greater than the threshold gain to overcome loss.
Since nominally the gain is proportional to dye concentration, there can be no lasing if
the dye concentration is below the concentration corresponding to the gain threshold. It is
also possible the excited-state absorption can happen. The lasing threshold therefore
diverges at some critical dye concentration.
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Fig. 5.17 Threshold energy as a function of dye concentration. The dotted lines are the
linear fits between dye concentrations of 0.25 wt% to 2.5 wt%.
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At high dye concentration, LC mixture becomes saturated with the dissolved dye.
Above a certain concentration, dye crystals, coexisting with the CLCs, can exist in the
medium. At 3.2 wt% concentration, dye crystals can be clearly seen in the mixture under
a microscope. The scattering of both pump and lasing beams by these dye crystallites are
likely the cause of the strong increase of the threshold energy at high concentrations.
In the intermediate dye concentration range, between 0.25 wt% and 2.5 wt%, the
threshold energy increases linearly with dye concentration. This increase is likely due to
the quenching of the fluorescence by DCM excimer, which we have discussed in Section
4.4. The dynamics of excited-state DCM and DCM excimer are shown in Fig. 5.18.

DCM
k2

DCM*

(DCM-DCM)*

k3
k1

Rpump

k4
DCM
Fig. 5.18 Dynamics of the excited state DCM (DCM*) and the DCM excimer (DCMDCM)*. k1 , k 2 , k3 , k4 are rate constants.

The dynamic equations at threshold are:
d ⎡⎣ DCM * ⎤⎦
dt
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(

= R pump − k1 ⎡⎣ DCM * ⎤⎦ − k 2 ⎡⎣ DCM * ⎤⎦ [ DCM ] − ⎡⎣ DCM * ⎤⎦
+ k3 ⎡⎣( DCM − DCM )* ⎤⎦

)

(5.24)
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d ⎡⎣( DCM − DCM )* ⎤⎦
dt

(

= k 2 ⎡⎣ DCM * ⎤⎦ [ DCM ] − ⎡⎣ DCM * ⎤⎦

)

(5.25)

− ( k3 + k 4 ) ⎡⎣( DCM − DCM ) ⎤⎦
*

where the bracket

[ ] denotes concentration. [ DCM ] is the total DCM concentration. At

the threshold, Eq. 5.24 equals to zero; and [ DCM *] is the lowest excited-state
concentration needed to sustain lasing (Eq. 5.15). Assuming a stationary state is reached
for DCM excimer, then Eq. 5.25 also equals to zero. Combining Eqs. 5.18, 5.24 and 5.25
to give:
Eth ∝ R pump = ⎡⎣ DCM * ⎤⎦ { A + K [ DCM ]}

(5.26)

where A = k1 − K ⎡⎣ DCM * ⎤⎦ , K = k 2 k 4 /( k3 + k 4 ) > 0 . Since [ DCM *] is independent of

[ DCM ] , Eq. 5.26 shows explicitly that threshold energy is a linear, increasing function
of the total DCM concentration. The result agrees with the experimental measurement.
In the intermediate dye concentration range, the threshold energy increases from
4.13 nJ to 4.72 nJ for picosecond pump, while it increases from 53 nJ to 95 nJ for
nanosecond pump (Fig. 5.17). The less pronounced dependence of threshold energy on
dye concentration for picosecond pump is also consistent with the picture of fluorescence
quenching. Since the lifetime of the excimer is 320 ps (Section 4.4), the excimer can only
form once after 40 ps pump, while the quenching process can likely repeat a number of
times during the 7.5 ns pump pulse.
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5.5 Temporal Coherence of the CLC Laser Emission

Suppose a particle emits a wave at frequency ν continuously for a time interval

τ o , then abruptly and randomly changes the phase as a result of collision. The phase
relation of the emitted wave is fixed only within the time interval τ o . The fields at point
a and b in the direction of the wave vector k , separated by a distance less than lc = cτ o ,

are temporally coherent (Fig. 5.19). The time interval τ o is defined as the coherence
time, and the length lc is defined as the longitudinal coherence length. The τ o is related
to the frequency spread Δν in the frequency domain by Fourier transformation:

τo =

1
Δν

(5.27)

lc =

λ2
Δλ

(5.28)

and the coherence length is :

where λ is the wavelength in vacuum.

b

a

k
lc
Fig. 5.19 Schematic of the temporal coherence. lc is the coherence length and fields at
point a and b are temporally coherent.

Compared to fluorescence, the laser emission has a long coherence time and
coherence length, due to the stimulated emission in which dipole oscillations follow the
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stimulating photons. The observed line-width of a CLC laser emitting at λ = 590 nm is
Δλ = 0.24 nm (Fig. 5.3), while the line-width of a He-Ne laser is Δλ = 0.2 nm at the

same experimental conditions. The coherence lengths of the two laser emission are
comparable.
With the increasing of pump energy, the emission from a dye-doped CLC sample
changes from incoherent fluorescence to coherent laser emission. The change of the
temporal coherence can be studied by photon-counting statistics. For a single-mode
incoherent emission, the photon number distribution obeys Bose-Einstein (BE) statistics:
n

n
PBE (n) =
(1 + n ) n +1

(5.29)

where n is the photon number and n is the mean photon number. For a single-mode
coherent emission, the photon number distribution obeys Poisson statistics:
n

n −n
Pp (n) =
e
n!

(5.30)

The derivation of these equations is given in the Appendix [88, 89].
The streak camera was used to study the photon-counting statistics of the
emission of dye-doped CLC samples experimentally. The streak image of the
fluorescence was measured with an emission cone of 6° in the direction along the helical
axis. A small region of the streak image near the band edge of 584.0 nm was chosen (Fig.
5.20a), in which Δλ = 0.06 nm and Δt = 18 ps (Fig. 5.20b). They satisfy the singlemode condition [90]:
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where Δν corresponds to the Δλ = 0.06 nm at 587.0 nm. The number of photons emitted
into this region was counted for each pump pulse. P (n) , the probability of emitting n
photons into this range, was obtained after 10000 individual measurements.
The photon-counting results are shown in Fig. 5.21. The left column shows the
emission spectra, the right column is the corresponding photon-counting statistics. At low
pump energy, the fluorescence spectrum is broad and the intensity is enhanced at the
band edge (Fig. 5.21a left). The enhancement is due to the large ρ at the band edge, not
from stimulated emission or resonant feedback. The emitted light is still incoherent, as
indicated by the BE distribution of the photon number (Fig. 5.21a right).

Streak Image

400

Δt

Time (ps)

0

800

540

Δλ
560
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600

620

Wavelength (nm)

a

b

Fig. 5.20 The streak image of the DCM fluorescence in CLC. a) The entire streak image,
b) The photon-counting region. Pump pulse: 40 ps.

With increasing the pump energy towards the threshold, the line-width starts to
reduce and the photon distribution approaches the Poisson distribution (Fig. 5.21b). At
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higher pump energy, the emission is a single peak with a line-width of 0.2 nm (Fig. 5.21c
left), and the photon number distribution is the Poisson distribution (Fig. 5.21c right).
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Fig. 5.21 Emission spectra (left column) and corresponding photon-counting statistics
(right column) of a dye-doped CLC sample for different pump energies. a) E p / Eth = 0.85,
b) E p / Eth = 1.4 , c) E p / Eth = 3.0. Pump pulse: 40 ps
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Although the photon number distribution may be compared directly, the
difference between the BE distribution and the Poisson distribution is difficult to
distinguish if the mean photon number is small, as in the case of low pump energy (Fig.
5.21a right). A useful quantity is the normalized second-order correlation coefficient G2 ,
which is defined as [90]:
G2 =

n2 − n
n

2

.

