Defect structure of bent-core liquid crystal filaments
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Polarizing microscopy observations of the B7bis phase of the bent-core molecule (banana)
achiral compound D14F3 display two main types of defect textures, namely (a)- filaments in
the shape of helical ribbons, nucleated when quenching the samples from the isotropic phase,
(b)- developable domains akin to those of columnar phases. This multiplicity of textures
points toward the complexity of the B7 structure. In the present compound the two types of
defects belong to two different states, one of them (with helical ribbons) is lamellocolumnar,
metastable, frustrated, with an intrinsic ambidextrous helicity, the other one probably
columnar. We put the emphasis on the geometry of the helical ribbons, which are present in
all the B7 (B7bis, B7’) phases. We argue that they belong to a large class of isometric defects
that carry strainless deformations. Focal conic domains in smectic phases and developable
domains in columnar phases are of such a type. Isometric defects in the B7 phases are more
complex, due to the intrinsic helicity. They consist of layers folded into a set of parallel
helicoids, in the manner of a screw dislocation of giant Burgers vector; the columns (the layer
modulations) are double-twisted. The singularity set is made of two helical disclination lines.
The energy is calculated. This description refers to an ideal helical ribbon; but more general
cases are worth considering. As a side result, it is suggested to test the description of doubletwist as a director field partitioned into nested helicoids instead of the traditional nested
cylinders.

I-Introduction
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B7 phases are ambidextrous chiral phases studied for their interesting ferro and/or
antiferroelectric properties. In fact, they first attracted attention for the beautiful and original
features of the textures they display under the optical polarization microscope. They also offer
a challenge to the scientists, as their molecular structure is not perfectly understood; this
ignorance reflects the fact that several B7 phases are documented; the distinction is based
mostly on the fact that they are not miscible (B7’ [1], B7bis [2]), but the textures and defects
are similar. And indeed, there is at least one filamentary texture, the helical ribbons (HR),
which they all display; its presence constitutes the main topic of this article.
In this paper we shall let aside the physical properties like the behavior under
the action of an electric field, and concentrate on the optical observations. The state of the art
is summarized in the recent review paper of Pelzl & al. [1]. It is today well-understood that
the textures and defects of a given phase are related, with regard to their topological
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properties to the nature of its order parameter, and with regard to their stability properties to
their elastic material constants: for a review with numerous instances in mesomorphic phases,
see [3]. Therefore the study of the textures and defects gives clues to the crystallographic
structure of an ordered phase and to qualitative features of their elastic properties. It is in this
spirit that we have made a number of observations on the B7bis phase known as D14F3,
synthesized by the Bordeaux group [2], and whose chemical formula is reproduced Fig. 1. As
far as we are concerned with HRs, it does not matter much which B7 modification we
investigate.
Before engaging in the meat of our subject, let us summarize the structural and
textural information at hand on the B7 phases.