(5.32)

For the BE distribution, G2 = 2 ; for the Poisson distribution, G2 = 1 . The G2 values
shown in Fig. 5.22 were calculated using the same values of n and n as in Fig. 5.21.
The G2 value corresponding to Fig. 5.21a right column is 1.92, a clear indication of the
BE distribution. As pump energy increases to E p = 3Eth , G2 decreases to 1, which
corresponds to the Poisson distribution.
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BE statistics
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Fig. 5.22 The value of G2 from photon-counting as function of pump energy.
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5.6 Diffraction of a CLC Laser Source

The laser emission from a small source diffracts as it propagates, resulted in a
spatial distribution of the laser intensity in the far field. In our experiments, a focused
laser beam was used to pump the sample, which was at the focal plane. The emitting
source was a circular cylinder with a diameter about 25.5 μm. The integrated intensity of
the emission pulse on a plane perpendicular to the pump beam was measured. The
configuration of the measurement and results are shown in Fig. 5.23. At low pump
energy, the emission intensity decreases monotonically away from the center (Fig. 5.23a).
As the pump energy is increased to threshold, an intensity maximum and an intensity
minimum appear (Fig. 5.23 b). The emission intensity is concentrated more in the central
region. High above the threshold, the diffraction ring pattern in the far field has been
observed, as shown in Fig. 5.24.
1.2
CLC sample

Normalized Intensity (a.u.)
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Fig. 5.23 Emission intensity as function of distance d and pump energy. The inset shows
the measurement configuration. l = 30 mm, pump pulse: 7.5 ns.
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a

b

Fig. 5.24 Diffraction ring pattern of a CLC laser in far field. a) The CLC sample normal
was placed at an angle of 30° with the pump beam, and the picture was taken at an angle
of 45° to the image plane. (b) The CLC sample normal was parallel to the pump beam,
and the picture was taken perpendicular to the image plane.

In Fig. 5.24a, the CLC sample normal is placed at an angle of 30° with the pump
beam. The pump area is elliptical, the long axis of the ellipse is horizontal. The
diffraction pattern is also elliptical, but the long axis of the ellipse is vertical. The ratio of
the long axis to the short axis of the diffraction ellipse is close to sin(60°) . This is
consistent with the calculation of the diffraction pattern caused by an elliptical aperture
[91].
The emitting disk with a radius R can be regarded as the assembly of individual
point sources. These point sources are not necessary spatially coherent, even though the
emitted wavelengths are the same. Here, spatial coherence refers to the coherent
properties at two points on the plane perpendicular to the wave vector, and is described
by a transverse coherence length (Fig. 5.25) [92].
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a

lt
k

Emitting
source

b

Fig. 5.25 Schematics of the spatial coherence. The fields at points a and b are spatially
coherent because the separation is less than the transverse coherence length lt .

We assume there is a totally coherent circular region, in which the point sources
are both temporally and spatially coherent, and the emitted waves have the same
magnitudes and phases. The central point of this region is the same as the emitting disk.
The diffraction pattern from this circular emitting disk can be calculated. To simplify the
calculation, we use the Van Cittert-Zernike theorem [93], which states that the diffraction
pattern caused by a coherently emitting circular disk is the same diffraction pattern
caused by diffracting a coherent wave by a circular aperture, which has the same radius
R as the emitting disk. Thus the light intensity in the far field is easily obtained as:
⎡ J (ρ) ⎤
I = 4⎢ 1
⎥
⎣ ρ ⎦

2

(5.33)

where J1 ( ρ ) is the first-order Bessel function, ρ = 2π R sin θ / λ , λ is the wavelength in
vacuum and θ is the diffraction angle. For small θ , sin θ ≈ tan θ , thus ρ = 2π Rd / λ l
(Fig. 5.23 inset). The theoretical curve, plotted as I versus ρ from Eq. 5.33, is shown in
Fig. 5.26. The experimental data, plotted as I versus d , is also shown in Fig. 5.26. The
theoretical curve has two minima at ρ1 = 1.220π , ρ 3 = 2.635π , and two maxima at

ρ 2 = 1.635π , ρ 4 = 2.679π . The experimental curve has two minima at d1 = 4 mm,
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d3 = 7.5 mm, and two maxima at d 2 = 5.0 mm, d 4 = 8.5 mm. These minima and maxima
are fit independently according to:

ρi =

2π Ri di
λl

(5.34)

After putting in numerical data λ = 590 nm and l = 60 mm, R1 = 5.4 μm, R2 = 5.8 μm,
R3 = 6.2 μm and R4 = 5.6 μm are obtained. The average value R = 5.8 μm is chosen as
the radius of the totally coherent emitting disk.
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0.4
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Fig. 5.26 Experimental data and theoretical calculation of light intensity of a circular
diffraction pattern. In the inset, the different plot scales are used to show clarity.
The deviation of experimental results from theory probably comes from the
partially coherent emission and the incoherent fluorescence. In the experiments, the pump
beam has a top-hat intensity profile of a diameter d in front of the lens (Fig. 4.6). At the
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focal plane, the pump beam intensity has a spatial distribution due to the focus,
I ∝ [ J 1 ( R ) / R ] . In this formula, J 1 is the first-order Bessel function; R = π r / ωo , where
2

r is the radial coordinate perpendicular to the pump beam with r = 0 at the beam center,
and the ωo is the beam waist, ωo = λ f / d [51]. Thus the diameter of the focused pump
beam at focal plane is d b = 2ωo = 25.5 μm, for a focal length f = 120 mm and a top-hat
diameter di = 5 mm in the experiments (Fig. 5.27). The diameter of the totally coherent
emitting disk (Fig. 5.27a) is only 11.6 μm, as deduced from the diffraction pattern.
Within the region b in Fig 5.27, the pump energy is above the threshold, and the emission
is laser emission. However, the degree of spatial coherence decreases as the location
moves away from the center. This region can be identified as the region of partially
coherent emission (Fig. 5.27b). The laser emission in the region may reduce the contrast
of the diffraction pattern. The rest of the pump area consists of the region c (Fig. 5.27c),
in which the pump energy is below the threshold, and the emission is the incoherent
fluorescence. The overall emission is dominated by the totally coherent emission since
most of the pump energy is distributed in the region a shown in Fig. 5.27.
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Pump intensity
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25.5 μm

a

c
b

Fig. 5.27 Schematics of pump energy distribution and emission regions. Region: a)
totally coherent emission, b) partially coherent emission, c) incoherent fluorescence.
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Chapter 6

Light Emission and Lasing in Cholesteric Blue Phases

The blue phases (BPs) are three-dimensional photonic crystals, whereas CLC is
one-dimensional. In this chapter, we introduce the BP structures, characterize our
samples and study the light emission and lasing phenomena in dye-doped blue phases
experimentally. Our results represent the first observation of lasing in three-dimensional
photonic bandgap materials [77].