Fig.1. Chemical formula for D14F3

1- Structural aspects
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In many macroscopically chiral liquid crystals the chirality is present at the molecular
level (N*, SmC*, frustrated phases like blue phases, etc). The macroscopic chirality builds in
from the microscopic chirality, and is either left or right, not both. However nothing forbids
macroscopic chirality of achiral molecular systems. In that case left and right domains coexist
in the same material. We reserve the term of helicity for this ambidextrous chirality.
Walba & al. [4] have classified the smectic phases made of banana-shaped molecules
in terms of two parameters, the clinicity of successive layers (synclinic CS or anticlinic CA),
and the order type of the polarization (either ferro PF or antiferro PA). In all these phases the
molecular plane of the banana is tilted with respect to the layer normal. The phases SmCSPA
and SmCAPF have no helicity. The phases SmCAPA and SmCSPF are helical. For SmCAPA, see
[5]. These four, different, smectic phases are sometimes all designated B2 phases.
The SmCSPF phase is that one which was first designated as the B7 phase; it differs
considerably from the others by the richness of its defects and textures [6]. Its structure is that
one of polarization-modulated smectic layers, see Coleman & al. [7]. The polarization vector
is not uniform, as it is in conventional B2 phases, but is locally splayed in the form of periodic
polarization stripes belonging to the layers. Accordingly, the layer thickness is not constant,
but modulated: hence the layers have to be in register all along these modulations. The layers
are probably stabilized by stronger forces than those which act across them, and indeed free
standing films are stable. It is also worth mentioning the easiness with which filaments can be
drawn from the B7 helical phase [7], which is related to the presence of columns. One can
speak of a lamellocolumnar phase. On top of these already remarkable characteristics, the
phase is helical. Bedel & al. [2] claim that the compounds they have synthesized (from D9F3
to D14F3), which display a B7bis phase, have also another phase with a two dimensional
columnar structure, reminiscent of the pure columnar structure (no layering) observed in the
D6, D7 and D8 molecules. Here the variable digit (from 6 to 14) denotes the number of
carbon atoms in the terminal alkoxy groups (see Fig. 1).
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2- Textural aspects, the helical ribbons
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The discovery of the B7 phase came with the surprising observation of helical
superstructures in a smectic mesophase formed by achiral banana-shaped molecules [6], in
1999. These helical ribbons develop into an isotropic matrix; they are not directly comparable
to the double helices discovered by C. E. Williams [8] in usual SmA thermotropic phases of
achiral molecules a long time ago. Williams' singular double helices are embedded in the bulk
of the SmA phase and are a mode of splitting of screw dislocations having a giant
(mesoscopic) Burgers vector; the related model for the layer geometry [9] is described at
length in [3]. HRs come up with the same model, so that one can also speak of giant screw
dislocations. But HRs are aborted dislocations, in the sense that only the central region
(between the double helices) obeys the geometrical constraints imposed by the screw
character of the dislocation, whereas the outer region is isotropic. Furthermore, as we shall
argue, the stability of a HR is insured by the helicity of the B7 phase: no helicity whatsoever
at the origin of giant screw dislocations in a SmA. Other differences will be pointed out later.
It is intriguing to notice at this point that double helical structures are really ubiquitous in soft
condensed matter physics at mesoscopic scales; let us just cite some chromosome
configurations [10], the possible splitting of 4π disclinations in cholesterics into two helically
twisted 2π disclinations (observed for instance in Robinson spherulites [11]), the myelinic
figures of achiral lyotropic biomembranes, first described by Nageotte [12] and now very
actively studied, etc. All those examples respond to different physical situations; a review that
would revisit the whole set of phenomena displaying double helices is all wanting.
As expected with achiral molecules, right and left HRs are present in equal
proportions. Single, double and triple HRs have been observed [13], as well as large sets of
intricated multiple quasi-parallel HRs [14]. HR lateral sizes are typically of a few microns.
They grow by their ends, at practically constant width and constant pitch, see below.
3- Other textural aspects
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HRs relax with time and/or under slow cooling either to large domains of different
helicities [7] or, in the same sample, of no helicity at all (racemic) [13], by fusion of the HRs,
or completely loose their helicity in the relaxation process [14]. We refer to [14] for a full
description of those non-HR defects in D14F3.
Let us enumerate a few typical textures observed in the B7 phases:
a)- myelinic textures, which originate in the thickening and gathering of HRs,
b)- banana leaf shaped domains, probably corresponding to a 'racemic' texture,
c)- developable domains (see [15] for a general theory of this type of defect), which evidence
the columnar nature of the B7 structure. They are often described as fan-shaped textures. One
expects that such defects are racemic, as observed in D14F3 [14]. However the possibility of
helical configurations of a pure columnar phase should be taken into account; this could be
investigated on the basis of Kamien & al.'s analysis of chiral columnar phases [16],
d)- checkerboard patterns, which might be due to the aggregation of HRs or correspond to the
just alluded Kamien’s helical columnar case. It is difficult to settle the question at the present
stage of observations,
e)- focal conic domains (FCD), which have been often invoked. They might be of two types,
whether the observed domain is racemic or helical.
e.1)- racemic FCDs. In the first case they would be analogous to FCDs in conventional
SmAs [3], except for the necessity of matching the columns from one layer to the next. This
would drastically reduce the number of possible geometries. In fact one expects that in the
less energetic case the layers are nested cylinders, and that the columns are along the
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generatrices. Notice however that, since the perimeter Pe of two contiguous layers differs by
! = 2"d if the cylinder is circular, ( d is the layer thickness), there necessarily is a set of edge
dislocations in-between the two layers, whose total Burgers vector is precisely ! . This could
be called a vernier (or sliding gauge) effect. The energy is of order B(! ds )ds2 = 2!Bd 2 ds per
layer (independent of Pe), where d s is the period of the polarization stripes. In order to avoid
such a large energy the layers have to open up. In fact, it has been observed that the HRs in
D14F3, see [14], relax towards racemic (i.e. non-helical) textures precisely through an
opening process.
e.2)- helical FCDs. The second case requires the presence of screw dislocations (having
microscopic Burgers vectors) forming a twist boundary between parallel layers. This situation
is reminiscent of the TGB phases, and indeed such a configuration has been hypothesized in
[7]. However it is easy to convince oneself that such a situation would cost a large amount of
energy, especially when the layers are not flat. In fact the geometry that insures the
parallelism of the layers and no dislocations in-between is precisely the geometry of helical
ribbons.
II- Helical ribbons and other defects and textures in D14F3

We summarize our observations; details can be found in [14a] and [14b].
a)- Helical filaments appear in the isotropic phase when the samples are cooled down rapidly
(i.e. without any special setting of the cooling rate) from the high temperature range of the
isotropic phase; most of these filaments have a clear double-helix texture, and left and right
helices are in approximately equal numbers.
There are two types of HRs,
a.1)- S-HRs (slim), characterized by a rather perfect double helical geometry, a pitch/width
ratio b ! ! " , a value of b (or ! ) strongly peaked about some value, a high resistance to
bending. Newly born HRs often wind about or align in contact with already existing HRs,
without merging. S-HRs grow by increase of their length, at constant pitch, not by lateral
addition of molecules. Therefore the pitch b (or the width ! ) appear as material constants,
a.2)- F-HRs (fat), much more disperse in size, shape, width; they constitute a relaxation
mode of the S-HRs towards a non-helical state. We shall not expatiate on them. F-HRs
transform in turn into spindles or flat domains (the F-HR opens up along a generatrix) with no
helicity left. The growth of such an opened F-HR is not limited in size. Other types of objects
growing from F-HRs are described in [14a].
b)- Developable domains (DD, [15]) appear in the isotropic phase when the samples are very
slowly cooled. They also can result eventually from the (irreversible) relaxation process of
HRs. As already stated, we do not yet know whether those DDs are helical or racemic. In any
case, although they look akin to fan-shaped textures, i.e. special FCD textures, they are not
FCDs. The textures observed in the short homologues of the D'n'F3 series ('n'= 6, 7, 8; [2]) are
much similar to them. The short homologue structure is not completely elucidated due to the
difficulty to prepare large oriented samples, but is comparable to the rectangular B1 phase,
because of some limited miscibility with B1; it has been denoted B1x in [2]. The DD-seeming
defects are in favor of a 2D structure.
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III-The geometry of helical ribbons

1- Isometric textures in liquid crystals
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The model that we develop for HRs belongs to a class of deformations that are
usual in liquid crystals with positional ordering; we designate them as isometric deformations.
They conserve parallelism and distances – e.g. between layers in smectic phases, between
columns in columnar phases. Of course such constraints impose specific geometric features to
the deformations. The corresponding order parameter singularities extend over rather large,
macroscopic, distances. The case of smectics has been known for a century [17]; the relevant
isometric textures are focal conic domains (FCD), whose singularity is a pair of conjugate
conics and whose layers take the shape of Dupin cyclides; the focal conics are special types of
disclinations. In columnar phases the isometric textures are developable domains (DD, [15,
18]); the singularity set is a developable surface, the columns can be partitioned (in an infinity
of ways) into families of parallel lines belonging to Monge surfaces. We refer the reader to
Ref. [19], chapter 10, for a full description. Isometric deformations generally dominate on
scales larger than (K/B)1/2 (where K is a typical Frank curvature modulus and B a typical
inverse compressibility), i.e. on scales larger than a few repeat distances. Indeed, a purely
isometrically deformed domain carries exclusively curvature energy (order KL for a domain
of size L ), that has to be compared to BL3 , a typical strain energy. Thus such isometric
objects, whose geometry is so precisely defined, can extend from quite small domains (the
instabilities observed along edge dislocation lines along Grandjean terrace edges are of this
type [17], see also [20]), to mesoscopic scales, quite often of the order of one mm, i.e.
involving 105 to 109 strictly parallel layers in a SmA. This indicates the extension of the
concept of isometry in ordered liquids. We recall that defects in liquid crystals (dislocations,
disclinations, point disclinations, etc) generally perturb the positional order and carry a large
strain energy. Dislocations break translational symmetries and are not expected to be
isometric deformations. As a matter of fact they do not appear in the singularity set of
isometric defects, which are formed at the expense of liquid relaxation. HRs are of this type.