6.1 Structures of Blue Phases

The BPs are thermodynamically stable phases in the very small temperature
interval (< 3º) between isotropic fluid and helical cholesteric phases. They only exist in
the materials which have short pitches, typically less than 300 nm. There are three
distinguishable blue phases, namely blue phase I (BP I), blue phase II (BP II) and blue
phase III (BP III) in the order of increasing temperature. BPs consist of double-twist LC
“tubes”, stacking in three dimensions with cubic symmetry. This model has been
accepted and explains the experimental observations, such as Bragg reflection [94],
Kossel diagrams [95], crystalline morphology [96] and viscosity [97]. Excellent reviews
have been given by Crooker [98] and Stegemeyer [96].
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The BP structures originate from the double-twist director configuration of CLC.
Suppose there is a tube of CLC shown in Fig. 6.1. In the center of the tube, the director is
along the z axis. Departing away from the center, the director tends to rotate helically
along all the directions that are perpendicular to the z axis, such as x and y axis shown
in Fig. 6.1. Lavrentovich and Klemen showed [99] in cylindrical coordinates, the doubletwist configuration
nr = 0,

nθ = − sin ϕ (r ),

nz = cos ϕ (r )

with ϕ (0) = 0

(6.1)

gives free energy density
1
∂ϕ 1
1
sin 4 ϕ
d
2
f = K 2 (qo −
− sin ϕ cos ϕ ) + K 3
− K 24 (sin 2 ϕ )
2
2
∂r r
2
r
dr

(6.2)

y

z

x

Fig. 6.1 The director configuration in a double-twist tube.

where ϕ is the twist angle. Integration of f over a radius R gives the K 24 term
contribution to total energy
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F24 = −2π K 24 sin 2 ϕ ( R)

(6.3)

which is negative for ϕ ( R) ≠ nπ and positive K 24 . When K 24 is large, the double-twist
configuration can become stable relative to the single-twist configuration in helical CLC
[109]. However, the energy gain is important only in the volume close to the center line
of the tube. The director far away from the center line becomes closer to single-twist
configuration. A typical radius for the stable double-twist tube was estimated from p / 8
to p / 2 [98, 99].
When three double-twist tubes are oriented in three dimensions, the director
cannot vary smoothly at their junctions and disclination defects are formed, as shown in
Fig. 6.2. If the twist inside the tubes is right-handed, and when three tubes form a lefthanded corner, the disclination defect has a topological charge s = 1 , and can be removed
by “escaping” director to the third dimension. If three tubes form a right-handed corner,
the topological charge is s = −1/ 2 and the disclination defect is stable (Fig. 6.2) [100].

Fig. 6.2 Formation of a disclination line from stacking of three double-twist tubes. The
three tubes form a right-handed corner.
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The free energy of a disclination defect Fdisclination (per unit length) consists of four
terms [101]:
Fdisclination = Felastic + Fcore + Fi nterfacial + Fsurface

(6.4)

Felastic ∼ K ln( Ro / rc )

(6.5)

Fcore = α (Tiso − T )π rc 2

(6.6)

Fi nterfacial = 2πσ rc

(6.7)

1
K 24∇i[(ni∇)n − n(∇in)]d 3 r
∫
2
∼ − K 24

Fsurface =

(6.8)

where K is the equal elastic constant, K = K11 = K 22 = K 33 . Ro is the cutoff radius size of
the defect, rc is the defect core radius, α is a constant and σ is the surface tension. The
first three terms are positive. The fourth term is an elastic term that is usually ignored
because it transforms to a surface integral. Here, the integral must be taken over the inner
surface of the defect core. The integral cannot be ignored considering a value of
K 24 / K ≈ 1.7 was reported [102]. It is this term that makes it possible for Fdisclination to be
negative. The formation of defect lines actually stabilizes the system.
The double-twist tubes stack in three dimensions with cubic symmetry, somewhat
similar to the photonic crystal wood-pile [103] and scaffold [104] structures. Fig. 6.3
shows such arrangements in BP I and BP II. In BP II, the unit cell is formed by six
planes that bisect the double-twist tubes (Fig. 6.3a left). Its symmetry is simple cubic
(SC). There are eight corners where three double-twist tubes meet in a unit cell. Four of
them are right-handed and the rest are left-handed. The disclination defects start at the
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center of the unit cell, and continue to four right-handed corners if the LC twist is righthanded (Fig. 6.3a right). Thus the BPs also can be regarded as periodically organized
array of disclination defects immersed in double-twisted CLC. The symmetry of stacking
double-twisted tubes in BP I is body-centered cubic (BCC) (Fig.6.3b). The structure of
BP III is more complicated and is not clearly identified at this time. One speculation is
that BP III consists of small correlated regions of double twist [105].

BP II

BP I

Fig. 6.3 Three-dimensional arrangements of double-twist tubes (left) and disclination
defects (right) in a) BP II, b) BP I. From [106].

6.2 Textures and the Bragg Reflection in Blue Phases

The material used in the blue phase study was a mixture of E48 and CB15 (1:1.23
V/V%). The LC cell was made with ITO coated glass plates and was 23 μm thick. The
sample showed phase sequence as: helical cholesteric (24.2°C), BPI (25.2°C), BPII
(26.3°C) and isotropic. The textures were observed with a polarizing microscope in
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reflection mode. When the material is filled into a cell with tangential alignment layer
and in helical state, the texture is typical cholesteric planar texture, with blue reflection
(Fig. 6.4a). Typical BP textures are shown in Figs. 6.4 b-f. The BP I can coexist with
focal conic texture of helical CLC (Fig. 6.4b) if the cell has no alignment layer. The
texture is polycrystalline, with domain size smaller than 5 μm (Fig. 6.4c). The texture is
difficult to be well focused, suggesting that there may be many layers of BP I domains in
the direction of cell thickness. In contrast, BP II has a platelet texture, with well defined
boundaries separating different domains (Figs. 6.4d, e). Within each domain, the texture
is uniform in the plane normal to observation. This homogeneity seems to extend through
out the entire cell in the direction of observation, because when the illumination source is
switched to transmission mode, the color of the platelets changes to its complimentary
color.
The BP textures exhibit two distinct features. One is that they are not
homogeneous over a large area; instead a multi-domain pattern is formed. This is due to
the delicate energy balance in the system, fluidic nature of the constituents and surface
conditions of the substrates. With the change of temperature, BP domains nucleate
simultaneously, grow and merge. In our samples, BP I textures are always polycrystalline
with domain size smaller than 5 μm. The uniformity of BP I texture is further affected by
the non-uniformity of the states they are forming from, namely the focal conic state or BP
II. BP II textures are formed from a uniform isotropic state, thus bigger platelets can be
obtained. We found that when the sample was cooled from isotropic very slowly (<0.001
ºC/min.), BP II single domains could grow with well defined crystal morphology (Fig.
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6.4f), until different domains merge. We also found the BP II single domains grown on
ITO coated glass were larger than those on polyimide coated glass or uncoated glass.
This may be due to the weak anchoring and alignment effect of ITO coating. The
universal control of BP textures and domain size has not been achieved yet.

20 μm

120 μm

a
5 μm

b
20 μm

c
10 μm

d
5 μm

e

f

Fig. 6.4 Textures of helical CLC, BP I and BP II. a) Helical CLC; b) Coexistence of BP I
and focal conic texture; c) Polycrystalline of BP I; d) Coexist of BP I and BP II; e) BP II
platelets; f) BP II crystals forming from isotropic. There is a small temperature gradient
in Figs. b and d.
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The second feature of BP texture is that each domain reflects different colors. A
single domain of BPs is a single crystal. Here, the elements of the crystal are doubletwist tubes and disclination defects, instead of atoms or molecules. According to the
double-twist model in Figs. 6.1 and 6.3, the lattice parameter of a BP II crystal is 0.5p
and that of BP I is 1p , where p is the helical pitch. The lattice parameters are
comparable to the optical wavelength in visible range, resulting in brilliant colors from
Bragg reflection. The actual reflected wavelength is determined by the Bragg equation

λ=

2na sin θ
h2 + k 2 + l 2

(6.9)

where n is the average refractive index of the material, a is the lattice parameter, θ is
the Bragg incident angle and h, k , l are Miller indices of a crystal plane. In our
experiments, θ = 90° , n and a are determined by the material and temperature, so
different colors are from Bragg reflections from different crystal planes.
The reflection spectra of BP I and BP II, shown in Fig. 6.5, were taken from
textures similar to that in Figs. 6.4c and d. In BP I, the dominant reflection peak is at