a)

b)

Fig.2. a)-Screw dislocation with giant Burgers vector split into two helical disclinations
observed in the smectic A phase of 8OCB; b)-helical ribbon in D14F3. Notice the regularity of the HR,
as opposed to the irregularity of the SmA double helix.

p:/

2- The helical geometry of ideal HRs
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The most regular, ideal, HRs that are met empirically are bordered by two equal
circular helices, and the layers are folded into rather simply defined helicoids (see next
paragraph); this is the geometry we can keep in mind in the discussion hereafter, but our
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analysis also applies to general helicoids and might explain less simple observations. Notice
immediately that ideal HRs are quite common in B7 samples.
We show that an ideal HR is the inner part of a screw dislocation of giant Burgers
vector.
a)- Giant screw dislocations in SmA’s. As already stated, the characteristic feature of
such an object is that the central region (the core) is split into two helical singularities located
at a distance ! = b 2" from the axis of the screw line, b being its Burgers vector; this is
visible under the optical microscope, since b is so large (typically a few ten micrometers in
CBOOA, a classical thermotropic smectic, see Fig. 2).
The Burgers vector is related to the sample boundary conditions and the thickness of
the sample. This geometry can be explained as follows [3, 19]. SmA layers stack into parallel,
equidistant surfaces (isometric principle!); as already written, it is such a stacking that is at the
origin of FCDs, a very particular, constrained, geometry. A split screw dislocation is not a
FCD, so that perfect stacking is only partly satisfied. In the best case (for which the singular
lines are perfect circular helices, whose axis is perfectly straight), the layers are nested
parallel helicoids, stacked on both sides upon a central layer that has the shape of a ruled
helicoid1 whose axis is along the screw line; this central layer has a right or left hand,
according to the case, analytically distinguished by the sign of b . But this perfectly isometric
situation is limited to the cylindrical inner part bordered by the double helix; the two sheets of
the focal surface are deployed in space in a complicated manner and intersect many times, so
that it is not possible to extend the layers outside the central region without multiple covering
of matter. Again, the two singular helices belong to the focal surfaces, whose they constitute
the proximal boundary2, and on which they are cuspidal lines. They act physically as two
helical disclinations of strength k = 1 2 (see [3]), about which the layers fold. Outside the
cylindrical region bordered by the disclinations, the layers adopt a quasi-planar but not
isometric geometry that is in register with the helicoids inside, but not in analytical continuity.
More than often this realization of a screw dislocation splitting is not perfect; the central line
fluctuates, the pitch varies out of proportion. These variations (which seem at first sight to
oppose the law of conservation of the Burgers vector) are made possible by the presence of
numerous dislocations of microscopic Burgers vector attached to the disclination lines [21].
As a result isometry is always broken, in many ways
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b)- Ideal helical ribbons. The foregoing description applies to HRs, but to this
important difference that in HRs the isometry principle is respected. Fig. 4 is a mathematical
illustration of the model; see also Fig. 8 of [14a]:
i)- the split structure of the dislocation is limited to the region where the layers do not
intersect geometrically, so that there is nowhere analyticity breaking. The core of the
dislocation is in direct contact with the isotropic phase,
ii)- the layers are deployed along parallel and equidistant helicoids whose common
axis is the dislocation line and whose pitch is equal to the Burgers vector,
iii)- the modulations of the layers, which belong to the helicoids, are along parallel
circular helices of the same axis. These are the columns of the lamello-columnar B7 structure.
The columns are equidistant not only in each separate layer but also between layers, because
they are in register from one layer to the next. This is the most remarkable property of this
isometric stacking, which requires a detailed account. Thus will be explained why the

htt

A ruled helicoid is generated by a straight-line meeting a fixed axis at a right angle and moving with a uniform
helical motion about this axial ground state. It is a minimal surface. Notice that a ruled helicoid models a
conventional screw dislocation of Burgers vector 2d, and that a half ruled helicoid models a screw dislocation of
Burgers vector d [3].
2
In a FCD, the focal surfaces are degenerate to two focal lines, which are two conjugate conics.
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helicoids are the preferred geometry for a type of isometry that has to satisfy so many
constraints, on the layers and on the columns. At the same time it will explain how an
imposed helicity can be satisfied on the average.
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3- Why helicoids