λ1 = 630 nm and second peak is at λ2 = 458 nm, with much smaller reflectivity. In BP II,
λ1 = 587 nm and λ2 = 432 nm. The reflected light is right circularly polarized, having
the same handedness as the helical twist. The FWHM of reflection peak λ1 is 35 nm in
BP I and 25 nm in BP II. According to Eq. 6.9, δλ , the deviation from single wavelength,
may result from the non-uniformity of the lattice parameter δ a and crystal plane
orientation δθ . The latter probably dominates because the former is determined by the
pitch of the material at a given temperature. The temperature dependence of λ1 and λ2 is
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shown in Fig. 6.6. At the temperature of phase transition from BP II to BP I, there is a
sudden increase of the wavelengths. This is due to the change of the lattice parameter and
reflecting crystal planes from BP II to BP I. In BP II, λ1 increases by about 6 nm with an
increase of temperature of 1.1º. This may be due to the slight dilation of lattice parameter
or increase of n with temperature.

o

Reflection Intensity (a.u.)

400

BP I at 24.6 C
o
BP II at 26 C

λ1
FWHM
=25 nm

300
FWHM=
38 nm

λ2
200

100
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Wavelength (nm)

Fig. 6.5 Reflection spectra of BP I and BP II from textures in Figs. 6.4c and 6.4d.
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Fig. 6.6 Temperature dependence of reflection peaks λ1 , λ2 in BP I and BP II.

Fig. 6.7 Reflection spectra of the CLC mixture E48/CB15 (1:1.25 V/V%). a) In BP II
single crystals at 24.6°C, b) In helical planar structure at 21.0°C. The inset shows the
micrograph of the BP II single crystals coexisting with isotropic phase (dark region).
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The BP II reflection spectra were studied in more detail since BP II single crystals
could be grown larger than BP I. On slow cooling (0.001C°/min.) from the isotropic
phase, BP II single crystals up to 150 μm in diameter were formed (Fig. 6.7 inset). The
same material in the helical phase had a reflection band with the middle wavelength of
429 nm (Fig.6.7b). The pitch p measured from Cano wedge method was 270 nm. From

λ = np , we obtain n = 1.59 . Fig. 6.7a shows the reflection spectrum of BP II crystals.
The reflection peaks at λ1 = 611 nm and λ2 = 432 nm are from the reflection of the red
and blue BP II single crystals. The FWHM of the peak at λ1 is 15 nm, indicating a
uniform BP II crystal. The wavelength ratio is: λ1 / λ2 = 611/ 432 = 1.41 . According to Eq.
6.9, the ratio of reflected wavelengths from different crystal planes is
h2 2 + k2 2 + l2 2
λ1
=
,
λ2
h12 + k12 + l12

(6.10)

where h1 , k1 , l1 and h2 , k2 , l2 are Miller indices of crystal planes 1 and 2. We have not
observed reflection peaks with wavelength longer than 611 nm in the sample. Taking into
consideration of reflected intensity, lattice parameters and direction of preferred crystal
growth [105], we assign the crystal plane 1 as (100), reflecting at λ1 and crystal plane 2
as (110), reflecting at λ2 . The theoretical ratio of λ1 / λ2 is

2 , in excellent agreement

with the experimental result 1.41. The lattice parameter a can be calculated as:
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a=
2n sin θ
2n sin θ
611
=
= 192 nm
2 × 1.59 × sin(90°)

(6.11)
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According to the BP II model (Fig. 6.3), the lattice parameter is a = 0.5 p ; the
experiments result is a = 192 / 270 = 0.71 p , agrees reasonably well with the model. The
discrepancy may come from the temperature dependence of p and n . In the calculation,
we have used their values in helical state at 21.0°C. With temperature is increased to BP
II, p and n will increase slightly. The calculated a with the corrected p and n should
be closer to 0.5 p .
In the same sample, BP II crystals with a dark green color have been observed
(Fig. 6.7 inset, Fig. 6.8 left, domains a , b , c ). They are not reflective, and changing the
light source to transmission mode has no effect on the color. In the reflection spectrum
(Fig. 6.7), they represent the broad, low reflectivity peak at 494 nm. The origin of this BP
II texture was attributed to internal oblique reflection [96]. We observed these crystals
with normal incidence or with incident angle φ = 45° to the cell normal, as shown in Fig.
6.9a. The observed color change of the crystals is shown in Fig. 6.8. In the left picture,
BP II crystals x , y , z reflect red light strongly, while crystals a , b , c appear dark green
with low reflectivity. In the right picture which is taken with incident angle φ = 45° ,
crystals a , b , c reflect green light strongly at peak wavelength 569 nm (Fig. 6.10),
while crystals x , y , z are dark red with low reflectivity. The change of color and
reflectivity is due to the different orientations of crystal planes (100) w.r.t. the cell
surface. As shown in Fig. 6.9b the crystal planes (100) of crystals x , y , z are parallel to
the cell surface. With 45° incidence, the reflection from (100) planes cannot be collected
by the microscope. The dim images of crystals come from weak scattering or internal
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reflection (Fig 6.8 right). If the crystal planes (100) of crystals a , b , c are oriented at an
angle of φ / 2 = 22.5° w.r.t the cell surface, the reflection is collected by the microscope
(Fig. 6.9c). With normal incidence, as we can reverse the optical path, the reflection is
not collected by the microscope. The reflection wavelength from crystals a , b , c is
calculated with Bragg equation (Eq. 6.9):

λ=

2na sin θ
l +m +n
2

2

2

=

2 × 1.59 × 192 × sin(67.5°)
12 + 02 + 02

= 564 nm

(6.12)

where the Bragg angle is θ = (90° − φ / 2) = 67.5° . It is an excellent agreement with the
experimental result at 569 nm. Other BP II crystals, such as crystal k and l in Fig 6.8, do
not change reflectivity at 45° incidence, indicating they oriented at different angles w.r.t.
the cell surface.

20 μm
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Fig. 6.8 Images of BP II crystals with different angles of incidence. Left: Normal
incidence, crystals x, y, z are reflective and a, b, c are not reflective. Right: incident
angle at φ = 45° , the reflectivity of crystals x, y , z and a, b, c change to the opposite.
The yellowish color of crystals a, b, c in right is due to color saturation. The crystals
k , i are not reflective at these two incident angles.
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Fig. 6.9 a) Experimental setup of texture and reflection measurements at oblique angle; b)
Orientation and reflection of crystals x , y , z ; c) Orientation and reflection of crystals a ,
b, c.
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Fig. 6.10 The reflection spectrum of the green crystals (crystals a, b, c in Fig. 6.9 right)
at 45º incidence.
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The BPs can be regarded as three-dimensional self-assembled PBG materials due
to their periodic structures [107]. Lasing and new interesting properties have been
observed with two-dimensional PBG materials [22, 82, 108, 109]. It is of great interest to
probe light confinement in three dimensions with BPs. The band structures and ρ in BPs
are not clear at this time. One theoretical calculation, modeling the dielectric structure of
BP II by just two Fourier amplitudes in the basis set (100) and (110), has been carried out
[110]. This approximate model predicted an incomplete bandgap for one circularly
polarized mode. In the following sections, we will focus on the experimental
measurement of light emission in BPs.