Fig.3. Computer simulated HR. Left: side view. Right: lopsided view, the helices (the
modulations of the layers) appear as thin lines, orthogonal to the geodesics (thick radiating lines).
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a)- Intra-layer column equidistance. The ground state of the B7 phase cannot be a
stacking of planar layers, because, due to the helicity, equal modulated layers would not
match along the columns. Hence the layers should affect some curvature which we expect to
be constant along each column. Since it cannot be expected that the layers are all equal, the
condition of constant curvature properties along each column has to be true for each column
individually, but we do not expect that all the columns carry the same curvature values. It is
quite clear that the two sets of conditions, homogeneity of curvature properties on one hand,
isometry on the other, are not compatible. But the condition of constant curvature along each
column is compatible with isometry. The columns, on a given layer, are parallel; therefore
there is a one-parameter family of rigid motions along the columns which conserve the layer
curvature properties. We do not want more than a one-parameter family, because we do not
expect equal fluidity of the layer molecules parallel and transverse to the columns; notice that
a two-parameter family of rigid motions would define surfaces of constant Gaussian
curvature. The discussion that follows is inspired by Hilbert and Cohn-Vossen’s presentation
of the theory of surface bendings [22].
In the case of one (and only one) -parameter family, the relevant surfaces are helicoids
(and surfaces of revolution), clearly invariant under a one-parameter family of rigid motions
namely a continuous set of translation-rotations about the helical axis (for helicoids), a
continuous set of rotations about the axis of revolution (for surfaces of revolution). These
surfaces contain two orthogonal families of curves of which one family is the family of
helices (resp. circles of latitude) whereas the other one consists of geodesics (resp. meridians).
This is precisely the geometrical property we are looking for: if one installs the columns of
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the B7 phase along the curves orthogonal to the geodesics, then the columns stay at equal
distances, because of the property of frontality of the geodesics.
About curvature invariance along the columns: the demonstration of the existence of
two orthogonal families of curves requires the recognition that the rigid motion invariance is
also invariance under a one-parameter family of bendings. A surface ! admits onedimensional bending invariance if the following is true. Place, snug against ! , at any point
M, a piece of flexible but not stretchable foil; then it can be displaced on the surface along
one particular curve hi in M, so that it keeps snug against ! without tearing, although it can
change its shape. Because bending does not change geodesic distance, any two curves hi , hj
of the family must be at a constant geodesic distance. Therefore a geodesic line gk orthogonal
to one of the curve of the h-family crosses at right angles all the curves of the h-family.
Because bending keeps Gaussian curvature invariant, Gaussian curvature is constant all along
a curve of the h-family. Gaussian curvatures measured along two curves of the first family are
generically different. Therefore the curves of the h-family do not cross; they form a family
without singular points.
This h-family of lines is a set of helices. It can indeed be shown that surfaces
admitting a one-parameter family of bendings can be brought into the form of general
helicoids or of surfaces of revolution. Most evidently the curves of the h-family are the
helices (resp. the circles of latitude), and no other curves are helices. Therefore the condition
of equidistance (more precisely: of equal geodesic distance) forces the columns to sit along
the helices of general helicoids (resp. along the circles of latitude of surfaces of revolution).
The physical layers, which are deployed along these helicoids, have to be parallel in order to
minimize compression energy. We are thus led to study sets of parallel general helicoids, and
their helices.
b)- Inter-layer column equidistance. The property of columns equidistance is still true
for columns belonging to different parallel helicoids H and H’. In effect, consider two
neighboring parallel surfaces H and H’ at a distance measured along their common normals.
H is supposed to be an helicoid. Let
1
(1)
H = (! 1 + ! 2 )
G = ! 1! 2 ,
2
be the Gaussian and mean curvatures at some point M of H. G and H are invariant along the
helix h passing through M on H, and depend upon the unique parameter that defines the helix.
Two parallel surfaces have the same centers of curvature C and C2 at corresponding points,
say M (on H) and M’ (on H’). Therefore
(2)
" 1! = " 1 (1 # $% " 1 )#1 ,
" 2! = " 2 (1 # $% " 2 )#1
Thus G’ and H’ are invariant along the curve h’ drawn on H’ by the normals leaning on the
first helix h. Therefore H’ is invariant under a one-parameter family of bendings; it is indeed a
helicoid, as already stated, of the same pitch b . On the other hand, h’, which by construction
is at a constant distance !" of h, is an helix on H’, and consequently belongs to a family of
equidistant curves on H’, all obtained by tracing the curves h’( !" ) equidistant to the helices
h.
Thus the isometric principle for the columns is satisfied not only on each helicoid
separately, but also throughout the whole HR. Notice that the columns are not parallel, but
anyway equidistant, and thereby the modulations fit tightly from one layer to the next, which
is not feasible with planar parallel layers. The foregoing reasoning does not introduce any
specific value for the pitch. Therefore it is valid for any value of the Burgers vector b of the
HR, which adapts to the material constants of the material.
Notice that nowhere we explicitly refer to the ideality of the HR, i.e. we do not assume
that a particular helicoid of the stacking is a ruled helicoid. The helicoids can be surfaces
generated by a line of any shape under a constant rotatory translation.
8