6.3 Light Emission in Blue Phase I
The BP I consisted of a collection of small (<5 μm) single crystals in our samples.
Doping with 0.8 wt% of dye DCM had no noticeable change on texture and reflection
properties. Similar to dye-doped CLC, the fluorescence alteration was expected in BP I.
However, the measured fluorescence spectrum is similar to that in the isotropic state
without alteration (Fig. 6.11a, Fig. 6.13). One reason is the averaging effect caused by
many single crystals. The measured reflection peak is broad with a FWHM=38 nm (Fig.
6.13), composed with many sharp reflection peaks corresponding to BP I single crystals.
This slight shift of reflection wavelength is due to the different orientations of the crystal
planes. The fluorescence suppression from one sharp reflection peak can be canceled by
the fluorescence enhancement from another sharp reflection peak. Also, the reflection
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peak is at 652 nm where the fluorescence is weak, resulting in a small fluorescence
alteration effect.
With increasing pump energy, a new emission peak at 635 nm emerges, grows
and finally dominates the whole spectrum, as shown in Fig. 6.11. The broad emission
peak (Fig.6.11a) is not altered substantially by the appearance of the new peak. At very
high pump energy, the relative intensity of this peak becomes so small that only the 635
nm peak seems to exist. The Fig. 6.11 inset shows the difference spectra of each altered
spectrum with the original broad spectrum (Fig. 6.11a). The emission at 635 nm exhibits
a threshold of 3.5 nJ with 33 ps pump at 532 nm (Fig. 6.12), and is right-circularly
polarized. The line-width of the 635 nm peak is FWHM=8 nm and does not become
narrower at the pump energy much higher than the threshold (Fig.6.11 inset). However, it
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Fig. 6.11 Fluorescence spectra in BP I as function of pump energy. The sample is a
mixture of E48/CB15 (1:1.23 wt%), doped with 0.8 wt% DCM at 25.5 oC. Pump: 33 ps at
532 nm. The inset shows the difference spectra with spectrum a.
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Fig. 6.12 Emission intensity at 635 nm in BP I as function of pump energy. The threshold
is 3.5 nJ. Pump: 33 ps at 532 nm.
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Fig. 6.13 The reflection and emission spectra in BP I. The stimulated emission is
measured at high pump energy.
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Fig. 6.14 Stimulated emission in a thick sample of dye-doped CLC focal conic state.

The narrowing of the emission spectra in BP I with the increasing of pump energy
is caused by the stimulated emission, as seen in a thick dye-doped CLC sample in the
focal conic state. This state has a strong scattering texture due to the different orientations
of CLC domains. The sample was a mixture of BLO61/E7, doped with 1.0 wt% DCM,
filled into a 1 mm thick LC cell. The sample was also quickly quenched from the
isotropic state and showed focal conic texture. With increasing pump energy, the broad
fluorescence spectrum narrows down from FWHM=45 nm to FWHM=15 nm, as shown
in Fig. 6.14. The narrowed peak is at 605 nm, the same wavelength of the broad
fluorescence peak, at which the scattering intensity is the highest. The emission is not
polarized.
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Fig. 6.15 Schematics of the fluorescence, stimulated emission and the random laser in a
dye-doped random scattering medium. The dots represent scattering centers.
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Fig. 6.16 The light scattering by a random scatterer and a BP I single crystal.

While the emission spectra become narrow in both BP I and CLC focal conic state
with increasing pump energy, the peak wavelength, line-width and polarization are very
different. To understand the similarities and differences of the emission in both media,
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we propose the following emission mechanism. In a random scattering and amplifying
medium, the scattering of the emitted light increases its optical path length before it
escapes from the medium, resulting in effective stimulated emission (Fig. 6.15, path
abcd ). The scattering wavelengths λs occur at all emission wavelengths λe and in all

directions (Fig. 6.16a). The strongest scattering occurs at the peak of the emission. This is
the situation in thick CLC focal conic sample. If the pump and scattering are strong
enough, the scattered light can return to its original location a . If the phase relation is
proper, a resonant cavity is formed and random lasing occurs [111]. In BP I the scattering
is caused by the Bragg reflection from BP I crystals. The wavelength is determined by the
Bragg relation instead of the entire wavelength of the emission. In addition, the reflection
is right-circularly polarized. The strongest stimulated emission thus happens at the
wavelength corresponding to the reflection peak, and with the same polarization as the
reflection. These are consistent with the experimental results. Further, for a given
wavelength, the reflection is directional instead of random in space (Fig.6.16b). This
concentrates the emission intensity at the given wavelength and enhances the stimulated
emission in BP I. Experimentally, spectrum narrowing is observed in a thick (1 mm) CLC
focal conic state sample versus a 23 μm thick BP I sample, and narrowed line-width is
FWHM=15 nm in CLC focal conic state versus FWHM=3.5 nm in BP I .
In our BP I samples, the BP I crystals are small. The reflecting crystal planes are
largely parallel to the cell surface, with a distribution of orientational angle as evidenced
by the broad reflection peak. The back-and-forth reflection probably involves different
crystal planes (Fig. 6.16b). The directionality of the reflection makes it difficult for the
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reflected light to form a closed loop, which is essential for lasing. We conclude that light
emission in BP I at high pump energy is stimulated emission. Its properties are
determined by the reflection peak of BP I crystals.

6.4 Fluorescence and Lasing in Blue Phase II Single Crystals
BP II single crystals can be grown large up to 150 μm in diameter (Fig. 6.7 inset),
and the structures are studied in Section 6.2. In our light emission study, we used the
same material, doped with 1.0 wt% of dye DCM. The BP II texture is shown in Fig. 6.17.
There are different shades of color in the region of red reflection, indicating a slight
variation of lattice parameter or crystal plane orientation. The sample is pumped by 7.5 ns
pulses at 532 nm. The pump beam, with a 23 μm diameter at focal plane, is carefully
focused on a region showing strong red reflection at about 610 nm. This is the BP II
single crystal with (100) crystal planes parallel to the cell surface.

50 μm

Fig. 6.17 The BP II texture of the sample in fluorescence and lasing experiments.
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6.4.1 Alteration of Fluorescence Spectra in Blue Phase II Single Crystals
The reflection peak of a BP II crystal modifies the fluorescence spectrum of DCM
dye. At low pump energy, a dip in the emission spectrum occurs at the wavelength of the
reflection peak 611 nm, as shown in Fig. 6.18. The total emission is decomposed into
RCP and LCP modes by inserting circular polarizers into the optical path. It shows that
the dip is caused by RCP mode, in agreement with the polarization of the reflection peak.
The fluorescence enhancement at the edge of the reflection peak is very small. This
fluorescence dip is a very useful indicator of the reflection peak in a large single BP II
crystal ( d > 30 μm). No such dip has been observed in small BP II and BP I crystals.
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Fig. 6.18 Fluorescence spectra alteration in a dye-dope BP II single crystal.
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6.4.2 Lasing in Blue Phase II Single Crystals
With increasing pump energy, a sharp lasing peak at the long-wavelength edge of
the dip emerges and grows to dominate the whole emission spectrum, as shown in Fig.
6.19. The stable lasing peak is at 617.23 nm, with a Lorentzian line-shape and a linewidth of FWHM=0.11 nm. A clear lasing threshold is measured at 78 nJ (Fig. 6.19 inset),
corresponding to a peak intensity fluence of 19 mJ/cm2, less than half of the lasing
threshold of a helical CLC sample with the same dye concentration and excitation
conditions. The laser emission is right-circularly polarized (Fig. 6.20), indicating optical
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Fig. 6.19 Fluorescence and lasing spectra as a function of pump energy in a dye-doped
BP II single crystal. The inset shows emission intensity at 617.23 nm as a function of
pump energy. Pump: 7.5 ns at 532 nm.
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Fig. 6.20 The polarization of the laser emission in a dye-doped BP II single crystal.
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Fig. 6.21 Laser emission in a BP II single crystal. a) At short-wavelength edge of the
fluorescence dip; b) At both edges of the fluorescence dip.
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When some spots in the sample are pumped, laser emission occurs at the shortwavelength edge of the fluorescence dip (Fig. 6.21a) or at both edges (Fig. 6.21b). When
the wavelength of the reflection peak is longer than the fluorescence peak, which is at
605 nm, the altered fluorescence intensity is higher at the short-wavelength edge of the
fluorescence dip, causing higher gain. This effect is more pronounced when the reflection
peak shifts to longer wavelengths. As seen in BP I, the peak of the stimulated emission is
at the short-wavelength edge of the reflection peak, which is at 650nm.
At high pump energy, satellite lasing peaks appear accompanied with the main
lasing peak as shown in Fig. 6.22. These lasing peaks are equally spaced with Δλ = 0.53
nm between adjacent peaks. The cavity length, which is determined by Δλ and n , is
comparable to that in CLC lasing (Fig. 5.2). Thus the thickness of the uniform BP II
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Fig. 6.22 Multi-mode lasing at high pump energy in a BP II single crystal.
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Fig. 6.23 Lasing in different BP II crystals. From spectrum a to d , the pump energy is
increased by a factor of 2.6. The inset shows the laser emission intensities at peak 1, 2
and 3 as a function of pump energy.