4- Stability of helical ribbons
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The HRs are characteristic of stable or metastable phases B7 which display helicity,
i.e. such that the finite pitch p = 2! q of the columns is a material constant (which might
depend on the temperature). We just summarize here some results which emerge from the
ideal HR model developed above. The details of the calculation can be found in [14b].
For simplicity, we consider that the free energy of an ideal HR contains two
independent terms, one relative to the columns, which we write as the free energy of a
cholesteric phase oriented along n , (a director along the columns), the other relative to the
layers, which we write as the free energy of a smectic phase. Because the columns and the
layers are parallel, we do not introduce any strain energy.
The helicity of a HR is described by two pseudoscalars
(i)- the Burgers vector b of the dislocation, b = nd0 , n !Z , the smectic repeat distance. We
take b positive if the dislocation is a right screw, negative in the opposite case; ! = b 2! .
(ii)- the pitch p of the twisted columns. This pitch is perpendicular to the layers. We take
the pitch positive if the helicity of the columns is right-handed, negative in the opposite case;
q = 2π/p. We consider a set of layers. Within the approximations discussed in [14b], the
minimization of the energy yields
12

1 1%
$ d(
(3),
! q " # # '1 # ! 2
2 2&
K 2 *)
where ! d is the splay modulus of the layers (governing their mean curvature) and K 2 the
twist modulus of the columns (governing ( q + n ! curln ) ). Therefore
2

2$ d
if
(4),
! d < K2 ,
2 K2
which is a reasonable assumption. In effect, on one hand K 2 is probably large, since the
columns are long (in principle infinite); on the other hand, because the layers are anisotropic,
it is reasonable to infer that the layers fold much more easily about the columns than
perpendicularly to them, which implies a certain anisotropy of the splay constants. A
calculation shows that the ideal HR layers are indeed much more curved about the columns
than in the orthogonal direction. To sum up the pitch p of the columns and the Burgers vector
b (which is the pitch of the helicoids) are of opposite signs and practically of the same
modulus.
Finally, it can be shown that the ideal HR model has a much smaller energy than a
solution with circular cylindrical layers. As alluded to above, this latter case requires the
introduction of dislocations between the layers. This is not the case here, because the layers
are open. In fact, all the layers present in the ideal HR are of negative Gaussian curvature. We
comment on this geometrical property, often present in lamellar systems, in [14b].

! q " #1 + !