When the pump beam excites more than one BP II single crystal, either because
the single crystal is too small or the focus is at the boundary between two single crystals,
lasing in different crystals can happen simultaneously if the pump energy is high enough.
One example is shown in Fig. 6.23. The emission intensities in these spectra are
normalized to the lasing peak in spectrum a for clarity. With increasing pump energy
from a to d , lasing peaks at different wavelengths appear. The group of lasing peaks
around 607.2 nm and that around 611.3 nm result from lasing in two different BP II
crystals. The wavelengths of the reflection peaks differ by ~4 nm. This is consistent with
the BP II texture shown in Fig. 6.17, where different shades of the red reflection indicate
a slight wavelength shift. The stable lasing peak 1, 2 and 3 in Fig. 6.23 have different
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thresholds as shown in Fig. 6.23 inset. The apparent large threshold difference between
peak 1 and peak 3 is probably caused by the spatial distribution of the pump energy.

6.4.3 Lasing in Three Dimensions in BP II Single Crystals
The above lasing results in BP II single crystals, with both pump and emission in
the direction of crystal plane (100), is understood in terms of one-dimensional distributed
feedback, similar to lasing in helical CLC. The feedback is provided by the Bragg
reflection from the crystal planes (100). Despite the fact that the fluorescence
enhancement is much smaller than that in helical CLC, the lasing threshold is reduced to
one half of that in helical CLC. The result suggests better light confinement in BP II
single crystals. This is also expected from the CLC and BP II structures. In the direction
perpendicular to the helical axis in CLC, there is no reflection and feedback, while in BP
II crystals, the same Bragg reflection exists in the direction of crystal planes (010) and
(001) which are perpendicular to the (100) crystal plane.
Detector

BP II crystal

y

(010)
(100)
Pump
Sample
y
(001)
z

x

x

z

Fig. 6.24 The experimental configuration in measurements of lasing in three dimensions.
The schematics of (100), (010) and (001) crystal planes of BP II single crystal and
directions of laser emission (shaded arrows) are also shown.
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We have observed lasing in three directions corresponding to BP II crystal planes
(100), (010) and (001). The configuration of pump beam and detectors is shown in Fig.
6.24. In order to detect laser emission in the y and z directions, a single crystal at one
corner of the cell is excited by the pump beam. This allows laser emission in the y and z
directions to reach the detectors without obstruction by other crystals. Further, since the
(010) and (001) planes of the BP II crystal do not necessary coincide with the y and z
directions, recrystalization of the BP II crystal has been carried out until the approximate
orientation of the crystal is achieved and detection of lasing is realized in three
dimensions as shown in Fig. 6.25. The spectra show a major lasing peak in each of x , y ,
z directions, occurring at slightly different wavelengths, within 1.6 nm of each other.
Since lasing occurs at the edge of the reflection peak, the shifts of the lasing wavelength
suggest that lattice parameters in x , y , z directions vary by approximately ±0.13%.
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Fig. 6.25 Lasing spectra in three orthogonal directions in a BP II single crystal. The inset
shows the spatial distribution of laser emission at 617 nm in the pump direction ( x
direction).
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The experimental results are from the laser emissions in three orthogonal
directions. The detected emissions in the y and z directions are not simply scattered
laser emission in x direction by glass irregularity. In that situation, the emission
wavelength in the y and z directions should not change and the intensity should be
much smaller. In addition, the detected emissions in y and z directions do not result
from wave-guiding effect by total internal reflection inside the sample. The measured
laser emission in the x direction is highly directional, confined to a cone of 6.9° (Fig.
6.25 inset). A calculation shows that the minimum incident angle for total internal
reflections at interfaces of glass to air and ITO to LCs is 42° and 55° , respectively. The
possible scattering and wave-guiding effects are further tested in CLC lasing, using the
same geometry as that in BP II single crystals (Fig. 6.26). Lasing is only observed in the
x direction; in the y and z directions, the emission spectra are broad and very weak.

Thus the scattering and wave-guiding effects are convincingly ruled out in our
experimental configuration.
Although the cavities in the x, y, z directions are equivalent, the distribution of
pump energy on the y − z plane breaks the symmetry. Laser emission in the x direction
should be much different than that in the y and z directions if lasing acts independently
in these cavities. However, the wavelength patterns and intensities of lasing emissions in
the x, y, z directions suggest that there is a coupling of orthogonal modes. The coupling
is due to the scattering (or diffraction) of laser emission in one direction into its
orthogonal directions by BP II crystal planes. This is similar to recent observations of
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coupling three nonparallel diffracted waves in a two-dimensional photonic crystal [112],
and the diffraction of laser emission out of the cavity plane in a two-dimensional
photonic crystal [113, 114].
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Fig. 6.26 The fluorescence and lasing in three orthogonal directions in a CLC sample.
The inset shows the experimental configuration.

The scattering mechanism is analyzed in the following. For a wave scattered by a
periodic lattice, the Laue condition is [5]:

Δk = k - k o = G

(6.13)

where k o is the initial wave vector, k is the scattered wave vector and G is the
reciprocal lattice vector. Assuming elastic scattering, then the magnitude of wave vectors

k o , k are the same: G1 10
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where λ is the wavelength in the medium. In real space, G is perpendicular to the lattice
planes set (hkl ) in question. The magnitude of G corresponding to lattice plane (hkl ) is
Ghkl = 2π / d

(6.15)

where d is the distance between adjacent (hkl ) lattice planes.
In our lasing conditions, a wave k o propagates in the + x direction and is scattered by
crystal planes (220) , as shown in Fig. 6.26. The reciprocal lattice vector G 220 is
perpendicular to the (220) planes. We draw a vector triangle according to Eq. 6.13 to
determine the direction of wave k (Fig. 6.26a). θ is the angle between k o and k :

⎛ k 2+k2−G 2⎞
220
⎟
θ = cos ⎜ o
⎜
⎟
2 ko i k
⎝
⎠
−1

(6.16)

The wave k o also has a back scattering (reflection) by crystal planes (100). The Laue
condition is 2ko = 2π / d100 . So ko = k = π / a and G220 = 2π / d 220 = 2π / a . From Eq.
6.16, θ = 90o . The scattered wave k thus is in the + y direction. The scattering also can
be viewed as a reflection from the crystal planes (220) . It should be noted that elastic
scattering from crystal plane (1 10) does not fulfill the Laue condition (Fig. 6.27b).
The scattered intensity I is proportional to the square of the Fourier amplitude f
corresponding to the crystal plane: I ∝ f 2 [5]. Hornreich and Shtrikman used a ratio of
0.6 for the Fourier amplitudes of the basis sets (110) and (100) in their calculation of BP
II band structure [110]. Here, we assume the Fourier amplitudes are proportional to the
density of lattice points of the crystal planes, then the ratio of the Fourier amplitudes
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corresponding to crystal planes (220) and (100) is

2 / 2 ≈ 0.71 . The scattered intensity

ratio is expected to be 0.49 from these crystal planes, which is reasonably in agreement
with the measured lasing intensity ratio of transverse to longitudinal directions. Thus the
intensity analysis of the laser emission in three dimensions also supports the mechanism
of coupling of orthogonal modes via lattice scattering.

a

(100)

G 220
G110

k θ
ko

k
ko

45o

d

(220)

a

b

Fig. 6.27 a) Elastic scattering of optical waves by crystal plane (220) ; b) Elastic
scattering of optical waves by crystal plane (1 10) . The scattered k should be on the
circle with a radius k o , vector triangle cannot be formed.

6.4.4 Lasing at Defect Modes in Blue Phase II Single Crystals
Since the molecular arrangements in BPs are complex and delicate, many crystal
defects may exist in BPs. The defects may be caused by the variation of the lattice
parameter, crystal dislocation or twisting of the unit cell. These defects should not be
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confused with the disclination defects, which are periodically arranged in perfect BP
crystals. As discussed in Chap. 5, the introduction of a structural defect in a PBG material
modifies the band structure. A defect optical mode with large ρ can occur inside the
band gap, and low threshold lasing is then expected at the defect mode.
In Section 6.4.1, a dip in altered fluorescence spectrum is described as an
indicator of the reflection peak at that wavelength. The edge lasing modes appear at the
edge of the dip. The lasing modes in the middle of the fluorescence dip shall correspond
to defect lasing modes, which have been observed in BP II single crystals (Fig. 6.26). The
defect mode only occurs at some pump spots. The pump energy is 68 nJ, which is lower
than the lasing threshold of edge modes at 78 nJ. Two defect modes, coexisting with a
edge mode, have also been observed at higher pump energy (Fig. 6.27). The occurrence
of these defect modes is unpredictable, and is very sensitive to pump spots and pump
energy. The existing defect modes are very unstable, which makes it impossible to
measure the thresholds and polarizations. Fig. 6.28 shows the unstable behavior of a
defect mode. After its initial appearance in the middle of the fluorescence dip, the defect
mode starts to diminish while the edge mode grows. The defect mode finally disappears
after 1 minute pump and the edge mode becomes stable.
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Fig. 6.28 The defect lasing mode in a BP II single crystal.
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Fig. 6.29 Defect lasing modes coexist with an edge mode in a BP II single crystal.
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Fig. 6.28 The evolution of a defect lasing mode with time. The spectra were acquired
with the same experimental conditions. The pump frequency was 1 hertz at 532 nm.

In solid-state materials, the structural defects have fixed positions and material
composition. The nature of the crystal defects in BP II, although not clear, may be caused
by local director distortions. Laser heating may change the local director configuration,
and remove these crystal defects. The annealed BP II single crystal is perfect, and lasing
occurs at edge modes. It is possible that the fluorescence dip is caused by overlapping
reflection peaks whose wavelengths only differ by several nanometers. One can argue
that the lasing modes inside of the fluorescence dip are edge modes. In our experiments,
all those lasing modes in the fluorescence dip disappear within one minute pump. The
instability of the defect modes distinguishes themselves from edge modes, which are
relatively stable.
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Chapter 7

Conclusions

In this dissertation, we have systematically studied light emission in liquid
crystalline photonic bandgap materials. The important conclusions are the following.
The helical CLCs in the planar structures are one-dimensional photonic bandgap
materials, due to the periodic refractive index modulation along the direction of helical
axis. The two optical normal modes propagating in a CLC film are defined as the
eigenvectors of the Jones transmission matrix or the Jones reflection matrix. When the
refractive index of the substrate matches the average refractive index of the CLC, they
are identical. These two normal modes are elliptically polarized, with their long axis of
the polarization ellipses lying in the x or y direction, respectively. The ellipticity is in
the range of 0.91 − 0.96 for normal mode 1, which is left-handed, and 1.05 − 1.10 for
normal mode 2, which is right-handed, over the entire visible wavelength. The normal
mode 2 has a reflection band, and the normal mode 1 is always propagating. The
reflectance and transmittance calculated for the normal modes are correct, compared to
the results calculated from other methods. When the indices mismatch, the Fresnel
reflection and CLC reflection coexist, causing the differences between the normal modes
of transmission and the normal modes of reflection.
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The density of states ρ is defined as dk / d ω for the allowed optical modes. In
bulk CLC, the ρ of normal mode 2 diverges at the band edges while the ρ of normal
mode 1 is constant over the entire wavelength range. In a F-P cavity, the ρ has peaks at
the wavelength of the transmission peaks, and the peaks become sharper with the
increasing of the reflectance of the cavity mirrors. In CLC films, The ρ of normal mode
1 remains constant. The ρ of normal mode 2 has peaks near the reflection band edges.
The ρ is small in the band, and has near the band edges in accordance with the
transmittance. With increasing CLC film thickness, the wavelength of the highest ρ peak
shifts towards the band edges, and its maximum value scales with the square of the CLC
film thickness; in the mean time, the ρ in the middle of the band goes to zero.
The fluorescence spectra of the doped dye are significantly altered in CLC films:
suppressed within the band, enhanced at band edges and oscillate near the band edge in
accordance with the transmittance. The RCP emission, whose ellipticity is close to
normal mode 2, is responsible for the spectrum alteration. The calculated spectra,
including the ρ effects and the effects of dye orientations w.r.t. the CLC director, are in
good agreement with the measured spectra. The ρ effects dominate the alteration of the
fluorescence spectra. For emission at oblique angles, the fluorescence edge shifts to
shorter wavelengths in accordance with the shift of the reflection band edge. The
lifetimes of the dye fluorescence have no measurable differences for the different normal
modes, wavelengths and the CLC film thicknesses. These results are not well understood
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in terms of ρ in the CLC films. The intensity of the dye fluorescence is quenched at high
dye concentration due to the formation of dye excimers.
The strong enhancement of the fluorescence at the band edges and the distributed
feedback effect give rise to low threshold mirrorless lasing near the band edges in dyedoped CLC films. Lasing usually occurs near the long-wavelength edge of the reflection
band. Lasing can occur at both edges of the band at higher pump energy. Lasing at defect
modes, whose wavelengths are inside the reflection band, occurs in the samples of
composite structures of CLC-glass and CLC-polymer film. The CLC laser emission is
right-circularly polarized, with a Lorentzian line shape and typically a FWHM=0.2 nm.
The pulsewidth of the CLC laser is shorter than that of the pump pulse, in agreement with
the temporal distribution of the pump energy. The threshold energy of a CLC laser,
derived in analogy with a F-P cavity laser and included the ρ effect, shows that the
lowest threshold occurs at the wavelength that has the highest ρ , and the threshold
energy has an explicit dependence on the CLC film thickness. Both predictions have been
experimentally verified. In the dye concentration range of 0.25 wt% to 2.5 wt%, the
measured threshold increases linearly with increasing dye concentration. The
phenomenon is caused by the formation of dye excimers, and an explicit linear relation
between the threshold energy and dye concentration is derived by considering the excited
state dynamics. With increasing pump energy, photon statistics show that the photon
number distribution changes from a Bose-Einstein distribution to a Poisson distribution,
which indicates the transition from incoherent fluorescent emission to coherent laser
emission. The CLC laser emission is diffraction limited, causing a diffraction ring pattern
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in the far field. The diffraction is from coherently emitted light due to the small size of
the emitting source. The diameter of the totally coherent emitting disk is half of the
diameter of the pump beam at the pump spot, calculated by fitting the measured intensity
maxima and minima calculated value for a circular aperture. Totally coherent, partially
coherent, and incoherent regions of the emission source are identified. Their sizes are
consistent with the pump energy distribution at the pump spot.
The BPs are three-dimensional photonic crystals. They consist of double-twist
CLC tubes and disclination defects, which self-assemble in three dimensions with bodycentered-cubic symmetry in BP I and simple-cubic symmetry in BP II. BP I has
polycrystalline textures; the diameters of single crystals are smaller than 5 μm. BP II has
platelet textures; the diameters of single crystals can be made up to 150 μm at certain
conditions. The brilliant colors in BPs come from Bragg reflection at different crystal
planes. Some non-reflecting BP II single crystals at normal incidence are oriented with
the reflecting crystal planes at specific angle w.r.t. the cell surface. In BP I, the stimulated
emission is caused by the multiple reflection of small BP I crystals, while the stimulated
emission in a thick, dye-doped CLC focal conic sample is caused by the random
scattering by the CLC texture. In large BP II single crystals, fluorescence alteration and
lasing are caused by Bragg reflection. The laser emission is right-circularly polarized and
directional, with narrow line-width FWHM=0.11 nm and half of the threshold as that in
CLC. The BP II single crystals are uniform in the direction normal to the cell surface,
deduced by the lasing mode separations. The different lasing wavelengths and thresholds
in multi-domain lasing are caused by the shift of reflection peaks in the adjacent BP II
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crystals and the spatial distribution of the pump energy. Laser emission in the three
orthogonal directions is not due to scattering or wave-guiding effects. It is caused by the
coupling of lasing modes in the orthogonal directions via Bragg scattering at crystal
planes. The defect lasing modes in BP II crystals are unstable, due to the removal of the
crystal defects by laser heating.
We close this dissertation by further emphasizing three concepts in the
dissertation title. LCs are truly remarkable materials. They offer a variety of structures in
which different light emission processes occur: the altered spontaneous emission in CLC
films, the stimulated emission in CLC focal conic samples, the stimulated emission in BP
I, lasing in CLC films, three-dimensional lasing in BP II crystals and lasing at defect
modes in CLC films and BP II crystals. This study is only the beginning to control the
light emission using liquid crystalline PGB materials. Besides CLC (one-dimensional)
and BPs (three-dimensional), the twist-grain-boundary phase is another threedimensional, and the hexagonal columnar phase is a two-dimensional PGB material. To
realize their application potential, these self-assembled liquid crystalline PGB materials
have to be made robust, through polymer stabilization, or by using polymeric LCs for
example. Recently, a polymer stabilized BP has been reported [115]. Through the control
of the spontaneous emission, the excited state energy can be used for a specific purpose.
Suppose there exists a perfect photonic bandgap covering the entire emission spectrum.
An excited molecule in the PBG material cannot emit photons, thus the excited-state
lifetime is much longer. This may enable the molecule to have enough time to react at the
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excited state, either by itself or with another molecule. Thus the PGB materials can be
used as a reactor in which certain photochemical reactions may be enhanced.
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Appendix