IV-Discussion
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We comment first on the geometrical properties of the B7 textures, second on the
physical properties.
a)- Isometric textures (and their associated singularities) are commonplace in 1D and
2D liquid crystals and dominate on scales larger than KB . In smectics and columnar
systems, where they have been studied at length, these textures are metastable as are all types
of defects of an ordered phase. Their size depends on the boundary conditions (e.g. sample
thickness, anchoring), or the conditions imposed by an external field. This is not the case for
9
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ideal HRs, whose metastability has to be qualified; they all have the same size and the same
helicity characteristics. Thus they appear as the ground states of an ordered system whose
order parameter components (layers, columns, helicity) are not compatible in Euclidean
space. Ideal HRs are metastable insofar as they are frustated states. The question arises
whether it is possible to relieve this frustration in some curved space crystal.
In B7 the columns sit along helices whose pitch is of a sign opposite to the layer pitch;
one can easily show [14b] that they are double-twisted, in a way much akin to the blue phase
(BP) geometry. In the case of BPs, this geometry is not related to the presence of any layers:
the columns are in fact liquid-like in the three directions, and the order parameter is locally
cholesteric. Double-twist is splayless and its bend energy is relatively small, as long as the
lateral size of the bundle of double-twisted molecules does not exceed ! b 2 (the double-twist
geometry is frustrated). It has been stressed [23] that in a ideal double-twist geometry, the
columns are equidistant, the same property of equidistance met e.g., for the strands of a string.
As shown by Sethna [24], the BP frustration is relieved in a three-sphere S3: indeed the great
circles of the three-sphere can be partitioned into sets of equidistant lines, twisted with a pitch
R equal to the radius of S3. The columns of the B7 phase do satisfy the same properties as the
BP director field (splaylessness, equidistance) and therefore can benefit of the same curved
space description. The analogy does not go farther; while there is no necessity to introduce
surfaces that contain the molecules in the unfrustrated S3-BP model, the question arises how
to partition the columns into suitable equivalent parallel surfaces, in some symmetric curved
space crystal where the B7 frustration is totally relaxed. This is still an open question.
Notice that in the HRs the only defects that originate in the B7-S3 phase (modelled
after and restricted to a BP-S3 phase) are the two k = 1 2 helical disclinations, which may be
interpreted as the disclinations necessary to decurve the B7-S3 into a B7-E3 phase. As a rule,
the decurving process always makes use of wedge disclinations of the curved crystal [25].
Finally, coming back to an already made remark, the HRs bear some resemblance with
a model [23b, 26] devised in order to explain the conformation of the molecule of DNA in the
chromosome of Dinoflagellate, observed by Livolant and Bouligand [10]. As shown in [10],
the DNA is cholesteric in this chromosome, but at the same time the isometric principle,
which applies here because the persistence length of the molecule is not negligible compared
to the cholesteric pitch, requires that the local packing be as dense as possible. Ref [27]
discusses the possibility of the coexistence of cholesteric and 2D local order, which a priori
are incompatible in the large, but, as it was shown, are compatible at a local scale if the
molecules can be partitioned into a family of parallel, helical, surfaces containing their long
direction. Here sits the analogy with HR. But while the columns are along helices in a HR, it
is believed that the DNA molecules (but to shape fluctuations) are along a set of lines
orthogonal to these helices, namely a set of geodesics3.
b)- Metastability and other physical topics. An important property of the observations we
have made on the B7 defects of the D14F3 compound is that the HRs belong to a metastable
phase, which appears by quenching the isotropic phase. After annealing, the only defects
which persist, and which are akin to those of a columnar phase, are the same as those of the
D'n'F3 phases (6≤ 'n' ≤9) where HRs are not present. The appearance of DDs is irreversible ;
they never return to HRs.
According to the analysis above, one can speculate that there are two sorts of annealing:
- on the shorter times, during which the helicity has no time to vary, the helicoids can change
shape, but in such a way that the local Gaussian curvature of the layers is not modified. For
example a HR, ideal or not ideal, cannot be transformed into a planar sheet. But a non-ideal
This is not the densest packing; but it is the straightest configuration, which is in accord with the long
persistence length of DNA.
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HR can be transformed into a ideal HR (the reciprocal is less probable, since ideal HRs are of
a smaller energy). However such a type of annealing is not clearly documented, except maybe
in the transformation of S-HRs into F-HRs,
- on longer times, the curvatures are modified and tend to vanish. In that case any shape can
result. This is what is observed in the transformation of F-HRs. The following stages of
transformation, during which F-HRs turn into a columnar B1x phase, have not been clearly
observed. They should be quite rapid.
Acknowledgments: We are grateful to M.-F. Achard and to H.-T. Nguyen for
discussions and their collaboration in the experimental observations.
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