Photon-counting Statistics

The semi-classical theory of photon detection treats the electromagnetic field
classically and the interaction of photon with matter quantum mechanically. There are
three hypotheses for photon detection:
First, for small Δt which is smaller than the coherence time of the light, the
probability of a single photon event occurring in the time interval t to t + Δt is
proportional to the product of Δt and light intensity I (t ) :
P1 (t , t + Δt ) = α I (t )Δt

(A.1)

Second, in the time interval Δt , the probability of more than one photon event is
negligible. It is expressed as:
P1 (t , t + Δt ) + P0 (t , t + Δt ) = 1
P0 (t , t + Δt ) = 1 − P1 (t , t + Δt )

= 1 − α I ( t ) Δt

(A.2)
(A.3)

Third, the number of photon events in any two time intervals is statistically
independent.
The n photon events in the time interval t to t + τ + Δτ can occur in two ways.
First, n photon events occur in the time interval (t , t + τ ) and no photon event occurs in
the time interval (t + τ , t + τ + Δτ ) . The probability is:
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Pn(1) = Pn (t , t + τ ) ⋅ P0 (t + τ , t + τ + Δτ )
= Pn (t , t + τ ) [1 − α I (t + τ )] Δτ

(A.4)

Second, (n − 1) photon events occur in the time interval (t , t + τ ) and 1 photon event
occurs in the time interval (t + τ , t + τ + Δτ ) . The probability is :
Pn(2) = Pn −1 (t , t + τ ) ⋅ P1 (t + τ , t + τ + Δτ )
= Pn −1 (t , t + τ ) [α I (t + τ )] Δτ

(A.5)

The total probability is Pn = Pn(1) + Pn(2) . Combining Eqs. A.4 and A.5, and let Δτ → dτ ,
the differential equation Pn (t , t + τ ) must obey is obtained as:
dPn Pn (t , t + τ + Δτ ) − Pn (t , t + τ )
=
Δτ
dτ
= α I (t + τ ) [ Pn −1 (t , t + τ ) − Pn (t , t + τ )]

(A.6)

except at n = 0 where the first term on the right side is absent. The chain of equations is
solved by recursion with the boundary conditions: P0 (t , t ) = 1 and Pn (t , t ) = 0 for n > 0 .
n

⎡α I (t ,τ )τ ⎤⎦
Pn (t ,τ ) = ⎣
exp ⎡⎣ −α I (t ,τ )τ ⎤⎦
n!

(A.7)

where I (t ,τ ) is the mean intensity during the period form t to t + τ :
I (t ,τ ) =

1

τ∫

t +τ

t

I (t ')dt '

(A.8)

The probability gives the distribution of the photon-counting numbers in a series of
experiments in which light intensities are the same. In real experiments, the light intensity
fluctuates and the observed distribution is a time average of Pn (t ,τ ) over the fluctuation
of the light intensity.
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Pn (t ,τ ) =

[α I (t ,τ )τ ]n exp
n!

[ −α I (t ,τ )τ ]

(A.9)
I

This result is known as the Mandel formula. The mean photon number is:
n = ∑ nPn (τ ) = α I (t ,τ )τ

I

(A.10)

n

For a coherent light, the intensity fluctuation happens at a time scale of coherence time τ c ,
which is long. If the time duration τ < τ c , then the light intensity is considered as a
constant, so there is no need to perform the averaging the intensity I (t ,τ ) over time. Eq.
A.9 reduces to:
n

n −n
Pn (τ ) =
e
n!

(A.11)

which is a Poisson distribution. For a chaotic light, the instantaneous intensity has a
probability distribution. For an average intensity I , the probability of an instantaneous
intensity I (t ) is:
P [ I (t ) ] =

1
⎛ − I (t ) ⎞
exp ⎜
⎟
I
⎝ I ⎠

(A.12)

Eq. A.9 becomes
Pn (τ ) = ∫ dI (t ) P [ I (t )] ⋅ Pn (t ,τ )
1
⎡ − I (t ) ⎤ [α I (t ,τ )τ ]
= ∫ dI (t ) exp ⎢
exp [ −α I (t ,τ )τ ]
I
n!
⎣ I ⎥⎦
n

n

n
=
(1 + n )1+n

which is a Bose-Einstein distribution.
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